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Preface

In this volume we present the accepted contributions for the 7th European Con-
ference on Genetic Programming (EuroGP 2004). The conference took place on
5–7 April 2004 in Portugal at the University of Coimbra, in the Department of
Mathematics in Praça Dom Dinis, located on the hill above the old town.

EuroGP is a well-established conference and the sole one exclusively devo-
ted to Genetic Programming. Previous proceedings have all been published by
Springer-Verlag in the LNCS series. EuroGP began as an international works-
hop in Paris, France in 1998 (14–15 April, LNCS 1391). Subsequently the works-
hop was held in Göteborg, Sweden in 1999 (26–27 May, LNCS 1598) and then
EuroGP became an annual conference: in 2000 in Edinburgh, UK (15–16 April,
LNCS 1802), in 2001 at Lake Como, Italy (18–19 April, LNCS 2038), in 2002 in
Kinsale, Ireland (3–5 April, LNCS 2278), and in 2003 in Colchester, UK (14–16
April, LNCS 2610). From the outset, there have always been specialized works-
hops, co-located with EuroGP, focusing on applications of evolutionary algo-
rithms (LNCS 1468, 1596, 1803, 2037, 2279, and 2611). This year the EvoCOP
workshop on combinatorial optimization transformed itself into a conference
in its own right, and the two conferences, together with the EvoWorkshops,
EvoBIO, EvoIASP, EvoMUSART, EvoSTOC, EvoHOT, and EvoCOMNET,
now form one of the largest events dedicated to Evolutionary Computation in
Europe.

Genetic Programming (GP) is evolutionary computation that solves specific
complex problems or tasks by evolving and adapting a population of computer
programs, using Darwinian evolution and Mendelian genetics as its sources of
inspiration. Some of the 38 papers included in these proceedings address foun-
dational and theoretical issues, and there is also a wide variety of papers dealing
with different application areas, such as computer science, engineering, language
understanding, biology and design, demonstrating that GP is a powerful and
practical problem-solving paradigm.

A total of 61 papers were received. A rigorous, double-blind, peer-review sel-
ection mechanism was applied to 58 of them. This resulted in 19 plenary talks
(31% of those submitted) and 19 research posters. Every paper was reviewed by
at least two of the 46 members of the program committee who were carefully
selected internationally for their knowledge and competence. As far as possible,
papers were matched with the reviewer’s particular interests and special exper-
tise. The result of this careful process can be seen here in the high quality of the
contributions published within this volume.

Of the 38 accepted papers, 32 have authors who came from European coun-
tries (about 85%), confirming the strong European character of the conference.
The other 6 came from the USA, Korea, China, New Zealand, and Australia,
emphasizing the global nature of our field.
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We would like to express our sincere thanks especially to the two interna-
tionally renowned speakers who gave keynote talks at the joint conference and
workshops plenary sessions: Prof. Stephanie Forrest of the University of New
Mexico, and Prof. Zbigniew Michalewicz of the University of North Carolina.

The success of any conference results from the efforts of many people, to
whom we would like to express our gratitude. First, we would like to thank the
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Evaluation of Chess Position by Modular Neural
Network Generated by Genetic Algorithm

Mathieu Autonès, Ariel Beck, Philippe Camacho, Nicolas Lassabe,
Hervé Luga, and François Scharffe

Institut de Recherche en Informatique de Toulouse, Université Paul Sabatier,
118 route de Narbonne 31062 Toulouse cedex, France

Abstract. In this article we present our chess engine Tempo. One of
the major difficulties for this type of program lies in the function for
evaluating game positions. This function is composed of a large number of
parameters which have to be determined and then adjusted. We propose
an alternative which consists in replacing this function by an artificial
neuron network (ANN). Without topological knowledge of this complex
network, we use the evolutionist methods for its inception, thus enabling
us to obtain, among other things, a modular network. Finally, we present
our results:

reproduction of the XOR function which validates the method used
generation of an evaluation function

1 Introduction

The game position evaluation function is a key part in a chess engine. It is com-
posed of a long list of parameters [1], and using a genetic algorithm (GA) [8]
to optimise them is relatively efficient, these parameters being obtained from
extensive game experience. Another method, which consists of substituting an
ANN for this list seems more interesting, because of the generalising capabilities
of this model. In practice it is more difficult to implement. Network topology
determination is the biggest problem. Evolutionist methods may help us, by
evolving a network population which codes this function. We could code the ma-
trix just as it is, in the chromosome [9], connections evolving through successive
generations. This coding turns out to be unsatisfactory: the matrix size has to
be prefixed and it is hard to predict it a priori. Network encoding then becomes
the main problem of our study.

Boers and Kuiper’s work [2] allows us, by using L-Systems, to generate mod-
ular neural networks whose size is independent of that of the chromosome, and
crossover tolerant. We generate a population of L-System construction rules and
then mark the resulting networks according to their capabilities to learn game
position evaluations from real games. These positions are evaluated more and
more deeply in the game tree, along with the increased complexity of the net-
work.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 1–10, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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2 Chess Engine

A chess engine contains three distinct parts: the management of the rules, in-
vestigation of the different variant pathways using a search algorithm, and the
evaluation function.

2.1 Chess Rules

All chess engines need to know the rules to generate the legal moves or referee
a game between two people. All legal moves are pre-calculated in the tables: the
engine just needs to confirm that this move is one of them.

2.2 Search Algorithm

The search algorithm explores all the moves from a position and tries to find
the best move. In our programme, we use the alphabeta algorithm with vari-
ous heuristics [10], which are not mentioned here. The values of tree leaves are
computed using an evaluation function, which is an ANN in this case.

2.3 Evaluation Function

The evaluation function is very important in all chess engines. It is very complex
because it gives the final mark which it uses to select the move to play. The main
operation of this function is to count the values of the pieces. After that, it is
possible to refine the function, using a series of parameters to define:

the king’s safety
maintenance of the bishop pair
domination of the centre
occupation of the open columns by the rooks.

We then calculate the sum of all the parameters to obtain the final mark. One
of the main limitations of this technique is that we have to define the list of
parameters and to set them up correctly, knowing that certain of these values
will change during the game and are not self-compensating.

3 Neural Network

3.1 Presentation

Introduction. The human brain is certainly a most amazing organ. It is not a
surprise if people try to pierce the secrets of its functioning, to recreate certain of
its mechanisms artificially. Neural networks are directly inspired by this vision.
The ANN are inspired directly by the structure of the human brain, which is
schematically a field of neurons linked together. A Neuron is composed of three
parts: dendrites, body and axon. The dendrites get the information (electrical
impulses) from the other neurons. The body makes the sum of all this electrical
information and if it goes beyond a certain level , the axon is activated, that is
to say the neuron sends an electrical impulse to its successors.
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The artificial neuron. By starting from these biological considerations, we
can find an artificial neural model [12]. The artificial neuron is composed of n
inputs which are real numbers and one output (that can be duplicated to power
different successor neurons) which is the weighted sum of all the entries. The
weights correspond to each one of the connections. It is these weights which will
be modified during the learning process.

Learning method: back-propagation. Principle. Once a network is created
it possesses inputs and outputs. The goal of the learning process is to make sure
that, for a given problem, the ANN selects the “correct” outputs as a function
of the entries which will be presented. A level is fixed and the learner tries to
obtain it.

It is important to note that this learning is supervised. This is like having an
expert give a part of some solutions for the entries and the outputs. However, it
is impossible to have all the solutions, and one of the properties of the ANN is
to generalise. After the learning, it can find the solution for entries which it has
never seen (if the structure of the ANN is well adapted ). Some other techniques
could also be used. Various other learning methods exist. It is also possible to
process the learning of a network by a GA. This method could be used once a
good topology has beenfound for the network.

Remark. This learning process does not correspond to the humain brain learn-
ing process.

3.2 An Example: XOR Function

We have tested a simple example: the learning of XOR function by back-propaga-
tion. The particularity of this simple logical function is that it which cannot be
learnt by an ANN composed of only one hidden layer.

The logical XOR function is a binary function with two variables:

One of the possible topologies for the network is the following matrix (Fig. 1). If
we add one connection to it (from 0 to 4), we obtain another topology (Fig. 2)
which can resolve the problem.

Matrix:
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Fig. 1. Topology represented by the matrix

Fig. 2. Topology with one more connection

Fig. 3. Learning by the topology of Fig. 1: the graph represents the error on the
function for each step of calcul

For the topology of Fig. 1, the error (Fig. 3) does not fall below the local
minimum 0.26. In contrast, with the topology of Fig. 2 the learning is better
(Fig. 4). This simple example shows how sensitve the learning is to the topology
of the neuron.
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Fig. 4. Learning by the topology of Fig. 2: the graph represents the error on the
function for each step of calculation

3.3 Back-Propagation: Limits and Solutions

Problems linked to back-propagation are essentially due to the structure of the
network. Regarding this structure, a network will be able to learn, unable to
learn, able to learn but need a long time, able to learn but unable to generalise.
Another thing is that the net may potentially be able to learn but converges
to a local minimum when initial weights are not correctly chosen. It is always
the network structure that is responsible for the initial weights sensitivity: some
nets are convergent for any set of initial weights, others do not converge every
time. We noticed that nets with a modular topology were better for learning.
By modularity, we mean the network is made up of many other sub-networks.
A connection between two networks is a connection between each output of the
first to each input of the second. The next paragraph explains how to create
networks with strong modularity.

4 Neural Net Generation with L-Systems

L-Systems [11] are grammar systems generally used for generating artificial
plants. They are based on cellular development. We use them to generate mod-
ular neural networks. These grammar rules are obtained from a string [4].
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Fig. 5. Representation of a green plant by L-System

5 Genetic Algorithms

We originally used this method in order to solve the problem of the network
design. How can we find a network topology which can learn the evaluation
function? Genetic algorithms [8] provide a solution by exploring the network’s
possible space.

5.1 Presentation

Coming from Darwinian evolution principles, which maintain that the best indi-
viduals, those who adapt, will survive but the others will disappear, GA brings
us a new manner of exploring the search space. They consist in manipulating
a population of individuals(a byte tab). Each individual can be seen as a gene,
carrying a number of L-System rules. Each individual is marked according to
how it fits our needs. As in natural selection where better adapted individuals
have better chances of surviving and reproducing, individuals we manipulate re-
produce proportionally to their fitness. A new generation is created by selecting
a number of individuals and recombining them, using some operators. The most
commonly used operators are selection, crossover and mutation.

5.2 Implementation

We decided to program our GA library instead of taking an existing one. In this
way, we have perfect knowledge of it is functioning and we are more able to set
the parameters.
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The coding. Respecting the chosen programming language (C++) the program
uses three classes:

class Algo G
class Population
class Individual

An object of the Population class represents a population of individuals (or
chromosomes) to which selection and crossover operators will be applied. These
operators are methods of the class, as well as manipulation functions on the disc.
This population is composed of popSize individuals including nb Genes genes of
genSize bits. The selection method used is based on the rank.

rank select algorithm [2]:

Selection of two individuals to cross
Application of the crossover operator
Evaluation of the new individual
Repeat points 1,2,3 as long as a percentage of the population has not been
cross-referenced

1.
2.
3.
4.

This is done as long as the best individual has not achieved a sufficiently good
evaluation, (i.e. as long as the grammatical rules coded in the individual con-
tinue to produce a network whose performance is not up to standard). We can
follow the evolution of the population by observing the evaluation of individu-
als as a function of population generation. Parameters allow adjustment of the
crossover, inversion and mutation rates. The selection function and percentage
of population renewal are set in the same way.

6 Results

We present our results in this section. The computer used was a Pentium III 1.3
GHz.

6.1 XOR Function

First we tested our algorithms to know if they gave good results. We chose to
test them on a classic example: the XOR function, which we knew the results
of [1]. After one hour, we found two nets similar to those found by Boer and
Kuiper.

Fig. 6. ANN learning the XOR function perfectly
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Fig. 7. ANN learning the material
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6.2 Chess Evaluation Function

We now have some techniques which allow us to perform the automatic learning
of a chess engine evaluation function. As this function is really complex, we
decided to proceed by steps. A simple function was learnt at first. The best
individuals learnt more and more complex functions.

Material evaluation function. The material plays an important role in the
final position mark. A player presenting more material has more chances of win-
ning the game. The learning consists in presenting positions with differences in
the materials. It is obviously impossible to present every configuration of a chess
position. A hundred positions are necessary in order for our net to generalise.
Even if the net seems very simple, it is the most effective one found by GA’s.
Moreover, it is as fast as an equivalent algorithmic function.

Remark. During the learning process of the XOR function (see Sect. 6.1) most
of networks were invalidated because they did not have the right interface. To
resolve this problem, we complete the networks which have not the right number
of entries to obtain the desired interface. We save time with this solution because
almost all networks are used.

Complex evaluation function. Currently we are working on the learning of
a more complex evaluation function. The function learned describes the control
of the fields by the pieces, the material and some notion of pawn structure. The
largest nets found to resolve this probleme have more then two hundred neurons.
But solutions of this kind begin to take time to compute so we are working on
some optimisation as in Boers and Kuiper’s work [5].

7 Conclusion

Although these techniques are costly in terms of computing time, they will be-
come increasingly accessible in the next few years. It seems interesting to con-
tinue research on these methods. Optimisation can be performed whatever the
problem, which will make the method more efficient It is also possible to com-
bine several topolgy generating techniques depending on how close the solution
is. This flexibility seems to indicate that it is easy to generalise these algorithms
to many types of problem. The realisation of an evaluation function for a chess
program shows the resolving power of these evolutionary thechniques.
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Coevolution of Algorithms and Deterministic
Solution of Equations in Free Groups

Richard F. Booth* and Alexandre V. Borovik**

Department of Mathematics
UMIST

PO Box 88, Manchester M60 1QD
United Kingdom

{richard.booth,borovik}@umist.ac.uk

Abstract. We discuss the use of evolutionary algorithms for solving
problems in combinatorial group theory, using a class of equations in
free groups as a test bench. We find that, in this context, there seems
to be a correlation between successful evolutionary algorithms and the
existence of good deterministic algorithms. We also trace the convergence
of co-evolution of the population of fitness functions to a deterministic
solution.

1 Introduction

Group theory always had a very strong algorithmic component [16] but tradition-
ally ignored the practical complexity of algorithms, and, since many problems
in combinatorial group theory are undecidable, was concerned mostly with de-
cidability/undecidability issues. Most known group theoretic algorithms usually
have at best exponential complexity by their nature and cannot be executed on
modern computers now or in the near future. The same is true for many poly-
nomial algorithms since the power of the polynomial involved is very frequently
too big for the computation to be completed in real time.

Applications of genetic/evolutionary algorithms in group theory are relatively
new but have already yielded very interesting results [19,20]. This paper discusses
the results of an experimental study of the behavior of evolutionary algorithms
adapted for solving equations in free groups. The wider aim of the project was
an exploration into

the possible reasons that evolutionary algorithms appear to be so efficient
in solving particular classes of group-theoretic problems;
the limits of their applicability in combinatorial group theory;
their relation to deterministic algorithms.

More specifically, we attempted to trace how coevolution of an evolutionary
algorithm converges to a deterministic algorithm, using equations on free groups
with one variable as a test bench.

* Supported by EPSRC grant GR/R29451.
** Partially supported by the same grant.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 11–22, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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2 Evolutionary Algorithms for Solving Equations on the
Free Group

2.1 Equations on the Free Group

Let F be a free group with free generators Definition and basic prop-
erties of free groups could be found in most textbooks on group theory [16]; how-
ever, the reader will need only the briefest of descriptions as given in the next few
lines. The elements of F are freely reduced words in (non-commutative) letters
and “freely reduced” means that the word does not contain occurrences of

and in adjacent positions. The group operation is concatenation of words
followed by the free reduction, that is, cancellation of adjacent occurrences of
and The empty word is the identity element 1 of F, while the inversion is
given by reversing the word and inverting every letter:

An equation in variables over F is a formal expression of the
form

where and A solution is a substitution
of words for the variables such that the equation becomes identity in
F.

Notice that, by the definition of the free group, the generators do
not commute: If we allow commutation for some
(but not all) pairs of generators, we come to the concept of a partially
commutative free group or trace group [8]; this concept is closely related to that of
the trace monoid [9], which is just the monoid of positive (that is, not involving
the inversion of generators) words in (partially commutative) letters
The theory of equations on trace monoids and trace groups is of some interest
to computer science [9], and the relatively well-developed theory of free groups
is an important source of ideas and methods for works on trace groups [8,18].

We briefly outline some known theoretical results about equations on free
groups.

Lyndon [15] described all solutions of equations with one variable. Appel [1]
simplified Lyndon’s description and found upper bounds (unfortunately, at least
exponential) on length of minimal solutions. Their results have been improved
and clarified by Chiswell and Remeslennikov [5]. Recently Gilman and Myasnikov
[10] used context-free languages to give an elementary proof of Appel’s results.

Comerford and Edmunds [6] found an algorithm (again, at least exponential)
for solving quadratic equations (that is, equations which contain at most two
occurrences of each variable and described all solutions.

In the general case, Makanin [17] showed that solutions of equations over
free groups are recursively bounded; this means that there exists a recursive
function such that an arbitrary equation E = 1 (over the free group F) has
a solution in F if and only if it has a solution of length at most where
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is the length of equation E. Makanin’s method, however, does not provide any
practical estimates for therefore his algorithm for solving equations amounts
to the full search over a set of size beyond any concept of feasibility.

Another theoretical development is the result by Kharlampovich and Myas-
nikov [12, Theorem 2] who showed that the problem of solving an arbitrary
equation over a free group can be reduced to reasonably structured, albeit very
big systems of equations, see [12] for the rather technical details. Essentially, their
result reduces arbitrary equations to systems of quadratic equations. Again, it
does not provide any practical approaches to solving equations.

In this paper, we concentrate on equations with one variable in the free group.
This is the case where the “deterministic” theory is already highly non-trivial,
while the behaviour of evolutionary algorithms is sufficiently transparent. We
look at the coevolution as a bridge between the evolutionary and deterministic al-
gorithms. An alternative and/or complementary approach to semi-deterministic
fine-tuning of the evolution by means of traceback (some form of an “on the
fly” analysis of convergence) is given in [2]. Also, paper [2] discusses some appli-
cations of genetic algorithms to solving equations in free semigroups. We note
also the work by Craven [7] who applied genetic algorithms to certain classes of
equations on trace groups.

2.2 Equations on the Free Group as a Test Bench for the
Evolutionary Approach

We refer to [22,24] as general sources for the theory of genetic and evolutionary
algorithms.

In most traditional applications of evolutionary algorithms, they are used
as optimisation strategies, applied to problems where the concept of an exact
solution is not meaningful. (A noticeable exception is constraint satisfaction
problems [23,25].)

In the case of equations in groups we aim at finding exact solutions of a
random problem from a large class of problems. Fortunately, we have a fitness
function which provides a mathematically meaningful measure of distance from
being a solution.

Our chromosomes are group elements expressed as words in generators; they
inevitably reflect the structure of the group. We want to understand what hap-
pens in the course of evolution of a population of approximate solutions. There-
fore it is natural to pick a group to study in which the mapping from reduced
words to the group structure is as transparent as possible. The free group meets
this requirement: two reduced words are equal as elements of the group if and
only if they are identical as words. In particular, free groups have the advan-
tage that mathematical effects of standard mutation and crossover operators on
strings (words) are sufficiently transparent.

In our computational implementation, the chromosomes are made of group
elements together with a cache for keeping previously calculated fitness values.
The group elements are represented as vectors of integers, standing for the
generator if is positive, and if is negative. Members of the initial
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population are generated as strings of random letters of some fixed length; after
free reduction, this gives a moderate variation in the lengths of the initial words.

2.3 Reproduction Operators

Our reproduction operators take two parameters: the existing population of chro-
mosomes, and a number of offspring to produce. They include the following
types:

Mutation: each of these uses a selection function, discussed later, to supply a
parent chromosome from the population. This is then passed to the routine
producing the new chromosome.

Insertion: insert a randomly chosen letter (free generator or inverse) in
a randomly chosen position.
End insertion: insert a randomly chosen letter at one of the ends of the
word.
Replacement: replace the letter at a randomly chosen position with a
randomly chosen letter.
Deletion: remove the letter in a randomly chosen position.
Lazy crossover: choose a random position, cut the word in two at that
point. Randomly select one part to keep, and discard the other.

The only recombination operator we have used is one-point crossover; ran-
domly select a real number between 0 and 1. Cut each of the parent chro-
mosomes into two parts such that the left part is of length approximately
times the length of the original chromosome. Return the chromosome whose
left end is the left part of one and right end is the right part of the other.
Our experience showed that the strict elitist approach to survival is the most
suitable for our purposes: to produce offspring, return the fittest   of the
current population unchanged. This is one of the observations which suggest
that if the fitness function is chosen in an optimal way, the evolution is
guided by the good structure of the search space.

2.4 Selection

Our selection function is a variant of roulette selection. Let the population size be
the population members be for and the fitness of a chromosome

denoted by Since we minimise fitness function rather than maximise, with
0 optimally fit, we assign slots on the roulette wheel using the function

where is a non-negative integer smoothing parameter. To that end, we set the
wheel size W as
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Then an integer is chosen uniformly at random from the numbers 0 , . . . , W – 1
and the chromosome is selected with being minimal such that

2.5 The Population of Fitness Functions

It became clear early on in the project that we need to vary the fitness function
and, indeed, treat a collection of suitable functions as a population on its own.
Luckily, the nature of the problem allows for a variety of fitness functions. Some
terminology will be useful.

For a given problem, a (loose) fitness function satisfies

with if is a solution.

We say that is a strict fitness function, if, in addition,

if and only if is a solution.

The sum of any number of fitness functions with positive weights is also a fitness
function, and is strict if any of the components is strict. Our fitness functions
are normally built from simple components in this way.

We work with a given equation, represented as a word in the variable
with solution given by Our typical strict component is length

of the (reduced) word obtained by substituting
If we write the equation in the form with the distinguished left

side and right side (so that the cyclic Hamming
distance between and is a very useful fitness function.

Here, the Hamming distance of two words is the minimal number of differ-
ences possible comparing places between the two words with some fixed offset; if
differences in length occur, these are thought of as comparisons between letters
and the null letter, and are counted as differences between the words. The cyclic
Hamming distance is the minimal Hamming distance comparing all cyclic shifts
of and For example, the cyclic Hamming distance of and

is 2, obtained by aligning with
We frequently use the following loose fitness functions:

The total number of letters in the reduced word which come from con-
stants (that is, were not part of subwords resulting from the substitution

This is, of course, dependent on the exact sequence of cancella-
tions during the free reduction; we always do them from the leftmost to the
rightmost.
The length of remnants, in the reduced word of words substituted
for particular occurrences of
The length of the shortest non-zero remnant of such an occurrence of
Lengths of remnants of particular constants in
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In addition, given a strict fitness function any integer-valued function
and a positive integer we can produce a strict fitness function by

One sometimes useful value for is a multiple of the length of
Clearly, by altering the original, simple, strict fitness functions in these ways,

what we are doing is reshaping the geometry of the search space, guiding the
search towards and away from particular local minima (some of which are solu-
tions) and even removing non-solution local minima.

2.6 Generation of Problems

Generation of equations is not a trivial problem, taking into account that, for
testing our algorithms, we need sufficiently random equations that have solu-
tions.

We say that a word in the free generators and the variable
is solvable if the equation

has a solution in the free group F (that is, there is a free group word which,
when substituted for reduces the left hand side of the equation to the identity).

Clearly, a random word in the free generators and is unlikely to be solvable.
This can be explicitly proven [21] within the probabilistic framework of [4], and is
easy to see in the important special case of balanced equations, that is, equations

with Indeed, if we consider the natural homomorphism from
the free group F to the additive group freely generated by the commuting
letters we see that all cancel out and therefore the necessary con-
dition for solvability of (2) is Assume that we generate
our equations in such a way that the words are random, independent and not
freely reduced, and let be their total length in terms of Then the
probability of a random word being equal 0 in is the classi-
cal return probability of a random walk of length on the lattice

and is estimated as [26, Proposition P9 on p. 75]. Hence, (2) is
solvable with probability less than This bound, although sufficiently
tight for practical purposes, is still very crude and can be improved [21].

One obvious possibility for the mass production is given by (obviously solv-
able) equations of the form

where A is a random word in the free generators, a random word in
constants B, C,... (each of which, in its turn, is a random word in the generators)
and These always have solution and are very easily solved by using
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cyclic Hamming distance as the main component of the fitness, and therefore
are not very interesting.

We can construct solvable equations from smaller solvable building blocks in
several ways:

Commutator: if one of a or b is solvable then their commutator
is solvable.

Power and conjugation: if a is solvable then and are solvable for
any word B in
Inserting a solvable equation at any point or points within a word in

that reduces to the identity gives a solvable equation. For ex-
ample, if a is solvable and A, B are words in then
is solvable.

We get more challenging problems by deliberately introducing steep local
minima or multiple solutions:

Multiple solutions
Solution but a steep local minimum

as
Solution but a steep local minimum as

Using the loose fitness functions discussed earlier, it is easy to “flatten out” these
minima and encourage convergence to whichever solution is desired; for example,
assigning a very high weight to the size of the remnants of constant A in the
equation will solve all of these classes of problems.

2.7 The Primary Evolution

We distinguish between the primary evolution aimed at solving equations from
a particular class, and the coevolution which optimises the primary one. Param-
eters controlling the primary algorithm are population size   fitness function

numbers of offspring to be produced by each type of reproduction operator
at each generation (the sum of which must be and the maximum number of
generations, M. The fitness function is typically represented as a set of weights
for various building block functions, as described in the previous subsection.

Set Generate an initial population of random words of size
Find the fitnesses of the current population. If any are of fitness zero, return

and the solution, the chromosome of fitness zero.
Increment If terminate, returning failure.
Generate a new population by producing the specified number of offspring
for each reproduction operator. Loop back to Step 2.

1.
2.

3.
4.
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3 Coevolution

3.1 Setup

Optimisation of the primary algorithm by assigning weights to remnants of con-
stants exploits our understanding of the nature and the behaviour of the equa-
tion. It turns the primary evolutionary algorithm into little more than a ran-
domised variant on the natural deterministic algorithm (such as “try adding let-
ters to the end of replace with the result whenever improves”).
It is natural to suggest that a coevolution of the population of parameters of the
primary algorithm might converge to a “good” parameter set.

Our setup for coevolution is very straightforward. We start with a small
population of randomly chosen parameter sets of some fixed population size.
Fitness is assessed by running the algorithm on each parameter set for up to
specified number M of generations; the resulting fitness is given by
where is the number of generations taken to solve the problem and is a non-
negative constant; this makes fitter parameter sets more positive. Some small
fixed value is assigned as the fitness of parameter sets which do not solve the
problem within the time limit.

The next generation is made of the fittest parameter sets from the old pop-
ulation and parameter sets obtained by breeding; we use roulette selection, and
the reproduction operator takes mean average of the parameters of the two par-
ents. There are several sensible possibilities for termination criteria. For example,
since this is an optimisation algorithm rather than a solution algorithm, we may
choose to terminate once the best parameter set reaches some threshold
fitness, so that we can compare parameter sets achieving good results.

We have run many small-scale experiments of this type on “difficult” equa-
tions discussed in the previous section, and this coevolutionary approach works
extremely well. Problems attempted generally converged quickly to the sorts of
semi-deterministic solutions expected, and often produced multiple, unexpected
ways of expressing much the same approach with different fitness parameters.

3.2 A Brief Case Study

We examine the class of equations given by

where A and B are random constants, different for each run of the primary
evolutionary algorithm. This class of equation is particularly poorly handled
by a naive choice of fitness function: its solution is while

has a steep local minimum at We assigned separate
weights to “remnants of A”, “remnants of the first appearance of B”, “remnants
of the last appearance of B”, and each of the three appearances of in the
formula written in this manner. We run the primary evolution on equations
with coefficients A and B of length 10 in 5 generators. In a first generation
of ten randomly chosen parameter sets, typically fewer than half will reach a
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solution within the allotted 750 generations, but after two or three generations
of the coevolution, each generation consisting of eight chosen by crossover, one
elitist survivor, and one random parameter set, most parameter sets solve, and
only the random parameter set does not solve the equation.

A typical outcome, for the best-performing parameter set in the fifth gen-
eration, is the overall reduced length being assigned weight 1,
weights 4 and 8 assigned to the two occurrences of B, and weight 1 assigned to
the second occurrence of When this same parameter set is then tested on the
same class of equations with words of length 100 and 10 generators, it converges
to a solution rather quickly – in five consecutive runs, after 351, 354,
419, 444, and 332 generations.

3.3 The Limitations of Our Approach

For an efficient implementation of the coevolution, we need to run it on “short”
equations and then apply the optimised parameter sets to “full scale” equations
from the same class. Ability to vary the size of an equation (the total length of
coefficients) assumes the knowledge of its structure. Our input language includes
symbols [, ] and for commutator and powers

which allows to reduce the number of coefficients and occurrences of
In the example above (4), the size of the coevolution problem increases if the
equation is rewritten in a equivalent form as

If the coefficients of the equation involve more than two free generators
of the ambient free group (which, of course, means that then we can
decrease the size of the equation by specialising it to an equation over a free
group over a smaller alphabet by killing some of the generators
(by mapping or by identifying some other generators (by mapping

Obviously, the solution of the original equations are mapped
to solutions of the specialised one. However, a very small number of generators
of the new free group of the specialised equation sometimes slows down the co-
evolution, since it leads to frequent freak successes of the principal evolution,
which does not allow to eliminate efficiently very bad parameter sets.

Equations over a free group with small number of generators are easier for
the primary evolution, but harder for the co-evolution since specialisation does
not sufficiently reduce the size of the equation.

3.4 Deterministic Solution

The experimental data convincingly demonstrates that the optimal fitness func-
tion found by coevolution usually has a relatively large weight for the auxiliary
fitness functions measuring the degree of cancellation of the variable in some
“critical” position in the equation. A very recent result, due to Gilman and
Myasnikov [10] and Kvaschuk, Myasnikov, Remeslennikov [14] explains why this
should be expected.
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Theorem 1 ([10,14]). For any solution of an equation

some occurrence of is completely cancelled in a subexpression of length at most
4 in terms of and (such as, say, or

This result already points to a possible deterministic algorithm for solving the
equation, and this algorithm is described (and proved to be polynomial) in [14].

We indicate, as a possible direction of further research, that the analysis of
the proof in [10] in combination with the probabilistic machinery for languages
produce for finite automata as described in [4] might leave to a rigorous proof
of the convergence of co-evolution to a deterministic solution.

4 Conclusions

The results of application of evolutionary and genetic algorithms to group theo-
retic problems, as described in this paper and in [2,7,19,20], lead us to formulate
the following heuristic principle:

The existence of an efficient evolutionary algorithm for solving a class of
group-theoretic problems strongly suggests the existence of a good deter-
ministic algorithm for that class.
Furhtermore, refining the parameters of an evolutionary algorithm, and es-
pecially optimising its fitness function, whether manually or by coevolution,
can help to discover such an effective algorithm.

We understand that this might seem excessively general. However, one can
compare our thesis with the probably better known assertion that the existence of
a polynomial algorithm for a reasonable and compact algebraic problem should
normally suggest the existence of a good and practically feasible polynomial
algorithm. This is how Neal Koblitz put it in [13, p. 37]:

The experience has been that if a problem of practical interest is in P,
then there is an algorithm for it whose running time is bounded by a
small power of the input length.

We qualify our thesis by emphasising that we are talking about a specific
range of problems, and that we impose stringent requirements on the perfor-
mance of the resulting algorithms.

For us, “efficient” performance of an evolutionary algorithm means that

the run time of the algorithm (by which we mean, roughly, the product of
the number of generations required and the population size in use) depends
only moderately, certainly sub-quadratically, on the size of inputs and other
complexity-critical parameters such as size of the alphabet (the set of gen-
erators of the group).
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The algorithm should work for any input sizes computationally feasible for
the underlying algebraic procedures.
The algorithm is scalable, that is, parameters of an evolutionary algorithm
found by running co-evolution of parameter sets on the “small” test problems
can be successfully used on large scale problems.

Once we specialise our requirements, it becomes more plausible to suggest
that the structure of the search space under the fitness function is the crucial
factor in the efficiency of the evolutionary algorithm. Efficient evolutionary algo-
rithms are guided by a “good” structure of the search space, produced by careful
adjustment of fitness functions. As we mentioned earlier, his is more likely to be
the case when optimal parameters are found by coevolution, with the primary
evolution based on strict elitist selection.

It is tempting to suggest further that a good structure, once experimentally
discovered, can be described and utilised in a deterministic algorithm. We have to
expect, however, that the actual design of a good algorithm might happen to be
a much more difficult and time consuming task than a straightforward program-
ming of an evolutionary search. Indeed, in the few cases when the performance
of evolutionary algorithms on groups found an explanation in theoretical results,
these explanations happen to be non-trivial and very varied by nature.

In the case of equations on free groups as described in the present paper,
the theoretical explanation comes from the theory of context free languages
applied to equations in free groups (Gilman and Myasnikov [10]).
Some of Craven’s genetic algorithms for solving simple equations in trace
groups (such as the conjugacy equation, [7] have very efficient
deterministic analogues [27], while for other, more intricate problems, deter-
ministic algorithms have been developed as the result of the analysis of the
behaviour of genetic algorithms [3].
The most intricate example so far is a genetic version of the so-called White-
head algorithm for free groups (Miasnikov and Myasnikov [20]). Unfortu-
nately, technical details necessary for its discussion are out of scope of the
present paper. We notice only that, in the case of the free group with two gen-
erators, the underlying structure (the so-called Whitehead graph) has been
thoroughly analysed by Khan [11] and shown to have geometric properties
so good that they indeed should direct the evolution.

In the light of this experience, coevolution appears to be a useful tool for
bridging the gap between the experiment and the theory; in our opinion, this
heuristic aspect of coevolution deserves further study. We believe that it might
lead to the discovery of new interesting deterministic algorithms.
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Abstract. Genetic Parallel Programming (GPP) is a novel Genetic
Programming paradigm. The GPP Accelerating Phenomenon, i.e. parallel
programs are easier to be evolved than sequential programs, opens up a new
approach to evolve solution programs in parallel forms. Based on the GPP
paradigm, we developed a combinational digital circuit learning system, the
GPP+MLP system. An optimal Multiple Logic Unit Processor (MLP) is
designed to evaluate genetic parallel programs. To show the effectiveness of the
proposed GPP+MLP system, four multi-output Binary arithmetic circuits are
used. Experimental results show that both the gate counts and the propagation
gate delays of the evolved circuits are less than conventional designs. For
example, in a 3-bit multiplier experiment, we obtained a combinational digital
circuit with 26 two-input logic gates in 6 gate levels. It utilizes 4 gates less than
a conventional design.

1 Introduction

Genetic Programming (GP) [1] has been widely applied to different application areas.
There are two main streams in GP, standard GP [2] and Linear structure GP (LGP)
[3]. In standard GP, a genetic program is represented in a tree structure. Genetic
operators (e.g. crossovers and mutations) manipulate branches and leave nodes of
program trees. LGP is based on the principle of register machines. In LGP, a genetic
program is represented in a linear list of machine code instructions or high-level
language statements. A linear genetic program can run on a targeted machine directly
without performing any translation process. Genetic operators manipulate opcodes
and operands in a linear genetic program directly.

In recent years, evolvable hardware (EHW) [4] has become an important paradigm
for automatic circuit design. EHW uses Evolutionary Algorithms (EA) to evolve
hardware architecture extrinsically or intrinsically. Different genetic approaches have
been proposed to design combinational digital circuits [5,6,7,8]. They use fixed size
two-dimensional phenotypes and fixed length genotypes to represent combinational
digital circuits. The drawback of a fixed size genotype is that it prevents introns from
building up. Existence of introns in genetic programs in the early and middle stages of
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a run can benefit evolution [9]. However, genetic programs bloat continuously in the
final stage. Hence, we propose a variable length parallel program structure to
represent combinational digital circuits so that introns can be preserved. These
parallel programs can run on an optimal Multiple Logic Unit Processor (MLP) (see
Fig. 1 below) which is based on the Multi-ALU Processor (MAP) of Genetic Parallel
Programming (GPP) [10]. Any combinational digital circuit can be represented by a
MLP program (see Program 1 below). Furthermore, the simplicity of the MLP’s
architecture allows us to place numerous MLPs in a Field Programmable Gate Array
(FPGA) to facilitate parallel evaluation of multiple training cases (i.e. rows in a truth
table). It will speed up evolution significantly. The details of the MLP’s architecture
and MLP programs will be discussed in section 2 below.

Besides the MLP, an Evolution Engine (EE) has been developed to manipulate
genetic parallel programs and perform genetic operations in the GPP+MLP system.
As we have mentioned before, introns cause GP bloat continuously and enlarge
solution programs’ sizes. We tackle this problem by a two-stage (i.e. design and
optimization stages) approach. In the design stage, the GPP+MLP system aims at on
finding a 100% functional program (correct program). In this stage, the fitness
function only concerns with the functional correctness of genetic parallel programs.
All other qualitative indices (i.e. gate count, propagation gate delay and program size)
are not considered. After finding the first correct program, the GPP+MLP system
proceeds to the optimization stage. In the optimization stage, the GPP+MLP system
uses another set of genetic operators together with an optimization-oriented fitness
function to optimize correct programs.

The main purpose of this paper is to show the effectiveness of the proposed
GPP+MLP system. We have performed experiments on four benchmark Binary
arithmetic circuits (i.e. 1-bit full-adder, 2-bit full-adder, 2-bit multiplier and 3-bit
multiplier). Experimental results show that the GPP+MLP system can design and
optimize multi-output combinational digital circuits automatically. The qualities of
evolved combinational digital circuits are better than conventional designs.

The rest of the paper is organized as follows: section 2 contains descriptions of
GPP and MLP; section 3 describes details of experiments and experimental settings;
section 4 presents results; and finally, section 5 concludes our work.

2 Genetic Parallel Programming

GPP is a LGP paradigm that evolves parallel programs of a MAP. GPP has been used
to evolve optimal parallel programs for numeric function regression [10], artificial ant
[11] and data classification problems [12]. The GPP Accelerating Phenomenon
[13,14] revealed that parallel programs can be evolved with less computational efforts
relative to its sequential counterparty. The phenomenon opens up a new two-step
approach that: 1) evolves a solution in a highly parallel program format; and 2)
serializes the parallel program to a functional equivalent sequential program. Based
on the GPP paradigm, we developed a combinational digital circuit learning system,
the GPP+MLP system. The core of the GPP+MLP system consists of an Evolution
Engine (EE) and a Multiple Logic Unit Processor (MLP). The EE manipulates genetic
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parallel programs and performs genetic operations. We are going to discuss the MLP
in the following sections.

2.1 The Multiple Logic Unit Processor

The MAP used in GPP is a general-purpose, tightly coupled, multi-ALU processor.
By eliminating the cross-bar switching network [10] in the MAP, we obtain a MLP
shown in Fig. 1 below. In the Figure, Logic Units (LUs) perform logic operations;
variable registers store intermediate values and program outputs; and read-only
registers store program inputs and logic constants. Each variable register can only be
modified by a dedicated LU (e.g. can write to only). Read-only registers are
preloaded by the EE before execution of a MLP program. In each clock cycle, each
LU takes two input values from two registers, then performs a logic operation and
finally, writes a single-bit result to its corresponding output register. For the MLP
shown in Fig. 1 below, in each clock cycle, at most 16 operations can be performed
concurrently and 16 intermediate results can be carried forward to subsequent
parallel-instructions through variable registers. In FPGAs, a LU is implemented by a
RAM-based look-up table (LUT). The function of a LU can be changed by modifying
the RAM contents of the corresponding LUT. With the advances in semiconductor
technologies, numerous MLPs can be placed in a high capacity FPGA [15]. Multiple
MLPs in a FPGA can be driven by a single MLP program to evaluate multiple
training cases concurrently. So, it will reduce fitness evaluation time significantly.

Fig. 1. A MLP is used to perform experiments in this paper. It consists of 16 logic units
16 variable registers and 16 read-only registers

2.2 The Genotype-Phenotype Mapping

The MLP is a generic evaluator for combinational digital circuit design. Theoretically,
any combinational digital circuit can be represented by a MLP program. The MLP is
designed to accept any bit pattern (genotype) as a valid program without causing
processor fatal errors (e.g. invalid opcodes). The genotype of a genetic parallel
program is loaded and executed in the MLP directly without pre-evaluation
correction. This closure property is especially important for the GPP+MLP system
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because of its random nature based on genetic evolutionary techniques. It also saves
unnecessary processing time.

Fig. 2. The genotype of a 25-parallel-instruction 16-sub-instruction MLP
program. denotes the j-th LU and denotes the sub-instruction for in the i-th parallel-
instruction (PIi)

As shown in Fig. 2 above, the genotype of a MLP program is represented as a
sequence of parallel-instructions. Since the MLP shown in Fig. 1 above consists of 16
LUs, each parallel-instruction contains 16 sub-instructions. Each sub-instruction
consists of a 5-bit opcode (encoding at most 32 functions) and two 5-bit (encoding 32
registers) operands. A total of 240 bits ((5+5+5)×16) are used to encode a parallel-
instruction. If we allow at most 25 parallel-instructions in a MLP program, the
genotype may contain up to 6,000 (240×25) bits. In all experiments presented in this
paper, the function sets of all LUs are identical. The first 16 opcodes (i.e. 00000-
01111) encode the 16 two-input logic functions (see Table 1 below) sequentially and
the remaining (i.e. 10000-11111) encode nop (no operation).

The phenotype of a MLP program can be expressed as a parallel assembly
program. Program 1 below shows a MLP program of a 1-bit full-adder.
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Program 1. The best 1-bit full-adder. It consists of 5 sub-instructions in 3 parallel-instructions

In Program 1 above, the first three lines instruct the EE to initialize constant, input
and output registers. The numbered lines list out three parallel-instructions. A
symbolic sub-instruction consists of four parts: 1) a function name (i.e. b00-b15 and
nop); 2) a register for input A; 3) a register for input B; and 4) an output register. For
example, the b06 r14 r00 r00 sub-instruction in the last parallel-instruction
performs xor (b06) on and and then stores the result back to Before each
execution, the EE initializes all variable registers to logic 0. After execution, Cout
and S are stored in and respectively. In Fig. 3 below, each gate maps to a sub-
instruction in the MLP program shown in Program 1 above.

Fig. 3. The 1-bit full-adder (5 gates in 3 levels) shown in Program 1 above

3 Experiments and Settings

In order to investigate the effectiveness of the proposed GPP+MLP system, we have
used the system to evolve combinational digital circuits for different benchmark
problems. In this section, we shall give a description of the experimental results.
Table 2 below lists out four benchmark Binary arithmetic circuits tested in this paper.
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3.1 The Two-Stage Approach

All combinational digital circuits presented in this paper are evolved by a two-stage
(i.e. design and optimization stages) approach. Different sets of genetic operators are
used in different stages. In the design stage, the GPP+MLP system aims at finding a
100% functional program (correct program) and the raw fitness is given by

As shown in equation (1) above, a partially correct program has a greater than
zero while a correct program has a equal to zero. Having found the first correct
program, the evolution proceeds to the optimization stage to optimize the correct
program based on optimization-oriented criteria. In the optimization stage, the raw
fitness is given by

In equation (2) above, G, D and L denote the gate count, propagation gate delay
and program length (i.e. the number of parallel-instructions) respectively of a correct
program. maxG, maxD and maxL are the maximum allowed values of gate count,
propagation gate delay and program length respectively. The of a correct program
is calculated from G, D and L. For example, in a tournament of two genetic parallel
programs, the one with a smaller G will win. If the two genetic parallel programs have
same G values, the one with smaller D will win. If the two genetic parallel programs
have same G and D values, the one with smaller L will win. In other words, the major
objective of the optimization stage is reducing the gate count and then the propagation
gate delay. The last term in equation (2) above guides the evolution to shorten the
lengths of correct programs.

3.2 Genetic Operators

The GPP+MLP uses the following genetic operations in proper stages:

Crossover: It swaps two segments of parallel-instructions in two MLP programs.
Bit mutation: It mutates bits in the genotype of a MLP program.
Sub-instruction swapping: It swaps two sub-instructions in a MLP program. The

purpose is to increase the parallelism of the MLP program.
Dynamic Sample Weighting (DSW) [16,17]: It adjusts the weights of training cases

dynamically based on their past fitness evaluation histories. It balances the
contributions of training cases to speed up the evolution.

Preselection [18]: A new born child will be discarded if it is functionally equivalent
(i.e. matches the same set of training cases) to its parents. The purpose is to
increase the diversity of a search.

Gate re-wiring: It intends to eliminate a redundant gate in a correct program by re-
wiring an input of a LU to one of its predecessors’ inputs (see Fig. 4 below).
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Fig. 4. Gate re-wiring. The function of L is mutated from g to g’ and one of its inputs is re-
wired to one of its predecessors’ inputs

3.3 Experimental Settings

As we mentioned before, a FPGA-assisted MLP can speed up the evolution
significantly. However, it does not affect the function of the GPP+MLP system. The
main purpose of this paper is to demonstrate that the GPP+MLP system can evolve
optimal combinational digital circuits directly from truth tables. Thus, we ran all
experiments on a software emulator of the MLP developed in C. Table 3 below shows
GP parameters and settings of experiments presented in this paper.

Having investigated the difficulties of the four benchmark problems shown in
Table 2 above, we set the maximum program length (maxL) to 25 parallel-
instructions. This provides enough sub-instructions (for both effective operations and
introns) to evolve correct programs. Hence, at most 400 (25×16) operations can be
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used to build a solution. The constant 1.0 in the fitness row in Table 3 above is used
to distinguish the two stages. In the design stage, when is achieved, the system
proceeds to the optimization stage. Noticeably, in the optimization stage, the success
predicate is unachievable. It forces the system to optimize correct programs as
much as possible. Thus, all runs terminate after 20,000,000 tournaments.

4 Results and Evaluations

From the 50 runs of the four individual problems, we obtained many high quality
solutions. The best solutions of the four individual problems will be presented and
discussed in this section. We have shown the best 1-bit full-adder solution in Program
1 and Fig. 3 in section 2 above. The solution circuit consists of 5 two-input gates in 3
gate levels. The best solution programs of 2-bit full-adder, 2-bit multiplier and 3-bit
multiplier are shown in Programs 2 to 4 below respectively. The circuits of the
corresponding programs are shown in Figures 5 to 7 below respectively.

Program 2. The best 2-bit full-adder (10 sub-instructions, 5 parallel-instructions)

Fig. 5. The 2-bit full-adder (10 gates in 5 levels) shown in Program 2 above

Program 3. The best 2-bit multiplier (7 sub-instructions, 2 parallel-instructions)
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Fig. 6. The 2-bit multiplier (7 gates in 2 levels) shown in Program 3 above

Program 4. The best 3-bit multiplier (26 sub-instructions, 6 parallel-instructions)

Fig. 7. The 3-bit multiplier (26 gates in 6 levels) shown in Program 4 above

Based on the statistics of the 50 runs, three performance indices: 1) the Koza’s
minimum computational effort (E) (with [2]; 2) the gate count (G); and 3) the
propagation gate delay (D) are calculated and shown in Table 4 below for discussion.
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In Table 4 above, the E column lists out the minimum numbers of tournaments
required to yield correct programs of individual problems (with Obviously,
MUL3 is much more difficult than the other three problems. The “avg G/D” values
shown under the column present the average qualities of evolved circuits
in the design stage. These values are quite large. It implies that the correct programs
evolved in the design stage contain many introns. By comparing the “avg G/D” values
shown under the column, we notice that both G and D decrease
significantly after the optimization stage. For example, for the MUL3 problem, the
average G decreases from 179 to 45 gates and the average D decreases from 18 to 9
gate levels. It demonstrates the effectiveness of the optimization stage.

In order to compare the qualities of optimal circuits evolved by the GPP+MLP
system, we included results of Cartesian GP (CGP) and conventional design (CON)
published in [6] and [19]. In Table 4 above, we underlined all minimal values in the
last three columns. For ADD1, ADD2 and MUL2, the best circuits evolved by the
GPP+MLP system have the minimal gate counts and propagation gate delays. For
MUL3, the best circuit evolved by the GPP+MLP system utilizes 3 gates more than
CGP but it utilizes 4 gates less than conventional design. Even though the gate count
is higher than CGP, the propagation gate delay is the minimum. The underlined
values listed in the “best G/D” column under the heading show that the
GPP+MLP system can design optimal combinational digital circuits for the four
problems both in terms of gate count (G) and propagation gate delay (D).

5 Conclusions and Further Work

In this paper, we have presented a Genetic Parallel Programming (GPP) system (the
GPP+MLP system) for combinational digital circuit design. It uses a Multiple Logic
Unit Processor (MLP) that is based on the Multi-ALU Processor of GPP. The
GPP+MLP system applies a two-stage approach to separate the design and
optimization processes. In the design stage, the system evolves parallel programs
based on a fitness function which aims at evolving a 100% functional program
(correct program). When the first correct program is found, the GPP+MLP system
proceeds to the optimization stage. In the optimization stage, the GPP+MLP system
uses another set of genetic operators to optimize correct programs. Experimental
results show that the GPP+MLP system can evolve optimal multi-output
combinational digital circuits automatically. The qualities of evolved circuits are
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better than conventional designs. The advantages of the GPP+MLP system are
summarized as follows:

It uses a generic register machine architecture which can emulate any combination
circuits. Moreover, the architecture of MLP is so simple that numerous MLPs can
be placed in a FPGA. With this highly parallelized, hardware-assisted fitness
evaluation engine, the evolution will be sped up significantly.

It benefited by the GPP Accelerating Phenomenon. Thus, less computational effort
is needed.

It employs a variable length genotype so that introns can be built up in the early
and middle stages of a run to assist evolution.

A 100% functional program evolved in the design stage can be saved as a seed
program for different runs of the optimization stage. For example, different genetic
operators and parameters can be used to optimize an identical seed program.

In the optimization stage, optimization-oriented genetic operators and fitness
criteria (e.g. reduce the gate count and the propagation gate delay) is used to guide
the optimization. We can also use different fitness functions (e.g. a cost-saving-
oriented fitness function) to achieve different optimization objectives.

We are currently evolving combinational digital circuits with four-input and five-
input look-up tables (LUTs). These LUTs are commonly used in large scale FPGAs,
e.g. Xilin Virtex™ II Platform FPGAs [15]. The preliminary results show that multi-
input LUs can evolve circuits more efficient than two-input LUs. Further studies will
be conducted to explore the effect of different settings on MLP configurations (e.g.
the numbers of registers and inputs of LUs).

Furthermore, we shall develop programs to translate MLP programs into different
formats (e.g. gate-level netlists and Hardware Description Language (HDL)
statements). With these translators, evolved combinational digital circuits can be
ported to other digital circuit design tools.

In the nearly future, we plan to implement a multiple MLPs evaluation engine by
using Xilinx FPGAs. We can imagine that the hardware-assisted MLP will speed up
the evolution significantly so that more complex combinational digital circuits can be
evolved.

Acknowledgements. The work described in this paper was partially supported by a
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Abstract. Population measures for genetic programs are defined and analysed
in an attempt to better understand the behaviour of genetic programming. Some
measures are simple, but do not provide sufficient insight. The more meaningful
ones are complex and take extra computation time. Here we present a unified
view on the computation of population measures through an information hyper-
tree (iTree). The iTree allows for a unified and efficient calculation of population
measures via a basic tree traversal.

1 Introduction

“Things should be as simple as possible, but not simpler.”
Albert Einstein

A population search method using variable length representation (such as genetic pro-
gramming) requires expensive measures to collect, mine and visualise dynamics due
to the repeated traversal of individuals making up the population. For the researcher,
it would be useful to quickly have an overview of population dynamics, which often
involves complex computations. However, it is essential to employ measures which are
easy to use, intuitive, and efficient to compute in order to reduce the complexity and
expense of such analysis. Implementing such measures is usually difficult and time
consuming. Instead, the complexity of the analysis, algorithm or problem are typically
reduced to allow for detailed analysis.

We introduce an advanced data structure that is efficient to maintain, offers a compact
view on a population of tree structured genetic programs and allows for the efficient
computation of many population measures. In this way, exploratory analysis beyond
simple measures (like fitness, node counts or diversity based on uniqueness) becomes
more accessible to the researcher.

Our data structure captures the population information needed to compute several
simple and complex measures. The data structure (the information tree, or “iTree”) is
realised as a “hyper-tree” on the population of trees. The iTree represents the information
obtained from a complete traversal of the individuals in the population. The uses of the
iTree are two-fold:

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 35–46, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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the iTree makes the computation of many useful population measures possible and
efficient and
the iTree can be visualised, offering compact views of the population.

We first introduce the information hyper-tree and demonstrate how it improves the ef-
ficiency of several measures. We then discuss several more complex and expensive
measures, which become accessible and intuitive with the help of the iTree. We also
describe typical situations that call for iTree visualisation.

2 The Information Hyper-tree of a Population

We introduce the information hyper-tree (iTree) for a population as a data structure
that collects important details of the individuals making up the population in one easily
accessible place. We construct the iTree of a population of genetic programs based on
two principles:

1.

2.

The structure of the iTree must be such that it incorporate the structure of any tree
in the population. Therefore, the iTree will have a node at some location if there is
at least one member of the population having a node at the same location.
Each node of the iTree should capture the population information related to that
particular node position. In the basic case, this information is the number of trees
in the population that have a node at the given location.

In Fig. 1 we show example iTrees for three small populations of genetic trees (for a
symbolic regression problem). For simplicity, we only look at binary trees, i.e. problems
where all functions accept two arguments. The measures presented in Fig. 1 will be
explained later.

The iTree can be constructed for any set of genetic trees, not only for the whole
population. For example, the iTree corresponding to the most fit individuals during a run
could provide information about the expected structure of the solution to the problem.
The iTree corresponding to all individuals visited during a run could provide information
about the region of the tree search space covered by the run. The iTree corresponding
to the solutions of a number of runs could uncover structural similarities or differences
of the found solutions and contribute to the understanding of GP-hardness, for example
by complementing Daida et al.’s study [4],

We construct the iTree in a top-down manner, starting from the root. Consequently,
the iTree will reflect the top-down structure of the represented trees. This approach is the
opposite of Keijzer’s bottom-up method [6]. He builds the trees starting from the leaves,
and by representing only once the common subtrees that occur in different individuals
he can space-efficiently represent a population. In the mean time, the iTree’s purpose is
to make possible the computation of complex measures for any set of genetic trees. As
subtree-based measures are not that straight-forward to compute with the iTree, the two
methods could be used in conjunction.

In the subsequent sections we shall describe the computation of population measures
based on the iTrees. We shall refer to the iTrees of populations but the measures for iTrees
associated to other sets of trees can be computed similarly.
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Fig. 1. The iTrees and measures corresponding to three populations of three genetic trees each
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3 The Node Coverage of a Population

There are a number of meaningful measures that can be easily computed from the basic
information stored in the nodes of the iTree. These measures can be used in analysing
how well a population explores the search space of tree structures. We are able to find
answers to the following questions related to a population P with corresponding iTree:

How many node positions are being explored in the tree search space? This is the
number of node positions in a binary tree that the population samples by at least one
member. This measure can be found by simply counting the nodes of the iTree,

How many genetic nodes are there in the population? We only have to sum up the
values stored in the nodes of the iTree:

When comparing two populations of trees, we can say which one is larger in terms of
node numbers. Note that in order to obtain the total number of nodes in a population
without using the iTree, one would have to sum up the sizes of individuals in the
population.
How full is the iTree? We can compute the degree of fullness as:

In order to obtain this measure without using the iTree, one would have to do a
traversal of all trees in a population. For a full iTree, For
very sparse trees,

If two populations have values (as in
Fig. 1), then the second population explores a larger region of the tree search space, but
the first population performs a better exploration through more representatives of the
nodes. If and (see Fig. 1)
then the first population has more nodes at lower depth, i.e. has more shallower and
fuller trees than the second population. Population may contain deeper and sparser
trees than population

3.1 Entropy

Suppose the iTree also contains information about the distribution of terminal and func-
tion values that are covered by each node in the population. We could associate an
entropy value to each iTree node that can show how biased the population is toward
specific values in the nodes. For a given node A, the distribution of values over the set of
functions and terminals is given by where is the number
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of genetic trees in the population containing symbol  in the location corresponding to
node A. The entropy of node A is then

where log is the logarithm with the base the total number of functions and terminals
The closer the entropy value is to 1, the more uniform the distribution is and

the closer the entropy value is to zero, the more biased the distribution is. The entropy
is also a measure of node content diversity: for a given node it has a larger value for a
better coverage of the function and terminal sets and a lower value for a worse coverage,
respectively.

4 Structural Diversity of a Population

Measuring genotype diversity in tree-based genetic programming can be very time-
consuming. Structural diversity is usually measured based on pairwise distances between
individuals in a population[1,5,8]. Usually, the average distance of two individuals in a
population is employed. Therefore, computing diversity is very expensive: if the popu-
lation size is N, there are N × (N – 1) pairs of individuals. For each pair the
time complexity of obtaining their edit distance is Similarly to Wineberg
and Oppacher’s results on genetic algorithms [10], we can significantly reduce the com-
putation time of structural diversity when using the iTree.

4.1 Edit Distance

The edit distance of two labeled trees is defined as the cost of shortest sequence of
editing operations that transform one tree into the other [7,9]. The editing operations are
deleting a node, inserting a node, or changing the label of a node. In the basic case each
operation is considered with the same cost. In order to compute the structural diversity
of a population, we need to maintain the symbol (terminal and function) distribution
in each node of the iTree. Normally, diversity would be calculated as the average edit
distance over all pairs of individuals in the population. When comparing two individual
trees node by node, three cases can occur:

1.

2.

3.

Both trees have the same symbol at the examined position, the node has no contri-
bution to the edit distance;
The trees have different symbols at the examined position, so the cost of changing
a label is added to the edit distance; or
One tree has no node at the given position, so the cost of adding/deleting a node is
added to the edit distance.

At the node level in the iTree, each individual is represented by the number of occurrences
of the individual’s symbol in that position. The same edit distance diversity can be
calculated by traversing the iTree and summing up the nodes’ contributions. Given the
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distribution of symbols for a node, obtaining the node’s contribution can be formulated
as counting the number of pairs of non-identical symbols encountered in that position
in the iTree.1 The number of pairs in a set of N symbols is N (N – 1)/2. Similarly, the
number of pairs in a subset of identical symbols is So, the
number of non-identical pairs is

The algorithm for computing diversity as the average edit distance between two individ-
ual trees of a population of N trees with corresponding iTree is presented below. We
denote by iNodes the number of individuals in the population, which sample the root
node of the iTree. The time complexity of the algorithm is

4.2 Distance Based on Structural Comparison

Instead of the edit distance we can use the distance based on structural comparison
described in[5]. The distance of two binary trees A and B, with the two subtrees denoted
as .Left and .Right is defined as:

In the simple case, when we just count the differences, i.e. (Kronecker
delta), if we use the iTree for computing the average distance of two trees in a population,
the contribution of a node is the same as in the case of the edit distance. The only
difference in the algorithm is that the diversity of subtrees is discounted:

1 For unified treatment, we can assume that each node in the iTree represents iNodes nodes,
N – iNodes being the number of “empty” symbols, or number of individuals in the population
which have no node at that location.
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In the more general case, computing the contribution of a node becomes more com-
plex,the time needed for this operation becomes and consequently the time
complexity of the algorithm becomes

5 Distance of Two Populations

As emphasised by Wineberg and Oppacher [10], the distance of two – consecutive –
populations can play an important role in understanding the dynamics of evolutionary
computation methods. Instead of computing pairwise distances between individuals
from the two populations, we can easily obtain the distance of the two populations by
traversing their iTrees in parallel.

Normally, the distance between two populations is computed as the average distance
between any two individuals from the two populations. Computing the average distance
diversity of a population is a special case of computing the distance of two populations,
namely, when the two populations are identical and when the distance of an individ-
ual to itself is not counted. If we use the iTrees of the two populations, we obtain the
following algorithm for computing the edit distance of two populations by generalis-
ing the algorithm presented in Section 4.1.2 The time complexity of the algorithm is

In order to obtain the distance based on structural comparison, we only have to modify
the recursive calls to include the discounts, similarly to the structural diversity presented
in Section 4.2.

6 The Imbalance of a Population

The iTree of a population can provide information about how the population samples
different tree structures. A very unbalanced iTree suggests a biased sampling (specific,

2 Whenever one subtree is empty, we make the recursive call for the null subtree representing
zero nodes.
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mostly sparse tree structures are often present in the population), whereas a balanced
iTree suggests uniform sampling of nodes. The imbalance of a population can be seen
as an indicator of the structural diversity of the population: (1) A largely unbalanced
iTree suggests the presence of many similar trees in a population (low diversity). (2) A
balanced iTree corresponds to a population that covers the full tree structure. In an
extreme, but very unlikely case this could be the result of the population containing only
full trees. Otherwise, the population contains all sorts of structures, which cover together
the full tree structure (high diversity).

6.1 Original Imbalance

Colless [2] defines an imbalance measure for a phylogenetic tree as the sum of absolute
differences between the sizes of the two subtrees located at each bifurcation in the tree
under consideration. We use the same imbalance measure for our data structure and
denote it by We consider the size of a subtree as the number of nodes contained in
it. A fully balanced iTree has the same number of nodes in all subtrees that have the same
parent. In the case of binary trees, the only fully balanced tree of some given depth is the
complete tree of the same depth. A population of trees corresponding to a fully balanced
iTree explores all the possible nodes in the program tree structure to some extent. The
more unbalanced an iTree is, the more unexplored regions exist in the “structure space”
of program trees. In order to say something about the extent to which the program tree
structure is being explored, or more exactly, how uniformly the program tree structure
is being explored, we need a more detailed measure of imbalance.

6.2 A More Specific Imbalance

We consider the same imbalance measure for a population’s iTree, with the exception that
instead of the size of a subtree, we use the total number of genetic tree nodes contained
in that subtree (that is, the sum of node numbers for each iTree node). We denote this
type of imbalance as and show three examples in Fig. 2. The most unbalanced iTree
would have all nodes concentrated in one subtree. But if a node of the iTree has any
children, it must have two children, both representing the same number of genetic nodes,
due to our restriction of binary functions. If we denote by the number of genetic tree

Fig. 2. Examples of different iTrees corresponding to the same total number of nodes
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nodes at depth in an iTree, the largest possible imbalance for a tree of depth is
(see the example for depth 3 in Fig. 3(a)).3

A completely balanced iTree is a full tree with uniformly distributed genetic nodes at
each depth, with corresponding However, there exist unbalanced iTrees with

such as the example shown in Fig. 3(b). In such cases, the original imbalance
measure The two measures are insufficient by themselves, but, taken together,
they can show whether a population is exploring all regions of the structure search space

and to what extent the actually represented regions are being explored If
an iTree has and the iTree is a full tree of some depth and all node
locations at some depth are explored to the same extent in the population. This
does not necessarily involve just full trees in the population (see Fig. 1 for example).

Fig. 3. Examples of unbalanced iTrees

7 Visualisation of the Information Hyper-tree

In order to better analyse and understand the dynamics of genetic programming runs, we
could graphically show the iTrees or their parts associated to certain groups of genetic
trees. In many cases it is important to see the actual tree structures. For instance, the
following questions highlight the need for good, and sometimes complex, visualisation
of the population:

1. What are the most common structures in the best genetic programs that were en-
countered during a run? In order to get an answer, we have to first quantify “most
common” and “best”, such as the nodes that occur in at least 80% of the trees whose
fitness is below 0.1 (if we are minimising fitness). Then we construct the iTree cor-
responding to the genetic trees of desired fitness encountered during the run and
visualise the nodes A of the iTree with A small tree would show that
the trees are similar only at very low depth, meaning that a diverse set of solutions
has been found. A large, perhaps sparse tree would show that genetic programming
conducted a local search around one optimum, where the found structure is a good
structure. In Fig. 4 we show the most common best tree structure that emerged in
a run of a symbolic regression problem. We qualified all trees with fitness below

3 Proof. The difference in node numbers at depth of a fully unbalanced iTree is
We complete the proof by summing up these differences.
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0.05 in the best category. Out of the 5100 trees evaluated during the run, 2163 trees
were considered best. The large common part suggests a local search around a good
structure.

Fig. 4. Example good common structure evolved in a GP run

What makes a good program different from a bad program? One possibility is to
look at the most common part of the iTree corresponding to the best trees and the
most common part of the iTree corresponding to the worst trees encountered during
the run. One could also do a parallel traversal of the two iTrees and show only the
nodes that are common in one group, but not in the other. For the example discussed
at (1), 315 trees were very unfit, their most common structure was the full tree of
depth 3. The set of unfit trees was quite diverse, so we can only say that the structure
shown in Fig. 4 is good, and the structures different from this one might be bad.
How early in the run do the good structures emerge ? Answering this question in-
volves a comparison between the iTree of (1) and the iTrees of populations in
subsequent generations.
If there are common structures during the run, do they heavily depend on the initial
population? As in the case of question (2), we first have to look at the iTree of the
run (or more exactly its most common parts), and then compare it with the iTrees of
populations in subsequent generations. Thus, we could find when these structures
first appeared. The earlier these structures emerge, the more likely it is that they
depend on the initial population.

2.

3.

4.

8 Case Study

Here we present an analysis based on iTrees for a symbolic regression problem. We use
the polynomial  with We show the
results for 50 independent runs of simple genetic programming. The initialisation method
is ramped half and half, populations have size 100, runs are allowed 50 generations.
Crossover probability of 90% and mutation probability of 10% are employed. We analyse
the iTrees for the runs and the iTrees corresponding to the best and the worst genetic
programs encountered during the run, respectively. We classified as best the solution-
quality trees (with and as worst the useless trees (with fitness > 1).
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Fig. 5. The resulting iTrees for the runs, best and worst trees. Each triangle represents the iTree
of one run, each square the iTree of best trees encountered in one run, and each plus the iTree of
worst trees encountered during a run

37 runs were successful, 4 runs had acceptable solution and 9 runs were unsuccessful.
In the successful runs, the good trees significantly outnumber the useless trees.

In Table 1 we show the values for five iTree-based measures described in Sections
3 and 6. For all measures, the difference between the value for the best iTree and the
worst iTree is significant. The best iTree has more nodes than the worst iTree, the total
number of nodes in the best trees is larger than the total number of nodes in the worst
trees, meaning that during evolution more time is spent on the good trees than on the
bad ones. The best trees are larger and fuller than the worst ones. As shown in Fig. 5(a),
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the runs producing better solutions evolve a larger range of mostly fuller trees. Also, the
best iTrees are fuller than the iTrees of the runs.

An interesting linear relationship emerges between the imbalance and the
number of nodes in the iTrees for all three cases (Fig. 5(b)). The more nodes are
investigated, the more unbalanced the iTree becomes. This is somewhat expected and is
in line with the literature on code growth in genetic programming.

9 Conclusions

In this paper, we motivated the need for an intermediate data structure by pointing to the
complexity required to conceive and develop population measures and visualisations. In
the absence of efficient and intuitive methods, researchers often reduce the complexity of
other aspects to make analysis tractable. However, by using the proposed iTree, several
population measures become intuitive and more efficient than the traditional traversals
of the population. Future genetic programming systems can make use of a standardised
data structure, such as the iTree, to allow quicker development and sharing of methods
and measures to improve the dissemination of scientific ideas.
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Abstract. An extension of Cellular Genetic Programming for data clas-
sification with the boosting technique is presented and a comparison with
the bagging-like majority voting approach is performed. The method is
able to deal with large data sets that do not fit in main memory since
each classifier is trained on a subset of the overall training data. Exper-
iments showed that, by using a sample of reasonable size, the extension
with these voting algorithms enhances classification accuracy at a much
lower computational cost.

1 Introduction

The explosive growth of information in different domains has spurred the devel-
opment of data mining techniques [3] for knowledge extraction from massive data
sets. The availability of fast, efficient, and accurate data mining algorithms, able
to deal with this huge amount of data, too large to fit into the main memory of
computers, is becoming a pressing request. To obtain fast methods several par-
allel data mining algorithms were realized, such as parallel decision trees [18,17],
and parallel association rules [20]. On the other hand, to improve the accuracy
of any learning algorithm, ensemble techniques, that combine the prediction of
multiple classifiers, each trained on a different training set obtained by means of
resampling, have been introduced.

Bagging [2] and boosting [8] are well known ensemble techniques that re-
peatedly run a weak learner on different distributions over the training data.
Both methods build bags of data of the same size of the original data set by
applying random sampling with replacement. Unlike bagging, boosting tries to
concentrate on harder examples by adaptively changing the distributions of the
training set on the base of the performance of the previous classifiers. It has
been shown that bagging and boosting improve the accuracy of decision tree
classifiers [2,14,1].

Genetic programming (GP)[10] has showed to be a particularly suitable tech-
nique to deal with the task of data classification [7,13,15,11,4] by evolving deci-
sion trees. Genetic Programming extended by means of ensemble techniques [9,5]
enhances classification accuracy of GP. Genetic programming based classifiers,
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however, involve a lot of computation and their performances may drastically
degrade when applied to large problems because of the intensive computation of
fitness evaluation of each individual in the population. High performance com-
puting is an essential component for increasing the performances and obtaining
large-scale efficient classifiers [19,6]. To this purpose, several approaches have
been proposed. The different models used for distributing the computation and
to ease parallelize genetic programming, cluster around two main approaches
[19]: the well-known island model and the cellular model. In the island model
several isolated subpopulations evolve in parallel, periodically exchanging by
migration their best individuals with the neighboring subpopulations. In the
cellular model each individual has a spatial location on a low-dimensional grid
and the individuals interact locally within a small neighborhood. The model con-
siders the population as a system of active individuals that interact only with
their direct neighbors. Different neighborhoods can be defined for the cells and
the fitness evaluation is done simultaneously for all the individuals. Selection,
reproduction and mating take place locally within the neighborhood. A parallel
approach to build predictors speeds up the generation process and, at the same
time, allows to deal with large data sets.

Cellular Genetic Programming for data classification (CGPC) enhanced with
an ensemble bagging-like (BagCGPC) technique has been presented in [5] and
showed to enhance both the prediction accuracy and the running time of CGPC.

In this paper we extend CGPC with a voting classification scheme based on
the boosting technique, and present an experimental comparison of CGPC with
bagging and boosting voting schemes. The approach can deal with large data
sets that do not fit in main memory since each classifier is trained on a subset
of the overall training data. Experiments showed that the extension of CGPC
with these voting algorithms enhances both accuracy and execution time. In
fact, higher accuracy can be obtained by using a sample of reasonable size at
a much lower computational cost. The algorithm could also be used to classify
distributed data which cannot be merged together. For example, in applications
that deal with proprietary, privacy sensitive data, where it is not permitted
moving raw data from different sites to a single central location for mining.

The paper is organized as follows. Next section describes Bagging and Boost-
ing algorithms. Section 3 presents the extension of cellular genetic programming
with the Boosting technique. In section 4, finally, the results of the method on
some standard problems are presented.

2 Ensemble Techniques

Let be a training set where called example, is
an attribute vector with attributes and is the class label associated with

A predictor, given a new example, has the task to predict the class label
for it. Ensemble techniques build T predictors, each on a different subset of the
training set, then combine them together to classify the test set.

Bagging (bootstrap aggregating) was introduced by Breiman in [2] and it is
based on bootstrap samples (replicates) of the same size of the training set S.
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Each bootstrap sample is created by uniformly sampling instances from S with
replacement, thus some examples may appear more than once while others may
not appear in it. T bags are generated and T classifiers
are built on each bag The number T of predictors is an input parameter. A
final classifier classifies an example by giving as output the class predicted most
often by with ties solved arbitrarily.

Boosting was introduced by Schapire [16] for boosting the performance of any
“weak” learning algorithm, i.e. an algorithm that “generates classifiers which
need only be a little bit better than random guessing” [8]. The boosting al-
gorithm, called AdaBoost, adaptively changes the distribution of the sample
depending on how difficult each example is to classify. Given the number T of
trials to execute, T weighted training set are sequentially gener-
ated and T classifiers are built to compute a weak hypothesis
Let denote the weight of example at trial At the beginning
for each At each trial a weak learner whose error is
bounded to a value strictly less than 1/2, is built and the weights of the next
trial are obtained by multiplying the weight of the correctly classified examples
by and renormalizing the weights so that Thus
“easy” examples get a lower weight, while “hard” examples, that tend to be
misclassified, get higher weights. This induces AdaBoost to focus on examples
that are hardest to classify. The boosted classifier gives the class label that
maximizes the sum of the weights of the weak hypotheses predicting that label,
where the weight is defined as Freund and Schapire [8] showed theo-
retically that AdaBoost can decrease the error of any weak learning algorithm
and introduced two versions of the method. In the next section we present the
extension of GP by using AdaBoost.M1.

Regarding the application of ensemble techniques to Genetic Programming,
Iba in [9] proposed to extend Genetic Programming to deal with bagging and
boosting. A population is divided in a set of subpopulations and each subpop-
ulation is evolved on a training set sampled with replacement from the original
data. Best individuals of each subpopulation participate to voting to give a pre-
diction on the testing data. Experiments on some standard problems using ten
subpopulations showed the effectiveness of the approach. Another extension of
Cellular Genetic Programming for data classification to induce an ensemble of
predictors was presented in [5]. Each classifier was trained on a different subset
of the overall data, then they were combined to classify new tuples by applying
a simple majority voting algorithm, like bagging. Results on a large data set
showed that the ensemble of classifiers trained on a sample of the data obtains
higher accuracy than a single classifier that uses the entire data set at a much
lower computational cost.

3 BoostCGPC

Boost Cellular Genetic Programming Classifier (BoostCGPC), is described in
figure 1. Given the training set and the number P of
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Fig. 1. The algorithm parallel BOOSTCGPC

processors to use to run the algorithm, we partition the population in P subpop-
ulations, one for each processor and draw P samples from S of size Each
subpopulation is evolved for generations and trained on its local sample by run-
ning CGPC. To take advantage of the cellular model of genetic programming,
subpopulations are not independently evolved, but they exchange the outmost
individuals in an asynchronous way. On each processor at each generation, every
tree undergoes one of the genetic operators (reproduction, crossover, mutation)
depending on the probability test. If crossover is applied, the mate of the current
individual is selected as the neighbor having the best fitness, and the offspring
is generated. The current string is then replaced by the best of the two offspring
if the fitness of the latter is better than that of the former. After generations,
the individual with the best fitness is selected for participating to vote. In fact
the P best individuals of each subpopulation are exchanged among the P sub-
populations and constitute the ensemble of predictors that will determine the
weights of the examples for the next round.
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Fig. 2. Implementation of BoostCGPC on a distributed memory parallel computer.

Figure 2 illustrates the basic framework for the parallel implementation of
the BoostCGPC algorithm on a distributed memory parallel computer. We as-
sume that each training sample resides on a different processor
within the parallel computer. We use the diffusion model of GP to parallelize in a
natural way the implementation of BoostCGPC. The size of each subpopulation

present on a node, must be greater than a threshold determined
from the granularity supported by the processor. Each processor, using a training
sample and a subpopulation implements a classifier process as a
learning algorithm and generates a classifier. For efficiency reasons, the individ-
uals within a subpopulation are combined into a single process that sequentially
updates each individual. This reduces the amount of internal communication
on each process, increasing the granularity of the application. Communication
between processors is local and asynchronous. The configuration of the structure
of the processors is based on a ring topology and a classifier process is assigned
to each. During the boosting rounds, each classifier process maintains the lo-
cal vector of the weights that directly reflect the prediction accuracy on that
site. At each boosting round the hypotheses generated by each of these classi-
fiers in Figure 2) are combined to produce the ensemble of predictors.
Then, the ensemble is broadcasted at each classifier process to locally recalculate
the new vector of the weights and a copy of the ensemble is stored in a reposi-
tory. After the execution of the fixed number T of boosting rounds, the classifiers
stored in the repository are used to evaluate the accuracy of the classification
algorithm. Note that, the algorithm can also be used to classify distributed data
which cannot be merged together. For example, in applications that deal with
proprietary, privacy sensitive data, where it is not permitted moving raw data
from different sites to a single central location for mining.
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4 Experimental Results

In this section we compare BagCGPC, BoostCGPC and classical CGPC using
some well known data sets taken from the UCI Machine Learning Repository
[12]. The data sets are described in table 1 and present different characteristics in
the number and type (continuous and nominal) of attributes, two classes versus
multiple classes and number of tuples. In particular, the last two are real large
data sets. Cens contains weighted census data extracted from the 1994 and 1995
current population surveys conducted by the U.S. Census Bureau and CovType
comprises data representing the prediction of forest cover type from cartographic
variables determined from US Forest Service and US Geological Survey. The
experiments were performed on a Linux cluster with 16 dual-processor 1,133
Ghz Pentium III nodes having 2 Gbytes of memory connected by Myrinet and
running Red Hat v7.2.

The parameters used for the experiments are shown in table 2. All results
were obtained by averaging 10-fold cross-validation runs. In order to do a fair
comparison among CGPC, BagCGPC, and BoostCGPC we used 5 processors
for all the three algorithms, population size 500 and number of generations 500
for CGPC. To obtain the same parameters, BagCGPC was executed 5 times
on five processors in parallel, with population size 100 on each processor (for a
total size of 100 × 5=500) and number of generations 100 (for a total number
of generations 100 × 5=500), thus generating 25 classifiers. On the other hand,
the number T of rounds of BoostCGPC was 5, again on 5 processors, popula-
tion size 100 on each processor, number of generations 100 for each round, thus
generating the same total population size, number of generations, and number
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of classifiers, i.e. 500, 500, and 25, respectively. In table 3 we report the mean
error rate over the 10-fold-cross-validations, execution time in seconds, and size
of the classifiers. For these experiments CGPC used the complete data sets for
training, while both BagCGPC and BoostCGPC employed only the 20% of
the overall data sets. Note that in the case of the ensembles, the size is the sum
of the 25 classifiers composing the ensemble; thus the average size of a single
tree can be obtained dividing this size by 25. From the table we can observe
that BagCGPC and BoostCGPC always obtain better results than CGPC in
terms of mean error, time and average tree size, the only exception being an
error of 8.33 of BoostCGPC for the Cens data set and an error of 38.03 of
BagCGPC for the CovType data set. Considering that the ensemble methods
use only the 20% of the data set, these results are impressive and substantiate
the already showed characteristics of this kind of approach in improving ac-
curacy. As regard the comparison between BagCGPC and BoostCGPC, it is
worth to note that BoostCGPC obtains always mean error and tree size lower
than BagCGPC, except for mean error of Census data set. Execution times of
BoostCGPC, however, are worse than those of BagCGPC, though we can ob-
serve that while for the smallest data set (Segment, 2310 tuples) the execution
time of BoostCGPC is 2.5 times more than that of BagCGPC, for the biggest
data set (CovType, 581012 tuples) the execution time is 1.5 times more than
that of BagCGPC. Furthermore, in the latter case, BagCGPC gives an error of
38.03, while BoostCGPC error is 33.65. The running time increase is mainly due
to the weight computations and to the necessity of exchanging the hypotheses
found after each round.

We wanted also to investigate the influence of the sample sizes on the accu-
racy of the method. To this end we used the CovType data set and run CGPC
with the overall data set, while BoostCGPC was executed with 5%, 10%, and
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Fig. 3. Mean error for different sample sizes of the training set vs number of classifiers
for round. (Covtype dataset)

20% of the tuples for 5 rounds, each round using an increasing number of clas-
sifiers. Figure 3 shows the effect of these different sample sizes on accuracy as
the number of classifiers generated increases at each round. Parameters are the
same of the previous experiments. CGPC used a population size equal to 100
× number of classifiers of the boosting algorithm. From the figure we can note
that when BoostCGPC is trained on a sample of size 5% the overall data set,
it is not able to outperform CGPC working on the entire data set. But, as the
size increases, BoostCGPC is able to obtain an error lower than CGPC. An
ensemble of two classifiers, 5 round, for a total of 10 classifiers, using the 10%
of the data set obtains higher accuracy. Augmenting the sample size and the
number of classifiers a further increase can be obtained. Using from 5 to 10 clas-
sifier at each round seems to be a good compromise between results obtained
and resources employed. In fact figure 3 shows a slow decrease of the mean error
after these values.

5 Conclusions

An extension of Cellular Genetic Programming for data classification to induce
an ensemble of predictors that uses a voting classification scheme based on boost-
ing technique was presented, and a comparison with bagging like majority vot-
ing approach was performed. Experiments showed that the extension of CGPC
with these voting algorithm enhances both accuracy and execution time. The
approach is able to deal with large data sets that do not fit in main memory
since each classifiers is trained on a subset of the overall training data. Experi-
ments on a large real data set showed that, analogously to BagCGPC, higher
accuracy can be obtained by using a sample of reasonable size at a much lower
computational cost, and that sample size influences the achievable accuracy.
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Abstract. Fault tolerance is an important objective for circuit design,
so it is natural to apply genetic programming techniques that are al-
ready being used for circuit design to enhance fault tolerance. We present
preliminary evidence that co-evolving faults with circuits enhances the
masking of faults in evolved circuits. Our test systems are sorting net-
works, since these are simple enough to analyze. We show that the overall
impact of faults in an evolved sorting network can be reduced propor-
tionally to the strength of co-evolutionary pressure.

1 Introduction

Nature favors robust designs, since fragile designs tend to become extinct. It
is logical that evolutionary computing, which takes its inspiration from natu-
ral design processes, should also produce robust designs. In designing artificial
systems, such as special purpose computing devices, it can be difficult and ex-
pensive to design and test complicated fault tolerant systems with traditional
techniques. However, naturally inspired design techniques such as genetic pro-
gramming can be adapted to optimize for design criteria other than correctness,
such as fault tolerance.

Several previous studies of fault tolerance in evolved systems have shown
that evolutionary design techniques produce fault tolerant designs, often with-
out this particular objective[1,2]. These studies have focused primarily on the
inherent fault tolerance due to the evolution process and not on explicit se-
lective pressure. In this paper we show that explicit selective pressure toward
fault tolerance in sorting networks increases the fault masking ability of sorting
networks. This preliminary evidence demonstrates the possibility of extending
the automated design of circuits with evolutionary approaches to produce fault
tolerant solutions.

2 Background

FAULT TOLERANCE is the ability of a system to continue normal operation re-
gardless of the presence of faults [3]. The breakdown of a system due to internal
failure can be viewed as a chain of events from fault to error to failure. A FAULT

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 57–66, 2004.
© Springer-Verlag Berlin Heidelberg 2004



58 M.L. Harrison and J.A. Foster

is an internal defect in a software or hardware system, such as a design flaw
or a component failure. Incorrect behavior inside a system, caused by a fault, is
termed an ERROR. Finally, a FAILURE occurs when a system is unable to perform
its specified task or tasks due to errors [4].

A fault will not necessarily cause system failure. If a fault is masked by the
system, the system maintains its ability to function despite the presence of a
fault. A system with active fault masking has abilities to detect and reconfig-
ure and thereby ignore the effect of the faulty component. A system relying on
passive fault masking is characterized by taking no active role in diagnosing or
repairing itself, instead relying on internal structure and redundancy to mask
faults. This study is concerned with arranging components into passive fault tol-
erant structures in which the circuit topology provides the tolerance. To explore
the evolution of fault tolerant structures we utilize sorting networks as a simple
test problem and evolve them using co-evolution.

2.1 Sorting Networks

Sorting networks(SN) have long been of interest to computer scientists. Knuth
used nearly 350 pages discussing them in his book The Art of Computer Pro-
gramming: Sorting and Searching [5]. SNs provide a rich search space; even for
our small 11 input, 45 gate sorting networks there are possible
networks. Many studies, including the first study using co-evolution by Hillis[6],
focus on finding minimally sized sorting networks[7,8,9]. Hillis’ work inspired
the techniques used in this study, but we emphasize that our goal is to evolve
reasonable fault tolerant structures, not minimal sorting networks.

Sorting networks are simple feed forward circuits used to sort values. Figure
1B demonstrates a 5 input, 9 gate sorting network. Values presented to the
input lines (horizontal lines) carry the values from left to right. Along the lines
the values encounter compare-exchange(CE) gates (vertical lines). CE-gates are
simple two input sorting circuits which exchange their input values if they are
out of order. The four possible inputs to the simplest of sorting networks (the 2
input, 1 gate network) is displayed in Figure 1A.

Fig. 1. (A) A 2x1 (2 inputs with 1 gate) sorting network with all possible inputs
and outputs. Values propagate along the horizontal lines until they encounter a gate
(vertical line), at that point the gate may switch the values or pass them through.
All 1’s are sorted to the bottom and all zeros to the top. A valid sorting network will
correctly sort all possible inputs. (B) A 5x9 (5 inputs with 9 gates) sorting network
demonstrating a larger arrangement of compare exchange gates and inputs.
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According to the 0-1 principle a network topology is valid if it sorts all
possible length bit strings, where is the number of inputs. Therefore, testing
any input network requires a series of tests. For our 11 bit networks this
means possible test cases [5].

2.2 Co-evolution

A traditional Genetic Algorithm contains a single population with individuals
that compete based on some fitness measure. Co-evolution uses multiple popu-
lations to aid in the evolution process. There are two main types of co-evolution,
competitive and cooperative.

In this study we are concerned with competitive co-evolution[10,6]; pitting
two populations against one another, competing for fitness. This is a kind of
evolutionary arms-race. One population targets the weaknesses of the other for
its own benefit and in this way the fitness measure of each population depends
on the other. A major benefit of co-evolution is the ability to evolve without a
complete fitness evaluation. During evolution it may only be necessary to use
a partial fitness evaluation. Hillis showed that this approach worked well for
discovering small sorting networks when compared to full fitness evaluations (too
slow) and random test cases[6]. This is particularly useful for sorting networks
as there are an exponential number of test cases to be considered. Other studies
using competitive co-evolution have demonstrated success as well[11,12,13,14].

3 Methodology

A valid sorting network properly sorts all possible inputs but can be compromised
by the presence of faults. A fault is defined as the removal from the network of
a CE-gate. If a network depends heavily on a particular CE-gate the faulting of
this gate results in many unsorted outputs. It should be noted that we are not
concerned with actual electric circuits but with SN at a high level.

To provide selective pressure toward fault tolerance we evolve two populations
simultaneously using co-evolution. One population contains sorting networks,
the other is a test population containing the input/fault pairs(IFPs). Each IFPs
contains two parts; a bit string used as an input to the sorting networks and a
fault. The IFPs pressure the sorting networks to evolve correct solutions in the
presence of faults. In turn, the sorting networks pressure the IFF population to
discover IFPs that cause failures.

Table 1 shows some of the standard parameters for our genetic algorithm.
Initially, both populations are generated using random values for CE-gates in the
sorting networks, input strings, and faults. Following evaluation, each population
is sorted according to fitness. Selection is performed on both populations using
a standard 7 member tournament. Tournaments are conducted within the top
30% of each population and continue until the offspring replace the bottom 70%.
This preserves the top 30% in each generation.
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3.1 Sorting Network Encoding, Crossover, and Mutation

We represent sorting networks as a list of stages, where each stage includes five
CE-gates. Each CE-gate is represented by a pair of integers, which indicate the
two input lines to that CE-gate. To translate the genotype to its phenotype, a
functioning SN, we add CE-gates from left to right in each stage. Each input
line is only used once within a stage, so CE-gates that reference previously used
lines in the same stage are eliminated from the SN. Our 11 input SNs allow for
9 such stages, resulting in SNs containing between 9 CE-gate (1 in each stage)
to 45 CE-gates(5 in each stage). See 2B.

Crossover is standard 2-point crossover with randomly selected crossover
points selected along the list of CE-gates. Crossover doesn’t split up integers
that comprise a CE-gate. Two parent networks produce two child networks. A
child may be mutated with some probability (denoted in Table 1) by randomly
choosing a CE-gate in the array and randomly modifying one of its input lines.

3.2 Input/Fault Pair(IFP) Encoding, Crossover, and Mutation

A input/fault pair is encoded as a bit string and fault pair as shown in Figure
2A. The binary string on the left is the 11 bit input to the sorting network and
the integer on the right is a value from 1 to 45 indicating the index of the CE-
gate to be faulted. These refer to CE-gates in the genotype and it is possible
for a sorting network to have fewer than 45 CE-gates in the phenotype so these
faults may refer to nonexistent CE-gates.

Crossover on input strings is performed using standard 1-point crossover with
a random crossover point resulting in 2 children. The faults are then assigned
randomly to the two children. After crossover each child may be selected for
mutation with the probability noted in Table 1. If selected one of either the fault
or the bit string is selected for mutation with even probability. The bit string
is mutated by randomly selecting a bit and flipping it. The fault is mutated by
randomly assigning its value to another CE gate index.
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Fig. 2. (A)Integer/fault pair encoding, input string followed by index of gate to fault.
(B) Sorting network encoding show 9 stages and demonstration of single stage with
some CE-Gates not expressed. Gate [4:9] conflicts with the previous gate [4:7] so it
is left unexpressed. Similarly gate [1:7] conflicts with previous gate [2:1] and is left
unexpressed.

3.3 Evaluating Sorting Network and Input/Fault Pair Fitness

As described previously, a fault is the removal of a CE-gate from a network.
When an IFP is evaluated by a SN the faulty CE-gate associated with that
IFP isn’t allowed to participate. This missing CE-gate or fault may cause the
sorting network to sort its inputs incorrectly which affects the fitness of both
the SN(negatively) and the IFP (positively).

The effect of a fault is topology specific, so a input/fault pair may not work
well on testing a wide variety of sorting networks. However, we believe the sorting
network population will periodically converge on a similar set of solutions which
the test strings/faults will exploit.

Sorting networks are evaluated based on their ability to correctly evaluate
all the individuals in the IFP population. Every IFP in the test population is
applied to every individual in the sorting network population. Given a SN and
an IFP we calculate their relative scores in the following manner:

Apply the fault from the IFP by removing the CE-gate indicated in the IFP.
Sort the input bit string using the sorting network.
Determine the bitwise error of the output by calculating the hamming dis-
tance between the sorting network’s output and the correct output.
Add the bitwise error obtained in the previous step to the sorting network’s
fitness as well as the IFP’s fitness.
Return the sorting network to pre-fault state by replacing the CE-gate re-
moved in step 1.

1.
2.
3.

4.

5.

Figure 3 shows how a fault is applied to a small example network. The fitness
of both populations is calculated simultaneously by applying the above steps to
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Fig. 3. Evaluation of a sorting network using a input/fault pair. The fault from the
IFP is applied to the sorting network and then the input is applied. In this case the
number of errors is 2.

every possible pairing of IFP and SN. A SN that correctly sorts the entire test
string population with no errors would receive a score of 0; the lower the score
the better the network. For IFPs the opposite is true; the more errors the better
the fitness. Table 2 demonstrates the fitness calculation for 3 test strings and 3
sorting networks using 4 bit inputs, the faults are left out of this example for
clarity. From the table we see that SN #2 has the best fitness(lowest value) as
it sorts all its inputs correctly(no errors) and thus receives a score of 0. Also,
IFP2 is the most fit as it has caused 4 bits to be out of position in the outputs
while the other two IFPs have only caused 2.

3.4 Quantifying Fault Tolerance in Sorting Networks

We will introduce a fault tolerance calculation for sorting networks so that we
can measure the fault tolerance of a sorting network. This analysis is done after
evolution has completed and takes no part in the evolution process. This mea-
surement is used to judge the performance of the evolution process. We define a
sorting network fault as the removal of a gate from the network. This is typically
referred to as a benign fault because the component simply drops out of the sys-
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tem instead of performing the wrong action or malicious behavior. Benign faults
were chosen to simplify the fault analysis and because it is difficult to justify a
more complicated fault model for such simple circuits.

When a gate is removed we expect that the network will incorrectly sort
some inputs unless the fault is completely masked by the network. Removal of
certain CE gates will cause more harm than others. To determine the effect
of a fault in the network we simply remove the gate we are interested in and
evaluate all possible inputs. Every incorrect bit in output strings is counted
and demonstrates the dependence of the network on this particular gate. By
evaluating all possible fault(1 fault per gate) and input string(all length 11 bit
strings, 211 total strings) combinations and summing the errors we get the total
number of possible failures for a network.

4 Results

To demonstrate that co-evolving faults can increase the survivability of a sort-
ing network we performed three separate tests. For the baseline case we evolved
sorting networks without using the faults associated with the test string popu-
lation, no explicit selective pressure toward fault tolerance. Second, we evolved
sorting networks and used randomly chosen faults for each evaluation. Third, we
co-evolved with the evolved faults associated with the test strings in the IFPs.
Each type was run 36 times and each execution produced a correct sorting net-
work(all tests converged on correct solutions). The fault analysis mentioned in
Section 3.4 was run on each network which sums the total number of bitwise
faults for each gate in the network. The number of failed outputs across all pos-
sible inputs and all possible faults is totaled. Figure 4 shows the ranges (one
standard deviation) of the total failures for each type. Table 3 shows the same
data in tabular form with the addition of the mean, maximum and minimum
number of gates per sorting network.

For reference the known minimum size of a 11 input sorting network is 35
gates and 8 parallel stages. Also, one should notice that although there are
45 available gates, they are not all used. We first ran these experiments using
parsimony pressure to push down the size of the networks but found that better
results were obtained by simply setting a ceiling on the number of gates and
parallel stages. All the architectures evolved are constrained to no more that
9 parallel stages. This means that a significant increase in fault tolerance can
be obtained in 11 input sorting networks with only 1 additional parallel step.
Figure 5 demonstrates one of the evolved sorting network topologies.

5 Conclusion

Figure 4 demonstrates the overall reduction in the number of failures experienced
in our evolved sorting networks. Although the random and no fault experiments
overlap, the narrowing of deviations from the mean should indicate an improve-
ment. The deviation of the random and co-evolved tests are near each other
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Fig. 4. Average across 36 runs of total bitwise faults for the three types of experiments:
no faults, random faults and co-evolved faults. Error bars indicate 1 standard deviation.
The number of failures decreases as the selective pressure for fault tolerance is increased.

Fig. 5. An example sorting network from the co-evolution runs. This network has 42
gates and total of 1074 total failures over all single point faults. The minimum known
11 input network has 35 gates and 8 stages. This network has 7 more gates but only
uses one more stage.



Co-evolving Faults to Improve the Fault Tolerance of Sorting Networks 65

but do not overlap. This demonstrates a statistically significant increase in fault
tolerance when using co-evolved faults compared to using random faults and no
faults.

One weakness of this approach is the longer run times when introducing faults
into the algorithm. The random and co-evolved faults tests averaged 1.5 times
the number of generations as the no faults tests. We have not compared the
co-evolution approach to using a complete evaluation(fitness based on all inputs
and all faults). However, we believe that the complete evaluation approach would
be too time consuming given it exponential nature.

5.1 Future Research

Future work includes applying the technique presented here to other systems
such as neural networks or circuits with more complicated fault models. Deter-
mining if this approach scales to larger problems is also important in determin-
ing its usefulness. Another point of interest is the fact that the evolved networks
never use all the possible gates they are allowed while there is no parsimony
pressure.

Finally, there have been a few theoretical studies on implementing fault tol-
erant sorting networks with specific techniques that we have yet to compare
with[15,16,17]. Although, we are mainly interested in extending this technique
to more interesting systems.
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Abstract. In this paper, we use multi-objective techniques to compare different
genetic programming systems, permitting our comparison to concentrate on the
effect of representation and separate out the effects of different search space
sizes and search algorithms. Experimental results are given, comparing the
performance and search behavior of Tree Adjoining Grammar Guided Genetic
Programming (TAG3P) and Standard Genetic Programming (GP) on some
standard problems.

1 Introduction

Since Koza’s initial book on genetic programming (GP) [19], a wide range of new
systems have been proposed. Typically, when each new system is introduced, it is
compared with existing GP systems. The comparisons usually report on the new
system’s better performance over standard GP when solving particular problems. The
reports contain descriptive statistics, such as cumulative frequencies, number of
independent runs and the number of individuals that must be processed to yield a
success with 99% probability. However, it is generally the case that the new system
differs from previous systems over a number of dimensions (search space size,
structure and representation, evolutionary operators, feasibility constraints, search
algorithm, genotype-to-phenotype map, decoding, evaluation etc). While reporting the
above statistics is important, we agree with [7, 8, 15] that it is also necessary to
understand the causes of the differences. It is all too easy to assign the improvement
from a new system to differences in representation or operators when simple changes
in search space size may be more important. In particular, later in the paper we will
show how different types of bounds for chromosome complexity in bounded search
spaces can be an important contributor to differences between GP systems, potentially
masking the effects of the underlying representation changes.

In this paper, we argue that the multi-objective framework can help to solve some
of these difficulties. As a test case, we compare a fairly new genetic programming
system, Tree Adjoining Grammar Guided Genetic Programming Systems (TAG3P)
[12], with standard GP on two standard problems from the literature. The paper
proceeds as follows. In Section 2, a brief introduction to TAG3P is given. Section 3
contains our discussion of the use of multi-objective techniques to compare TAG3P
and standard GP in search spaces of equivalent size. Our experiments and discussion
are presented in Section 4. Finally, Section 5 concludes this paper.
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2 Tree Adjoining Grammar Guided Genetic Programming

In this section, we briefly review tree adjoining grammars and the new GP system,
TAG3P (see [11,12] for more details). We also raise concerns about the difficulties of
making meaningful comparisons between TAG3P and GP.

2.1 Tree Adjoining Grammars

Tree Adjoining Grammars (TAGs) are tree-rewriting systems, originally proposed for
natural language processing [17]. [18] gives a standard algorithm for converting any
Context Free Grammar (CFG) G into a (lexicalised) TAG Briefly, a TAG system
consists of a set of elementary trees (initial and auxiliary respectively,
denoted by and All nodes are labeled grammar symbols, interior labels being
restricted to non-terminals. The frontier of an auxiliary tree must contain a ‘foot
node’, with the same label as the root (signified by *). All other non-terminal symbols
on the frontier of an elementary tree are available for substitution.

An X-type tree has a root labeled X. TAG systems generate conventional CFG
trees (the ‘derived’ tree) from a derivation tree, encoding the history of substitutions
and adjunctions generating the derived tree. Starting from an tree at the root, each
branch records the address for adjunction or substitution, and the elementary tree used

Adjunction takes a tree with an interior label A, and an A-type auxiliary tree
producing a new tree by disconnecting the sub-tree rooted at A, attaching to
replace it, and finally re-attaching to the foot node of

TAGs have a number of advantages for GP:
Derivation trees in TAGs are more fine-grained structures than those of CFG.
They are compact (each elementary node encodes a number of CFG derivations).
They are closer to a semantic representation [6].
Derivation and derived trees provide a natural genotype-to-phenotype map.
In growing a derivation tree f, one can stop anytime and have a valid derived tree.
We call the last property “feasibility”. Feasibility helps TAG3P (described in next

subsection) control the exact size of its chromosomes, and also to implement a wide
range of genetic operators. A number of them are bio-inspired [12].

2.2 Tree Adjoining Grammar Guided Genetic Programming (TAG3P)

To relate TAG3P to previous systems using CFGs [26], we frame the discussion in
terms of a CFG G and corresponding LTAG, TAG3P evolves the derivation trees
in     (genotype) instead of the derived trees (the derivation trees in G – phenotype),
creating a genotype-phenotype map, usually many-to-one. TAG3P may be specified
as follows [19]:

Program representation: the derivation trees in LTAG
Parameters: minimum size of genomes (MIN_SIZE), maximum size of genomes

(MAX_SIZE), size of population (POP_SIZE), maximum number of generations
(MAX_GEN) and probabilities for genetic operators.
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Initialization procedure: Each individual is generated by randomly growing a
derivation tree in to a size randomly chosen between MIN_SIZE and MAX_SIZE
(unlike most GP systems, which use depth bounds). Because of TAG feasibility, this
always generates valid individuals of exact size. An alternative ramped half-and-half
initialization generates half of the derivation trees randomly but of full shape.

Fitness Evaluation: an individual derivation is first mapped to the derived CFG
tree. The expression defined by the derived tree is semantically evaluated as in grammar
guided genetic programming (GGGP) [26].

Main Genetic operators: sub-tree crossover and sub-tree mutation.
In sub-tree crossover, two individuals are selected based on their fitness. Points

with the same adjunction label are randomly selected within each tree and the two
sub-trees are exchanged. If no such points are found, the two individuals are discarded
and the process is repeated until a bound is exceeded.

In sub-tree mutation, a point in the derivation tree is chosen at random and the sub-
tree rooted at that point is replaced by a newly generated sub-derivation tree.

2.3 Difficulties in Making Meaningful Comparison between TAG3P and GP

TAG3P differs in many ways from standard GP. It uses grammars (a LTAG and a
CFG), can solve typed problem domains; can handle context-sensitive information;
has a genotype-to-phenotype map (therefore different search space); has different
genetic operators and a different type of bound on chromosomal complexity (length
rather than depth). If TAG3P and GP performance differ, it could be a result of any or
all of these differences. Consequently, understanding the relationship between
TAG3P and GP performance is very challenging.

Firstly, to ensure the grammars give no favorable bias for TAG3P they are chosen
as follows. From a description of a GP set of functions and terminals, a context-free
grammar, G, is created according to [26] (page 130) thus ensuring G is bias-free and
the correspondence, between derivation trees of G and parse trees of GP, is one-to-
one, is then derived from G using the algorithm in [18]. Secondly, in order to
evaluate fitness of an individual (derivation tree in it is decoded first into a
derivation tree in G, then to the equivalent parse tree in GP. On this final parse tree
the evaluation is systematically processed in the same way as in GP. Next, tunable
parameters in the two systems are set as uniformly as possible.

However GP systems usually use a bounded search to limit chromosome
complexity. In TAG3P, the bound is the maximum number of nodes, whereas in
standard GP it is the maximum allowed depth (although some recent GP systems use
a maximum number of nodes [20]). It is virtually impossible to adjust these bounds to
give the same phenotype space in each, because there is no systematic mapping
between nodes in TAG3P – elementary trees – and nodes in GP (see examples in the
next section). This problem is not restricted to TAG3P; we believe it applies equally
to a range of other GP systems, especially those that use grammars and/or genotype-
to-phenotype maps (eg Linear GP [1], GE [24], and GEP [14]). Therefore, while the
work in this paper relates only to the problem of making comparison between TAG3P
and GP, it has clear implications for other GP systems.



70 N.X. Hoai et al.

3 The Use of Multi-objective Techniques for Comparisons

To solve the problem of adjusting chromosome complexity bounds, one option might
be to remove the bounds. However, unbounded GP systems usually bloat, which is
why bounds on the chromosome complexity are usually set. Bloat is a well-
documented phenomenon in GP [3, 20, 25]; [20] suggests that code bloat is inevitable
for all evolutionary systems that use length-variant chromosomes. But code bloat has
serious effects on search performance [3,20,25]; and there is no reason to expect that
these effects are invariant between different GP systems. Hence removing bounds
simply adds one more confounding variable. Equally, when solving inductive learning
problems, one is not indifferent to solution size - short solutions are preferred [23].

One alternative is to use a combined objective. Although there are many ways to
combat bloat with single objective selection by integrating chromosome complexity
into the fitness function [4, 16, 27], this introduces significant problems for our
purpose. When using chromosome complexity as part of a single objective fitness
function, some tunable parameters must be defined to determine how much the
chromosome complexity of an individual will affect its fitness. It is at least difficult
and time-consuming to find an optimal setting for these parameters; it is virtually
impossible to find one, which is fair to both systems. Hence we argue that multi-
objective selection is more appropriate for this purpose, especially since in [2] it is
shown that multi-objective selection can outperform single objective selection in
combating bloat. To understand the effect of the difference in search space
representation and operators between TAG3P and standard GP, we use an unbounded
search space, but apply multi-objective selection, with chromosome complexity as the
second objective, to combat bloat. This has two main advantages. Searching with this
multi-objective selection pressure can solve the problem of code bloat [2, 5, 9, 10,
21], therefore permit a more meaningful comparison. Moreover, multi-objective
selection can unify very different GP-search spaces into a single objective space,
providing a common ground for looking into the search performance and behavior of
GP systems that use different representations and different genetic operators.

In this paper, we use the strength Pareto evolutionary algorithm (SPEA2) [28, 29],
a state-of-the-art evolutionary multi-objective optimization (EMO) algorithm, to
implement the comparison between GP and TAG3P. We chose SPEA2 because of its
superior performance over other EMO algorithms [28, 29] and its efficiencies in
reducing bloat in GP [2]. Moreover, Pareto fitness calculation in SPEA2 uses density
estimation techniques, helping to promote diversity in the objective space. In turn,
that reduces the common effect whereby the whole population may converge to the
individual with minimal chromosome complexity [9]. This was sufficiently effective
that in our experiments using SPEA2, we did not observe the effect. It is also possible
to use other EMO algorithms, and we intend to investigate alternatives in the future.

4 Experiments

Using the SPEA2 multi-objective selection, we compared TAG3P with standard GP
on two standard test problems: the 6-multiplexer, and symbolic regression. In the 6-
multiplexer problem [19], a 6-multiplexer uses two address lines to output one of four
data lines and the task is to learn this function from its 64 possible fitness cases using
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function set F={IF, AND, OR, NOT} and terminal set (a0, a1, d0, d1, d2, d3}. In the
symbolic regression problem [19], the task is to learn the quadratic function:
X4+X3+X2+X from 20 sample points in [-1..1]; the function and terminal set are
F={+,-,*,/,sin, cos, exp, rlog} and T={X}. They were chosen as frequently-used GP
test-beds, the (shortest) solutions being known. The fitness values of the first are
discrete and finite; of the second, continuous and infinite.

4.1 Experimental Design

As in [2], we use weak Pareto non-domination selection. The second objective is the
size (in number of nodes) of the parse trees, on which fitness is evaluated. To study
the effect of population initialization, for each problem, we ran three systems. The
first was TAG3P, the second was GP with the initial population translated from the
initial population of TAG3P (GP-I) such that they had the same initial population in
the phenotype space, and the third was GP with Ramped-Half-and-Half initialization
(GP-RHH). The range of size in the initial population of TAG3P and the maximum
depth of the initial population in GP-RHH was calibrated so that on average the size
of the final parse trees (phenotype) in the TAG3P initial population was the same as
the size of parse trees (genotype) in GP. To investigate the effect of variance in
population size, and number of generations, for each problem, we experimented with
three settings of population and number of generations. All other parameters (such as
genetic operator rates) are the same for all three systems. We can summarize the
parameter settings in two categories:

Fixed common settings: Genetic operators – subtree crossover and subtree
mutation; crossover rate=0.9; mutation rate=0.1; Calibrated initial size for TAG3P:
10-60 (for 6-multiplexer problem) and 2-60 (for symbolic regression); Calibrated
maximal depth for initial population of GP-RHH: 6 (for 6-multiplexer problem - GP-
RHH6) and 8 (for symbolic regression – GP-RHH8). In SPEA2 settings, weak
dominance was used and the size of the archive was set equal to the size of the main
population. No maximal limits were set on the depth or size of any tree. All runs only
finished when the maximum number of generations was reached.

Varied common settings: On each problem, three varied settings on population size
and number of generations were given to all three systems (TAG3P, GP-I and GP-
RHH). The experimented population sizes were 250, 500, and 1000, while the
maximum numbers of generations were 101, 51, and 26 respectively.

There were 100 runs allocated for each system for each varied setting, making the
total number of runs 1800. The ith run of each setting used the same initial random
key as every other ith run. The keys themselves were generated at random. All the
runs used the same random generator. The grammars for TAG3P were generated
using algorithms in [26] (page 130) and in [18].

The grammars for the 6-multiplexer problem were: G={V={B}, T={a0, a1, d0, d1,
d2, d3, d4, and, or, not, if}, P, {B}}, where the rule set P is defined as follows:

and B or B not B if B B B
T={a0, a1, d0, d1, d2, d3, and, or, not, if}, I, A}, where is

depicted in Figure 1. TL is a lexicon that can be substituted by one lexeme in {a0, a1,
d0, d1, d2, d3}.
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Fig. 1. Elementary trees for

The grammars for the symbolic regression problem were: G = (V={EXP, PRE, OP,
VAR,},T= {X, sin, cos, log, ep, +, -, *, /, (, )},P,{EXP}} where ep is the exponential
function, and the rule set P is as follows

T={X, sin, cos, log, ep,+, -, *, /, (, )}, I, A) where
is as in Figure 2.

Fig. 2. Elementary trees for

4.2 Results

For the 6-multiplexer problem, Table 1 summarizes the results of the three systems
(TAG3P, GP-I, GP-RHH6) based on 900 runs for three settings. Column 4 contains
the percentage of runs that found a solution (i.e first objective value is 0). Column 5
gives the number of runs that found an optimal-size solution. In this problem the
optimal size of solutions is 10. An example of such solutions is IF(a0, IF(a1, d3, d2),
IF(a1, d1, d0)). Column 6 depicts the average size of solutions, and column 7 is the
standard deviation of the data used to calculate column 6.

For the symbolic regression problem, Table 2 summarizes the results of the three
systems (TAG3P, GP-I, GP-RHH6) based on 900 runs for three settings. The columns
are as above. For this problem, the optimal solution size is 13, (X+X*X)*(X/X+X*X)
being an example.
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Figures 3, 4, 5 depict the cumulative frequencies and time series of average fitness
of the population in six systems. Due to limited space, only those of the first setting of
population and number of generations (population = 250, generations = 101) are
given. The corresponding figures for other settings are quite similar.

4.3 Discussion of Results

On the two standard problems, TAG3P was better than GP-I and GP-RHH in finding
solutions with (first objective) fitness 0. Moreover, it was also better than the others at
finding solutions with optimal size (except one case – table 1, row 4). One reason is
TAGSP’s faster convergence in the size objective. For GP–I and GP-RHH, the
average size also converges to the size of optimal solution in the 6-multiplexer
problem but not in the symbolic regression problem. This is explained by the
discreteness (only 64 values) of the first objective in the 6-multiplexer problem, so
that any large individual has little chance to survive under the multi-objective
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Fig. 3. Cumulative frequencies of success. POP_SIZE=250, MAX_GEN=101. 6-multiplexer
results on left, symbolic regression on right.

Fig. 4. Time series of average (first) fitness. POP_SIZE=250, MAX_GEN=101; 6-multiplexer
results on left, symbolic regression on right.

Fig. 5. Time series of average phenotype size. POP_SIZE=250, MAX_GEN=101; 6-
multiplexer results on left, symbolic regression on right.
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selection pressure. Therefore, the convergence in average size was common for all
three systems. On the other hand, the first objective in symbolic regression problems
is continuous, so that a large individual has more chance to survive under the multi-
objective selection pressure. Since TAG3P converges faster than the others, it finds
solutions more frequently in the subspace of smaller trees, whereas GP-I and GP-H
search more frequently in the subspace of bigger trees. It can also be seen from the
different results of GP-I and GP-RHH, that the method for seeding the initial
population is important for the search performance and behavior of GP. This result is
contrary to the results found in [22], where the seeding method used to generate the
initial population had no significant impact on the search performance and behavior
of GP, in a bounded search space and under single objective selection pressure. We
see better performance from GP-I than GP-RHH. Since in TAG3P the initial
population could be uniformly distributed in size (due to TAG feasibility), the initial
population in GP-I (and in TAG3P) was more spread in the objective space than in
GP-RHH. The discussions above are also supported by the distribution of tree size
over time for all 1800 runs. However, due to limited space, those detailed results are
omitted here. In [13], the comparative results on symbolic regression, using single
objective and bounded search space, we reported that TAG3P was far better than GP.
At that time, we believed that it was because of the new representation and/or
operators. The results above show that while those factors did contribute to the better
performance of TAG3P, the bound on search spaces in [13] was a greater contributor
to TAG3P’s better performance compared with GP.

5 Conclusion

In this paper, we have introduced and discussed an alternative type of comparison
between different GP systems. In particular, we pointed out that different types of
bounds on chromosome complexity, which might derive from different
representations, makes it hard to determine the causes of different performance
between GP systems. We have argued that the use of multi-objective selection,
coupled with an unbounded search space, can help to understand the effects of search
space size. Thus, by using an EMO algorithm (SPEA2), we were able to make this
alternative type of comparison between our GP system (TAG3P) and standard GP on
two standard problems. The results show the differences in search performance and
behavior between TAG3P and standard GP. We have also found that setting different
types of bounds on search spaces was the prime factor in the better performance of
TAG3P compared with GP in [13]. Moreover, the method for seeding the initial
population in GP is very important, contrary to previous results.

We now plan to use the same technique to make meaningful comparison between
TAG3P and other grammar guided genetic programming systems on typed problems.
We also plan to compare other EMO algorithms with SPEA2.

Acknowledgements. The authors would like to express their thanks to Dr. Zitzler for
his prompt replies to our questions related to SPEA2.



76 N.X. Hoai et al.

References

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Banzhaf W., Nordin P., Keller R.E., and Francone F.D.: Genetic Programming: An
Introduction. Morgan Kaufmann Pub (1998).
Bleuler S., Brack M., Thiele L., and Zitzler E.: Multiobjective Genetic Programming:
Reducing Bloat Using SPEA2. Proc. Congress on Evolutionary Computation (CEC’2001)
(2001) 536-543.
Blickle T. and Thiele L.: Genetic Programming and Redundancy. In: Genetic Algorithms
within the Framework of Evolutionary Computation, Hopf J. (Ed.), (1994) 33-38.
Blickle T.: Evolving Compact Solutions in Genetic Programming: A Case Study. In: PPSN
IV, Voigt H.M., Ebeling W., Rechenberg I,, and Schwefel P. (Eds.), Springer-Verlag
(1996) 564-573.
Bot M.C.J: Improving Induction of Linear Classification Tree with Genetic Programming.
In: Proc. The Genetic and Evolutionary Computation (GECCO’2000), Darrell Whitley et
al (Eds.). Morgan-Kaufman Publishers (2000) 403-410.
Candito M. H. and Kahane S.: Can the TAG Derivation Tree Represent a Semantic Graph?
An Answer in the Light of Meaning-Text Theory. In: Proc. of TAG+4, Philadelphia,
(1999) 25-28.
Daida J. M., Ampy D.S., Ratanasavetavadhana M., Li H., and Chaudhri O.A.: Challenges
with Verification, Repeatability, and Meaningful Comparison in Genetic Programming:
Gibson’s Magic. Accessed at http://citeseer.nj.nec.com/257412.html. Date: 11-10-2003.
Daida, J.M., Ross S. J., McClain J.J., Ampy D.S., and Holczer M.: Challenges with
Verification, Repeatability, and Meaningful Comparison in Genetic Programming. In:
Genetic Programming 97: Proceedings of the Second Annual Conference, Koza J.R., Deb
K., Dorigo M. et al (Eds.), Morgan Kaufman Publishers (1998) 122-127.
Dejong E.D. and Pollack J.B.: Multi-Objective Methods for Tree Size Control. Genetic
Programming and Evolvable Machines, 4 (2003) 211-233.
Ekart A. and Nemeth S. Z.: Selection Based on the Pareto Non-domination Criterion for
Controlling Code Growth in Genetic Programming Genetic Programming & Evolvable
Machines 2(1) (2001) 61-73.
Nguyen Xuan Hoai and McKay R.I.: A Framework for Tree Adjunct Grammar Guided
Genetic Programming. In: Proceedings of Post Graduate ADFA Conference on Computer
Science (PACCS’01), H.A. Abbass and M. Barlow (Eds), (2001) 93-99.
Nguyen Xuan Hoai, McKay R.I., and Abbass H.A.: Tree Adjoining Grammars, Language
Bias, and Genetic Programming. In Proceedings of EuroGP 2003, Ryan C. et al (Eds),
LNCS 2610, Springer Verlag, (2003) 335-344.
Nguyen Xuan Hoai, McKay R.I., Essam, D., and Chau R.: Solving the Symbolic
Regression Problem with Tree Adjunct Grammar Guided Genetic Programming: The
Comparative Result. In Proceedings of Congress on Evolutionary Computation
(CEC’2002), Hawai (2002) 1326-1331.
Ferreira C., Gene Expression Programming: A New Adaptive Algorithm for Solving
Problems. Complex Systems, 13 (2), (2001) 87-129.
Haynes, T.: Perturbing the Representation, Decoding, and Evaluation of Chromosomes. In:
Genetic Programming 98: Proceedings of the Third Annual Conference, Koza J.R et al
(Eds.) Morgan Kaufman Publishers (1998) 122-127.
Iba H., Garis H., and Sato T.: Genetic Programming Using a Minimum Description Length
Principle. In: Advances in Genetic Programming, Kinnear Jr K.E. (Ed.), MIT Press (1994),
Chapter 12.
Joshi A. K., Levy L. S., and Takahashi M.: Tree Adjunct Grammars. Journal of Computer
and System Sciences, 10 (1), (1975) 136-163.
Joshi, A. K. and Schabes, Y.: Tree Adjoining Grammars. In: Handbook of Formal
Languages, Rozenberg G. and Saloma A. (Eds.) Springer-Verlag, (1997) 69-123.
Koza, J. : Genetic Programming. The MIT Press (1992).



Toward an Alternative Comparison between Different Genetic Programming Systems 77

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

Langdon W.B. and Poli R.: Foundations of Genetic Programming. Springer-Verlag
(2002).
Langdon W.B.: Genetic Programming + Data Structure =Automatic Programming.
Kluwer Academic (1998).
Luke S. and Panait L.: A Survey and Comparison of Tree Generation Algorithms. In:
Proceedings of The Genetic and Evolutionary Computation (GECCO’2001), Spector L. et
al (Eds.), Morgan Kaufman Publishers (2001) 81-88.
Michell T.M.: Machine Learning. McGraw-Hill (1997).
O’Neil M. and Ryan C: Grammatical Evolution. IEEE Trans on Evolutionary
Computation, 4 (4), (2000) 349-357.
Soule T. and Foster J.: Effects of Code Growth and Parsimony Pressure on Population in
Genetic Programming. Evolutionary Computation, 6 (4), (1999) 293-309.
Whigham P. A.: Grammatical Bias for Evolutionary Learning. Ph.D Thesis, University of
New South Wales, Australia, (1996).
Zhang B.T. and Muhlenbein H.: Balancing Accuracy and Parsimony in Genetic
Programming. Evolutionary Computation, 3(1), (1995) 17-38.
Zitzler E. and Thiele L.: Multi-objective Evolutionary Algorithms: A Comparative Case
Study and The Strength Pareto Approach. IEEE Trans on Evolutionary Computation, 3
(1), (1999) 257-271.
Zitzler E., Laumanns M., and Thiele L.: SPEA2: Improving the Strength Pareto
Evolutionary Algorithm. Technical Report 103, Computer Engineering and Networks
Laboratory (TK), ETH Zurich, Switzerland, 2001.



Lymphoma Cancer Classification
Using Genetic Programming with SNR Features

Jin-Hyuk Hong and Sung-Bae Cho

Dept. of Computer Science, Yonsei University,
134 Shinchon-dong, Sudaemoon-ku, Seoul 120-749, Korea

hjinh@candy.yonsei.ac.kr,sbcho@cs.yonsei.ac.kr

Abstract. Lymphoma cancer classification with DNA microarray data is one of
important problems in bioinformatics. Many machine learning techniques have
been applied to the problem and produced valuable results. However the
medical field requires not only a high-accuracy classifier, but also the in-depth
analysis and understanding of classification rules obtained. Since gene
expression data have thousands of features, it is nearly impossible to represent
and understand their complex relationships directly. In this paper, we adopt the
SNR (Signal-to-Noise Ratio) feature selection to reduce the dimensionality of
the data, and then use genetic programming to generate cancer classification
rules with the features. In the experimental results on Lymphoma cancer
dataset, the proposed method yielded 96.6% test accuracy in average, and an
excellent arithmetic classification rule set that classifies all the samples
correctly is discovered by the proposed method.

1 Introduction

Accurate decision and diagnosis of the cancer are very important in the field of
medicine while they are very difficult [1,2]. Exact classification of cancers makes it
possible to treat a patient with proper treatments and helpful medicines so as to save
the patient’s life. Over several centuries, various cancer classification techniques are
developed, but most of them are based on the clinical analysis of morphological
symptoms for the cancer. With these methods, even a medical expert causes many
errors and misunderstandings, because in many cases different cancers show some
similar symptoms. In order to overcome these restrictions, classification techniques
using human’s gene information have been actively investigated, and many good
results have been reported recently [1,2,3]

Gene information, usually called gene expression data, is collected by the DNA
microarray technique with keen interests. The gene expression data include lots of
gene information on living things [2]. Usually, the gene expression data provide
useful information for the classification of different kinds of cancers. Since the
original format of the data is an array of simple numbers, it is not easy to analyze
them directly and to discover useful classification rules of the cancer. Several
methods for it have been studied for several years in artificial intelligence [2,3].
Table 1 shows related works on the classification of lymphoma cancer using DNA
microarray data.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 78–88, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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It is not easy to obtain a good classification performance with gene expression data,
because the data consist of a few samples with a large number of variables.
Nevertheless diverse technologies of artificial intelligence have been applied to
classify the cancer and shown a superior performance of the classification. However,
many conventional approaches such as the neural network and SVMs are not easy to
be directly interpreted. In medical area discovered rules should be understandable for
people to get a confidence [4]. In this paper, we propose a classification rule
generation method which is composed of the SNR feature selection and genetic
programming so as to obtain precise and comprehensible classification rules, which
also produces an outstanding performance from high dimensional gene expression
data by designing the rule with arithmetic operations.

2 Backgrounds

2.1 DNA Microarray

An organism basically has thousands of genes, RNA and protein. Traditional
molecular biology has only considered a single gene, so the obtained information is
very limited to be applied various problems. DNA microarray has been developed
recently, and it successfully deals with the problem. It acquires gene information in
terms of microscopic units, and the revelation phase of a total chromosome on a chip
is observed by this technique. That is, DNA microarray technique makes it possible to
analyze and observe for a complex organism in detail [1,2,3].

DNA microarray fixes cDNA of high density on a solid substrate which is not
permeated with a solution, while it attaches thousands of DNA and protein at regular
intervals on the solid substrate and combines with the target materials. The phase of
the combination can be observed on the chip. Each cell on the array is synthesized
with two gene materials collected by different environments and different fluorescent
dyes mixed (green-fluorescent dye Cy3 and red-fluorescent dye Cy5 in equal
quantities). After the hybridization of these samples with the arrayed DNA probes, the
slides are imaged by a scanner that makes the fluorescence measurement for each dye.
The overall procedure of DNA microarray technology is as shown in Fig.1 and the log
ratio between the two intensities of each dye is used as the gene expression
as follows.
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Fig. 1. Overview of DNA microarray technology

where Int(Cy5) and Int(Cy3) are the intensities of red and green colors. Since at least
hundreds of genes are put on the DNA microarray, we can investigate the genome-
wide information in short time.

2.2 Genetic Programming

Genetic programming is devised to design a program which solves a problem
automatically without a user’s explicit programming. It regards a program as a
structure composed of functions and variables. The program usually has a tree
structure to represent the individual’s information [13].

Genetic programming is one of evolutionary computation techniques like the
genetic algorithm. Basic operations and characteristics are similar to those of the
genetic algorithm, but they are different in terms of the representation. The solution
space of genetic programming is very wide reaching to problems which can be solved
by a program with functions and variables [10,11,14]. There are various functions for
genetic programming such as arithmetic operations, logical operations, and user-
defined operations. Recently, it has been applied to many problems such as
optimization, the evolution of assembly language program, evolvable hardware, the
generation of a virtual character’s behaviors, etc [13].

3 Classification Rule Discovery

In this paper, we propose a rule discovery method as shown in Fig. 2. First, the SNR
feature selection reduces the dimensionality. And then, genetic programming finds
out good classification rules with the SNR features.
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Fig. 2. The proposed method to classify DNA microarray profiles

3.1 Signal-to-Noise Ratio Feature Selection

Since not all the genes are associated with a specific disease, the feature selection
often called gene selection is necessary to extract informative genes for the
classification of the disease [3,15,16]. Moreover, feature selection accelerates the
speed of learning a classifier and removes noises in the data.

There are two major feature selection approaches: filter and wrapper approaches.
The former selects informative features (genes) regardless of classifiers. It
independently measures the importance of features, and selects some for the
classification. On the other hand, the latter selects features together with classifiers. It
is simultaneously done by the training of a classifier to produce the optimal
combination of features and a classifier. Since the filter approach is simple and fast
enough to obtain high performance, we evaluated various filter-based feature
selection methods [15]. Finally signal-to-noise ratio ranking method is adopted to
select useful features. After measuring the signal to noise ratio of genes, 30 genes are
selected based on their ranks.

: the average of genes in class C

: the average of genes not in class C

: standard deviation of genes in class C

: standard deviation of genes not in class C

Signal-to-noise ratio measures how the signal from the defect compares to other
background noise. In bioinformatics the signal represents useful information
conveyed by genes, and noise to anything else on the genes. Hence a low ratio implies
that the gene is not worth for the class C while a high ratio means that the gene is
rather related with the class C.
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3.2 Classification Rule Extraction

Conventional rule discovery using genetic programming has usually adopted first-
order logic [17] or IF-THEN structure as the rule, while logic operations AND, OR,
Not and comparative operations (<, >, =) are frequently used as follows [4,12].

Although these rules are easy to be interpreted, it has a limitation to represent more
complex relationships among variables to get a high performance [12]. Mathematical
operations have been also tried to construct a rule, but they are difficult in the
analysis. Moreover in some applications it is already known that they obtain lower
accuracy than arithmetic operations.

In this paper, arithmetic operations are used to construct a more sophisticated rule
leading to high accuracy. A rule is designed as a tree with 30 SNR features and basic
arithmetic operations ( +, -, ×, /). Although numerical value can be also considered as
a terminal, it is not used in this experiment. For the easy analysis of rules obtained,
the meanings of arithmetic operations for genes are defined in Table 2.

The classification rule is constructed as follows. As shown in Fig. 3, the value of
the function eval() represents which class a sample belongs to. Positive value
indicates that the sample belongs to class 1, while negative value signifies that the
sample is classified into class 2.

We have experimented with three kinds of rule representations. Not all arithmetic
operators are used as shown in Table 3, but the and the without × and /
operators are used to keep the simplicity of the rule. Weights show that which gene is
more effective for the classification while the values are from 0 to 1.0. Fig. 4 briefly
shows the three rule representations.
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Fig. 3. Representation of the proposed method and classification rule

Fig. 4. 3 different rule representations

The performance for the training data is used as the fitness of a rule. The simplicity
measure is added on the fitness function to get comprehensible-sized classification
rules as follows. It is generally known that a simpler classifier is more general than
complicated one with the same accuracy for the training data.
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4 Experiments

4.1 Experimental Environment

The proposed method is verified with Lymphoma cancer dataset, which is well known
microarray dataset [18]. This dataset (http://llmpp.nih.gov/lymphoma/) is one of
popular DNA microarray datasets used in bioinformatics for the benchmark. It
consists of 47 samples: 24 samples of GC B-like and 23 samples of activated B-like.
Each sample has 4,026 gene expression levels. All features are normalized from 0
to 1.

Since the gene expression data consist of few samples with many features, the
proposed method is evaluated by leave-one-out cross-validation. Total 47 experiments
are conducted, where each sample is set as the test data and the others are set as the
train data. All experiments are repeated 10 times and the average of them is used as
the final result.

The parameters for genetic programming are set as shown in Table 4. We use
roulette wheel selection with elite preserving strategy, and set the weights and
of the fitness evaluation function as 0.9 and 0.1, respectively.

4.2 Results Analysis

Fig. 5 shows the accuracy for the test data in terms of the rule representations. We can
get 96.6% test accuracy in average with the third rule representation although this is
the simplest among the three rule representations.

Fig. 6 shows the classification rules which are the most frequently occurred in the
experiments, while they classify all the samples correctly with a few genes. The
detailed descriptions of the genes are shown in Table 5~7. The functions of some
genes are not known yet, and this gives interest to medical experts to study the
functions of those genes. Although the rules are obtained by the cross-validation, we
focus on the easy interpretability and the information included in the rules.

The rule shown in Fig. 6(a) is analyzed based on the meaning of the arithmetic
operations as described in Table 1. F4 affects a sample to be included into class 2
while negatively into the class 1. F20 and F25 are combined by a multiplicative
correlation, so as to push samples to be classified into class 1. We can interpret it as
follows so to obtain some information from the rule:



Lymphoma Cancer Classification Using Genetic Programming with SNR Features 85

Fig. 5. The accuracy for test data

Fig. 6. The rules for perfect classification with each rule representation

We have conducted an additional experiment to compare the proposed method with
a neural network, one of promising machine learning techniques. 3-layered multi-
layer perceptron is used with 2~10 hidden nodes, 2 output nodes, learning rate of
0.01~0.1 and momentum of 0.7~0.9. The maximum iteration for learning is fixed to
5000. Three features are used as the input of the neural network. The training
accuracy is 98%, while the test accuracy is 97.8%. Even with intensive efforts, we
could not get 100% accuracy with the neural network. The neural network has been
also learned with 30 features, but the result is worse than the first case. It just obtained
95.7% training accuracy and 95.7% test accuracy. This proves that genetic
programming also selected useful features among the 30 features. The additional
experiment shows the competitive performance of the proposed method in the
classification of the dataset.

Fig. 6(b) and Fig. 6(c) are rules for the and the rule representations. Based on
the analysis method, each classification rule includes the following information.

F4, F20, and F25 are related with lymphoma cancer
The value of F4 is negatively related with the cancer
F20 and F25 are positively related with the cancer
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The classification rule in Fig. 6(b) can be interpreted as follows:
F18, F11, F29, and F1 are related with the lymphoma cancer
F18 and F29 affect positively on the GC B-like lymphoma cancer
F11 and F1 are negatively related with the GC B-like lymphoma cancer
Each weight signifies the importance on the cancer classification

The classification rule in Fig. 6(c) can be interpreted as follows:
F24, F4, F14, and F17 are related with the lymphoma cancer
F24 and F17 affect positively on the GC B-like lymphoma cancer
F4 and F14 are negatively related with the GC B-like lymphoma cancer
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F29 used in the rule is the *BCL-2 gene, which turned out that it is related with
the lymphoma cancer [19]. F14 described in Table 6 is known that it relates with the
lymphoma cancer. These imply that the rules discovered by the proposed method are
understandable, and there is a possibility that the other features are related with the
lymphoma cancer. These rules also need a demonstration by medical experts, but
there is a good chance of discovering useful information from them.

5 Concluding Remarks

In this paper, we have proposed an effective rule generation method, which uses
genetic programming with SNR features. Since gene expression data have huge-scale
feature data with a few samples, it is difficult to generate valuable classification rules
from the data directly. The SNR feature selection method used in this paper
remarkably reduces the number of features, while genetic programming generates
useful rules with those features selected. Moreover we have proposed the analysis
method for the arithmetic rule representation. It is very simple but helpful for the
interpretation of the rules extracted. The experimental results show that the
performance of the proposed method is effective to extract classification rules with
96.6% test accuracy, and also good classification rules have been easily interpreted
and provided useful information for the classification.

As the future work, we will verify the obtained results with medical experts and try
to combine logical and arithmetic structures in genetic programming for better
classification. Each structure has its advantage, and the combination might help to
improve the performance and interpretability.
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Abstract. Although much research has been devoted to devising genetic
programming systems that are capable of running the evolutionary process in
parallel, thereby improving execution speed, comparatively little effort has been
expended on evolving programs which are themselves inherently concurrent. A
suggested reason for this is that the vast number of parallel execution paths that
are open to exploration during the fitness evaluation of population members
renders evolutionary computation prohibitively expensive. We have therefore
investigated the potential for minimising this expense by using a far more
limited exploration of the execution state space to guide evolution. The
approach, involving the definition of sets of schedulings to enable a variety of
execution interleavings to be specified, has been applied to the classic ‘dining
philosophers’ problem, and has been found to evolve solutions that are as good
as those created by human programmers.

1 Introduction

In his seminal book on the subject, John Koza [1] pointed out the inherently parallel
nature of genetic programming. Since that time a number of GP systems have been
devised that exploit parallel and distributed hardware to speed up the computationally
intensive evolutionary process [2-6].

A related, but entirely distinct, problem is that of evolving programs which are in
themselves parallel. Leung et al [7] have described how they evolved parallel
programs to run on a Multi-ALU Processor (MAP) machine, and their more recent
work [8] suggests that it is actually easier to generate parallel programs for such an
architecture than it is to evolve their sequential equivalents. The Paragen system of
Ryan et al [9,10] does not generate parallel programs per se, but it evolves sets of
transformations which are capable of converting sequential code to parallel form.
Ross [11] describes the evolution of concurrent programs expressed in Milner’s CCS
formalism. In general, however, comparatively little work has been done on
attempting to evolve concurrent programs, particularly those which are restricted to
the employment of low-level synchronisation devices such as semaphores, and which
may therefore be subject to all the problems of indeterminacy, deadlock and
starvation.

A possible reason for this lies in the nature of the fitness evaluation that must be
performed. In conventional GP systems for evolving sequential programs, fitness
functions tend to take a ‘black box’ approach. Members of the evolving population
are evaluated by executing them over a variety of inputs, and then comparing the
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outputs actually produced with those that were expected. In general, the closer this
match, the fitter the candidate. The execution paths a program follows in producing
these outputs are irrelevant, and play no part in the fitness decision.

In evolving concurrent programs, however, it is not sufficient to base fitness
measures on single executions of population members. Any non-trivial parallel
program is non-deterministic; that is, it has many possible parallel paths of execution.
An appropriate fitness metric must take these multiple execution interleavings into
account, and therein lies the problem. As was made clear in the work by Ross [11],
the state space that may arise for even simple programs generated during GP may be
huge, making exhaustive evaluation tremendously expensive, perhaps prohibitively
so.

The question we wish to investigate in this paper is whether such exhaustive
exploration of the state space for concurrent programs is necessary. In other words,
can a much more limited exploration be sufficient to guide the evolution of parallel
solutions to specific programming problems?

A possible response is that, since a restricted exploration will by definition fail to
pursue some parallel execution interleavings, there can be no guarantee that an
evolved program is a correct solution. However, in that respect it does not differ from
conventional GP, in which exhaustive testing is attainable only for certain small-scale
problems. More usually, the evolution process is guided by fitness measures derived
from executing candidates over finite, and often small, sets of test data. What purports
to be a solution at the end of this process may indeed compute all the correct answers
for all the supplied inputs, but that is no guarantee of correctness.

For concurrent programs, then, we propose to take a similarly limited approach to
the investigation of the execution state space, in an effort to determine whether this is
sufficient to evolve solutions. Despite our acknowledgement that, in general, the
approach provides no guarantee of correctness of these programs, we have the
additional yardstick of comparing them against human-generated concurrent
programs. If the approach can measure up to that standard, then it may be of far more
practical use than approaches which attempt exhaustive evaluation.

For the purposes of the study, we will attempt to solve the well-known ‘dining
philosophers’ problem, in a number of variants. In this classic problem, a number of
philosophers (usually five) are viewed as being seated around a circular table. The
philosophers like to think a lot, but this makes them hungry, so on occasion they also
eat. Lying between each pair of philosophers is a single fork, and in the centre of the
table is a large bowl of spaghetti. Eating requires the use of two forks, but if a
philosopher picks up the forks to both his left and right, then his immediate
neighbours are deprived of a fork and cannot eat.

What makes this problem especially suitable as a test-bed is the focus on behaviour
(i.e. the state space) rather than inputs and outputs. Moreover, this state space can
(depending on the numbers of philosophers and the actions performed) be vast.
Interestingly, Godefroid and Khurshid [12] described how they applied genetic
algorithms to the task of searching the state space arising from one specific
implementation of a dining philosophers program (although they did not attempt to
evolve solutions to the problem itself).
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2 Experimental Approach

For the experiments which follow, we have developed a GP system that will attempt
to evolve solutions to several variants of the dining philosophers problem. For each of
those variants, we define a set of actions that the philosophers may perform, e.g.

Members of the evolving population encode linear sequences of actions from the
above set. Thus, if population member m is of length mlen, then:

where

For execution purposes, the linear program string is viewed as being the body of an
infinite loop:

In evaluating a program, the fitness function executes the code in pseudo-parallel for
a pre-determined number of philosophers (we used five). This pseudo-parallelism is
achieved by time-slicing. However, to provide us with the ability to pursue a variety
of paths through the parallel execution state space, we also define a set of
schedulings, which specify the duration of each of a philosopher’s actions. These
enable us to speed up or slow down a particular philosopher with respect to the others
seated around the table, and also to alter the relative speed of a particular activity.

In implementing the scheduling mechanism, we did not want to have to specify the
duration of every action for every philosopher, but we desired a system that would be
flexible (so that schedulings could be added or altered) and capable of achieving good
interleaving coverage. Hence, if NSCHEDS is the number of schedulings, and
NPHILS is the number of philosophers, then the set of schedulings SCHEDS is
defined as:

For each scheduling where is a duration
associated with philosopher i.

The value of may be positive or negative. If positive, it simply specifies the
number of time units taken to execute each action of philosopher i. For example, the
scheduling s = < 1, 20, 20, 20, 20 > means that every action performed by
philosopher 0 takes just one time unit to complete, while the actions of any other
philosopher take 20 time units each.

A negative allows us to slow down a specified action of philosopher i in relation
to that philosopher’s other actions. To be precise, a value of –n for means that all
actions of philosopher i take one time unit to complete, except for action n, which
takes a larger, pre-defined time to execute. For example, s=< -EAT, 1, 2, 3, -THINK>
means that for philosopher 0, eating takes much longer than any other action, while
for philosopher 4, thinking is the slowest activity.

Clearly, there are many other possible ways of defining a scheduling mechanism,
but this approach proved simple and powerful enough for our purposes. In evaluating
a program, it is executed over all the schedulings specified for that problem. The
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greater the number of schedulings we specify, the greater the state space coverage we
achieve. Each new scheduling we introduce therefore provides increased confidence
in the correctness of any purported solution that is evolved. However, adding a new
scheduling also greatly increases the computation time, since every population
member that is evaluated must be executed with that scheduling.

Since every program is viewed as consisting of an infinite loop, a decision must be
made as to when to terminate execution. To this end, execution proceeds until each
philosopher has completed a minimum number of cycles of activity (i.e. complete
executions of the code string). In general, three cycles was found to be an adequate
minimum, bearing in mind that during most evaluations the faster philosophers will
execute more than this. Achieving the minimum is of course subject to deadlock
avoidance, which may not always be possible.

Another decision that must be made is how to compute fitness scores during
evaluation. Given that the main objectives of each philosopher are simply to eat and
think, we can define the following rewards for achieving those aims:

RE = reward for eating
RT = reward for thinking

These rewards are doled out once per cycle of a philosopher’s execution, and only
until the minimum cycle number has been reached. This helps to prevent the
evolution of multiple occurrences of eating and thinking within population members.
In the case of eating, points are awarded only if the philosopher has possession of
both forks when the eat statement is executed.

For each variant of the dining philosophers problem, we also define a number of
potential penalties. Common to all of the variants are:

PF = penalty for attempting to drop a fork not currently held
PE = penalty for attempting to eat without holding both forks

Other penalties (for indeterminacy, deadlock, etc.) are described in the next section
as each experiment is introduced.

One problem that can arise in concurrent programming scenarios is that of
starvation. In general terms this refers to an indefinite exclusion from a shared
resource. For our purposes starvation has a more literal meaning, since the shared
resources are the forks, and any inability to gain access to them means that one or
more philosophers cannot eat. Hence, our approach will be to flag the potential for
starvation if there exists a scheduling during which at least one philosopher does not
eat in any of its cycles. Note that this is not quite as strong a definition as indefinite
starvation, but it is a good indicator of a potential problem. It would be possible to
define an explicit penalty for starvation, but we avoid this for the simple reason that
starvation is self-penalising: an inability to eat means that RE points cannot accrue.

In all the experiments which follow, we have adopted steady-state evolution.
Population members are chosen for reproduction, deletion, etc., using tournament
selection on a sample size of 5. The population size is 500, and each run comprises 50
generations (generational equivalents). The evolutionary operators are the standard
ones of fitness-proportionate reproduction, recombination and mutation, selected
probabilistically. For recombination, we use 2-point linear crossover, and 90% of the
individuals in the population are generated in this way. Mutation is single-point: that
is, only one action in the program code string is affected. Probability of mutation is
set at 0.01.
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3 The Experiments

3.1 Experiment 1

In this first experiment, no synchronisation primitives are used. The analogy is that of
a naïve programmer making a first attempt at the dining philosophers problem, who is
unaware of the necessity for such primitives. The action set for this problem is:

The forks are viewed as unprotected shared variables. Execution of the GET_LEFT
or GET_RIGHT statements causes the corresponding fork to be picked up if it is
currently on the table; otherwise, nothing happens and the philosopher continues on to
the next action.

Since forks are just simple variables, there is no possibility for deadlock. There is,
however, ample scope for indeterminacy. This will occur if neighbouring
philosophers attempt to access the same fork simultaneously. During fitness
evaluation, the execution of a program is monitored to determine whether such access
overlaps occur in any of the schedulings. If such a problem is detected, the penalty PI
is applied, where

PI = penalty for indeterminacy
If we define ‘best program’ to mean the shortest-length program of those achieving

the highest fitness in a run, then for a low value of PI a typical best program is given
in the following (slightly re-formatted) output from our GP system:

The first thing to note about this best program is that it is not a particularly good one.
It exhibits indeterminacy, and on at least one of the schedulings some of the
philosophers went without eating (recall that the execution of an eat statement will not
have an effect if both forks are not in possession).

A second thing to note is that the program is quite long, owing mainly to the
presence of the repeated think statements. In fact, most of the evolved best programs
were of the maximum permitted length. The reason for this is that longer programs
probably stand a better chance of avoiding indeterminacy, at least for a time. Forks
have to be picked up so that eating can take place and the reward for this received. A
small number of fork acquisitions in the midst of a large number of other actions
gives a greater chance during parallel execution that a fork acquisition will coincide
with an innocuous action rather than another fork acquisition.

The presence of the large number of think actions follows directly on from this. It
is not due, as might be thought at first, to evolutionary pressure to achieve high fitness
by accumulating lots of RT (reward for thinking) points. As mentioned earlier, the
appearance of think statements in population members is promoted by the reward
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system, but this RT reward is given only once per execution cycle; multiple think
occurrences do nothing to gain higher fitness levels. The real reason for the evolution
of their repeated appearance is much more mundane: it is simply that they act as a
suitable ‘filler,’ padding out programs to make them longer for the reasons given
above. Fork acquisition statements cannot be used for this purpose, as that would
increase the probability of indeterminacy arising; eat statements cannot be used,
because attempting to eat without both forks is penalised; and fork release statements
cannot be used, because attempting to drop a fork not being held is also penalised. Of
all the statements in the action set, think is the only one that can be used repeatedly
with impunity.

The fact that the best evolved programs lead to the possibility of starvation perhaps
requires a little explanation. One of the schedulings is specified as s = <1,1,1,1,1>.
That is, all actions performed by all philosophers take just a single time unit to
execute. This means that the philosophers proceed in lockstep, all performing the first
action in parallel, then the second action, and so on. There are no synchronisation
primitives to cause any philosopher to fall behind or get ahead of the others. Hence,
whenever the left or right fork is picked up, it is picked up by all philosophers
simultaneously. The fork on the other side of each philosopher is no longer available,
and so nobody gets to eat.

If the penalty for indeterminacy PI is increased beyond a threshold value, the
nature of the evolutionary process changes, and a rather different best program tends
to emerge:

This minimal program is produced as the best program on almost all runs. The high PI
value has caused the evolutionary process to avoid indeterminacy completely, but at
the cost of the philosophers never eating.

In repeated sets of runs, with varying values of fitness parameters, population sizes
and generation numbers, it was found that every best program either exhibited
indeterminacy or led to starvation. In other words, it was not possible to generate a
working solution to the problem as posed. This will be of no surprise to anyone who
knows anything about concurrent programming, but it is also encouraging in what it
says of the set of schedulings used in fitness evaluation. Had a program evolved
which was claimed to be free of indeterminacy and deadlock, it would have cast
severe doubt on the adequacy of the scheduling set.

3.2 Experiment 2

Continuing our analogy of a novice programmer working towards a complete solution
to the dining philosophers problem, the next step is to equip that programmer with the
facility to prevent indeterminacy via the introduction of mutual exclusion. In this
experiment, the forks continue to be treated as shared variables, but we now introduce
a single binary semaphore for controlling access to those variables. The action set is
augmented as follows:
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Picking up and dropping forks work exactly as before. The semaphore operations
have their usual semantics, although it should be pointed out that the single
semaphore is strictly binary, in the sense that any attempt to raise it above unity will
have no effect. Indeterminacy is still a danger; it may arise if the semaphore is
improperly used. Use of the semaphore may also cause philosophers to enter a wait
state, so we must now include checks in the fitness function for the occurrence of
deadlock. Since deadlock is undesirable, we define a penalty:

PD = penalty for deadlock

In practice, the value of PD can be set quite low, since (like starvation) deadlock
tends to be self-penalising. If the philosophers are locked in a wait state, they are
unable to eat or think, and therefore lose out on the substantial rewards on offer for
those activities. During execution, we will record the amount of time that
philosophers spend in the wait state. This is expressed as a percentage of the number
of execution steps required to run the program in parallel for the minimum number of
cycles.

In carrying out the experiment, it was found that a number of runs converged to the
minimal repeat-think-forever solution seen in Experiment 1. On other runs, longer
programs emerged which still exhibited one or more of the problems of
indeterminacy, deadlock or starvation, but which were somewhat fitter than the
minimal solution. However, there were some runs which evolved programs that
exhibited none of these problems. These working solutions achieved the highest
fitness scores of all.

In this program, the mutex semaphore has been employed to ensure that only one
philosopher at a time can access any of the forks. Despite being a correct solution,
however, the high figure for idle time indicates that parallelism is severely restricted,
since almost three-quarters of the execution steps were spent by philosophers simply
waiting to proceed.

Figure 1 presents the fitness graph for one of the runs leading to a solution. It
shows how the maximum fitness and the average fitness of the population as a whole
vary as the generation number increases. In this case, a solution was found at
generation 38.
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Fig. 1. Fitness graph for Experiment 2

3.3 Experiment 3

Having demonstrated the ability to evolve working solutions to the dining
philosophers problem, the next task for our novice programmer is to increase the
amount of parallelism (i.e. reduce the amount of idle time) that occurs in the
simulations. Clearly, a single semaphore is too blunt an instrument for this. Instead,
we introduce a vector of semaphores – one for each of the forks. In this way, the hope
is that access to distinct pairs of forks will not cause undue waiting to be enforced.
The action set is now:

The global mutex semaphore operations have disappeared, and the terms
ACQUIRE and RELEASE are used in preference to GET and DROP to make it clear
that these operations are now semaphore-based rather than accesses to simple
variables. In programming terms, for philosopher i:

The absence of shared variables means that indeterminacy is no longer a hazard, but
the additional semaphores make deadlock even more of a danger, as was discovered
during the GP runs. In fact, in not one of these runs was it possible to evolve a
program that was free from both deadlock and starvation. Again, this does not
indicate a problem with the approach, but the exact opposite. Experienced parallel
programmers will know of the difficulties inherent in situations like these, but novice
programmers when faced with this problem will often produce something like the
following:
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At first sight, the code looks promising. The problem is that, if all the philosophers
begin more or less in step, they may all acquire the left fork simultaneously, and then
be unable to acquire the right fork. With no mechanism for mediation or arbitration,
further progress is impossible. The fact that our GP system could not find a way
around this situation is again a testament to the adequacy of the scheduling set.

3.4 Experiment 4

In this final experiment, we combine the multiple semaphore approach of Experiment
3 with the global semaphore approach of Experiment 2. The purpose of the global
semaphore this time is not to prevent indeterminacy but to avoid deadlock. However,
instead of using a binary semaphore we will use a counting semaphore, able to take
on any non-negative value. Moreover, we will allow our GP system to evolve the
declaration of the semaphore so that it is initialised in the range 1..NPHILS. As a
further modification, we introduce evolutionary pressure to drive down the idle time
of the population, thereby increasing parallelism. To this end we define a new
penalty,

PT = penalty based on idle time
On some of the execution runs, the best programs led either to deadlock or

starvation. However, other runs generated programs such as the following:

Fig. 2. Fitness graph for Experiment 4
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Here, access to the forks is enclosed by operations on the global semaphore which
restrict the number of philosophers doing this to at most four. This prevents deadlock
occurring, and is in fact a correct solution to the problem (see, for example, Ben-Ari
[13]). Note also the extremely low idle time; similar solutions with lower initial
values of the global semaphore had longer idle times and were therefore less fit. The
fitness graph for one of the successful runs, with a solution obtained at generation 16,
is shown in Figure 2.

Some of the best programs that emerged were less easy to understand; for example:

The program begins with a low initial value of the semaphore, but this is
compensated for by the multiple ‘up’ operations in the loop body. As a consequence,
the idle time is still very low, and the fitness almost as good as that scored by the
solution shown earlier. Although the schedulings that were applied were unable to
provoke deadlock or starvation, it is not easy to tell whether this is truly a correct
solution to the problem.

4 Conclusions

The dining philosophers problem encapsulates a deceptively simple scenario, in that it
requires a good deal of reasoning to develop solutions. The most encouraging
outcome of the work described in this paper is that, even with a limited exploration of
the parallel execution state space of the form described, it is possible to evolve
solutions automatically that are equivalent in standard to those produced by human
programmers. In practical terms, this may make it a far more useful approach than
those which attempt exhaustive exploration of parallel state spaces. Also interesting is
the way in which measures of ‘idle time’ can be used to guide the GP system towards
solutions embodying increased levels of parallelism. This is similar to the way in
which parsimony pressure can be used to drive down the size of programs.
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Perhaps just as important is the fact that the approach is unable to offer solutions
where no solutions are known to exist. In this way, it is able to highlight the
inadequacy of certain functions sets for solving the problem; for example, the system
was unable to evolve a solution when working with an array of fork semaphores
alone, and rightly so. The implication is that the choice of scheduling set, despite its
limited size, provides adequate coverage of the state space.

This is not to say that any solution the system evolves is guaranteed to be correct.
The limited fitness evaluation we apply is no substitute for, say, rigorous formal
analysis and verification of a program. Indeed, it is possible that some of the
purported solutions that emerged during our experiments were not solutions at all, but
that their failings simply went undetected by the fitness evaluator. The logic of some
of these programs is so contorted as to require significant analysis to determine their
correctness. However, as we have already tried to make clear, non-exhaustive
evaluation is also a feature of GP systems for evolving sequential programs. The key
point is that it does not become a less valuable technique on being adopted for parallel
code.

Of course, it is always possible to increase confidence in evolved programs by
increasing the size of the scheduling set. The penalty for this is an increase in
computation time. One possibility would be to apply an additional set of post-
processing schedulings to the best program, once it has evolved; a similar method to
this was used by Kinnear in evolving sort programs [14]. This and other
considerations will play a part in our further research on evolving concurrent
programs, in which we hope to consider a much wider range of problems and parallel
programming paradigms.
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Abstract. We propose and describe a minimal cooperative problem that
captures essential features of cooperative behavior and permits detailed
study of the mechanisms involved. We characterize this problem as one
of language generation by cooperating grammars, and present initial
results for language induction by pairs of right-linear grammars using
grammatically based genetic programming. Populations of cooperating
grammar systems were found to induce grammars for regular languages
more rapidly than non-cooperating controls. Cooperation also resulted
in greater absolute accuracy in the steady state, even though the control
performance exceeded that of prior results for the induction of regular
languages by a genetic algorithm.

1 Introduction

Cooperative behavior is a subject of ongoing interest in a diverse spectrum of
disciplines, including mathematics, economics, biology, and the social sciences.
In computer science it is of fundamental importance to studies of multi-agent
systems and distributed artificial intelligence. Researchers have sought to under-
stand how cooperation might have evolved, and attempted to characterize the
nature and mechanism of cooperative, coordinated behavior.

Studies pioneered by Axelrod on the Iterated Prisoner’s Dilemma [1,2] have
led to a good understanding of cooperation in game-theoretic terms, including
criteria for the emergence and success of cooperative individuals in a popula-
tion with fitness-based selection and reproduction, but without recombination.
Iterated Prisoner’s Dilemma tournaments have provided an overview of differ-
ent strategies for cooperation, as well as an account of the outcomes of effective
cooperative behavior, as exemplified by the simple yet evolutionarily stable “tit-
for-tat” strategy.

Various genetic programming investigations of cooperative multi-agent be-
havior, such as robot navigation tasks and pursuit/capture by groups of “preda-
tors”, have provided a view of the mechanisms by which cooperative behavior
occurs [3,4,5,6]. These studies have emphasized the importance of communica-
tion, although the systems are sufficiently complex that the cooperative behavior
of the agents sometimes remains difficult to quantify.
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The process of cooperative problem solving has been studied by Wooldridge
and Jennings [7], who propose specific criteria for cooperative behavior, outline
stages in the cooperative solution of a problem, and present a system of for-
mal logic satisfying their premises. These criteria allow for the possibility that
cooperation can fail, and include requirements that agents be autonomous and
reactive, cooperate on their own initiative, and act in a mutually supportive
manner. They, too, deem communication to be essential, but decline to further
characterize it in any way.

We have sought to formulate the simplest multiagent task requiring or
rewarding cooperation, which we call a minimal cooperative problem. It was
straightforward to limit ourselves to two agents, and it seemed, too, that some
sort of symbol-based task was most appropriate, which led us to the theory of
grammar systems.

2 Grammars and Grammar Systems

2.1 Generative Grammars

A generative grammar is a quadruple G = (V, T, P, S), consisting of a non-empty
variable alphabet V, a terminal alphabet T, a set of productions P, and a start
variable where and we define the alphabet
containing all symbols in the grammar. Each production is of the form

where

Derivations. Language of a Grammar. A derivation is a
sequence of productions applied to transform the sentential form into

(When unambiguous we may simply write If then G
contains a production and there are strings for which
and

For indicates derivation in precisely steps; that is, there is
a sequence of strings such that
Furthermore, a derivation in zero or more steps, if for some

The language of a grammar is all terminal strings that may be derived from
the start symbol:

Right-linearity. Right-linear grammars, with which this paper is principally
concerned, contain only productions of the forms or where

and The class of right-linear grammars generates the fam-
ily of regular languages, computationally equivalent to the class of finite-state
automata.
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2.2 Cooperating Distributed Grammar Systems

Grammar systems have been developed as formal models of distributed compu-
tation and multi-agent cooperation. Our presentation follows the notation of the
standard monograph on the subject [8].

A cooperating distributed (CD) grammar system is an
consisting of a terminal alphabet T, a start symbol S, and

components The components of can be thought of as agents in the
system. Each component is a grammar, lacking a start symbol,
which belongs to the system as a whole. In Section 2.1 above, we required the
start symbol to be a variable, Here, by extension, the start symbol must
be a variable in at least one component, A similar expression relates
the terminal alphabet of the system to those of its components:

Modes of Derivation. Since CD grammar systems consist of multiple compo-
nents that can apply productions to a sentential form, several modes of derivation
are defined. The derivations and are as stated previously. In
addition, for derivations of at most steps, if for some
Similarly, derivations of at least steps are denoted For a derivation
that continues as long as a production may be applied, if and
there is no where The language of a grammar system is

where The language consists of all
terminal strings reachable from the start symbol by a sequence of components
performing derivations in mode on the sentential form. The different modes
of derivation can be thought of as defining the way an agent is expected to
work on a partial solution before another agent takes over. We have restricted
ourselves to the simplest case, where each component must apply a single
production, after which control passes to another component.

Control Mechanism. To provide a mechanism for passing control between
components of the system, we can specify a directed graph U, with vertices
consisting of the components of Control may pass from component to

if the edge set E(U) contains the edge The language of
controlled by U operating in the of derivation is then defined as

Example. Consider a CD grammar system with two components
that recognizes the language 0*1*. The components alternate, each apply-
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ing a single production to a sentential form, whereby the mode of deriva-
tion is and the control mechanism is the complete digraph

In order that let have:

T = {0,1}, the symbols in the language.
Start symbol S.

The string can be derived as follows:

Styles of Acceptance. Since the strings in the language of a grammar sys-
tem consist of terminal symbols the components of must be able,
collectively, to produce the entire terminal alphabet. The particular relationship
between the terminal alphabet of a CD grammar system and that of its compo-
nents determines the style of acceptance of A CD grammar system accepts
in:

style(ex) if  as is the case with the example above.
style(all) if
style(one) if for some
style(arb) if T is an arbitrary subset of

3 Minimal Cooperative Problems

We define a minimal cooperative problem (MCP) to be a language
with where henceforth T = {0,1}. A solution to an MCP is a CD
grammar system such that The grammar
system described in the example above is thus a solution to the MCP L =
0*1*. As with any solution, it consists of a pair of cooperating grammars which
alternate productions, beginning from a start variable. In effect, the individual
grammars communicate by placing variables in shared partial derivations.

Among the possible classes of solutions to investigate are those with varying
styles of acceptance. These correspond to different mechanisms of cooperation
and different approaches to distributed, multi-agent problem solving. For exam-
ple, if and (style(one)), then is the ‘master’ component,
entirely responsible for final production of symbols in a string; for and

(style(all)), both components can produce the entire terminal alphabet
and cooperation, depending on the problem, may be optional. We chose initially
to investigate the case of style(ex), setting and This means
that a single agent will at best be able to produce only a small subset of a given
language. In order to produce any string containing both 0 and 1, the agents
must cooperate.



Evolutionary Induction of Grammar Systems for Multi-agent Cooperation 105

Solving a minimal cooperative problem is a grammar induction task. In the
context of genetic algorithms, this entails evolving a population of encodings of
2-component CD grammar systems. The fitness of an individual is determined
by the accuracy with which it decides strings over T*. A genetic algorithm has
been used to induce regular grammars by searching for the fittest partition of
the maximal canonical automaton [9], but this approach cannot obviously be
adapted to the case of several grammars cooperatively producing a language.

Fig. 1. Grammar showing example chromosomes and recombination operations
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Others have studied natural language acquisition using a multi-agent evolution-
ary computation system [10]; this differs from our work in that, among other
considerations, parsing is by individual agents.

4 Experimental

Our implementation takes advantage of grammatically-based genetic program-
ming [11,12,13,14]. By using a tree of productions in a context-free grammar
(CFG) as our genotype, we were able to encode chromosomes in a manner well
suited to evolutionary computation. Grammatically-based genetic programming
also introduces a genotype-phenotype distinction. By applying the productions
in a chromosome, beginning from the start symbol, the resulting phenotype is a
string in the language of the chromosome. As in biology, phenotype, not geno-
type, determines an individual’s fitness.

For a context-free grammar G = (V,T,P,S), we create random individuals
by generating a tree headed by a random production (see Fig.
1a-b). Then, we recursively create subtrees by choosing, for each variable
in a random production Mutation (see Fig. 1d) is similar: having
randomly selected a locus we replace the entire subtree with a randomly
generated one headed by a production with the same left-hand variable.
We perform crossover between two individuals by swapping randomly choosen
subtrees headed by matching productions and (see Fig. 1e).

The underlying GA engine of our software is EO (Evolving Objects) [15], a
templates-based C++ library, which we used to implement a CFG-based geno-
type and corresponding crossover and mutation operators. We represent trees as
doubly-linked lists, with nodes sequenced according to a pre-order traversal (see
Fig. 2). The phenotype is determined by visiting the nodes in the same order,
so this process becomes a simple linear traversal of the list. The tree structure is
maintained by a pointer from each node to the end of the subtree headed by the
node, allowing for efficient splicing of subtrees during crossover and mutation.

Fig. 2. List representation of the chromosome in Fig. 1b.

NOTE: We are discussing a grammar system that we have represented using
a context-free grammar. In what follows these two terms refer, respectively, to
the phenotype and the encoding of the genotype.

We developed two context-free grammars describing families of grammar sys-
tems with one and two regular components, based on the approach described
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Fig. 3. Example CD grammar system genotype.

in [16]. An example genotype is shown in Fig. 3. Our start variable was fixed for
all our experiments, as was the terminal alphabet of the system, T = {0,1}. For
the one-component control, For two components,
Productions were of the form where This subset
of the family of right-linear grammars also yields all regular languages. There
were eight fixed variables to choose from, of which only the start variable was
guaranteed to appear as the left-hand side of a production.

Each grammar system was presented with 200 strings to parse, 1–100 symbols
in length. Half were positive examples from the language to be induced, half were
negative. Fitness was computed as the number of strings correctly classified plus

where  is the number of productions in the grammar system,
to impose selection pressure for parsimony during evolution.

Existing parallel parsing algorithms [17,18] do not, in general, distribute
processing by dividing the grammar into pieces akin to the components of a
grammar system. Therefore, to encompass the broadest possible selection of
languages and CD grammar systems, we implemented our parsing algorithm as
A* heuristic search. Given a goal string to be parsed, and an intermediate
string we used the heuristic
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Fig. 4. Induction of contains at most two 1s }

This heuristic correctly returns a distance estimate of 0 at the goal. If the string
is too long, or does not match the initial characters of the goal (as must be

the case for a regular grammar), or if the last character is not a variable in the
next component to operate on then is a dead end. Otherwise, the value

favors longer strings, in effect performing depth-first search.
For each language, we performed 30 independent runs of 60 generations each,

for both a 2-component grammar system and a 1-component control. All re-
ported are the result of one-sample and Welch two-sample on
the best classification rates in the final generation. We used a randomly initial-
ized population of 100 individuals, with 3-tournament selection and no overlap,
which appeared to offer the best tradeoff between exploitation and exploration.
Our mutation and crossover rates were 0.1 and 0.8, respectively.

5 Results

Representative plots from our language induction experiments are depicted in
Fig. 4 and Fig. 5. The solid lines show the fittest individual in the population,
the dashed lines the population-wide average; both are averaged over all runs.
The upper register shows the fraction of strings correctly classified, while the
lower shows the number of productions in the phenotype grammar system. Each
figure shows results for a two-component grammar system as well as a single-
component control. In both plots, it can be seen that the 2-component system
was more rapidly able to induce a grammar for the language. In the case of
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Fig. 5. Induction of contains at most two 1s in succession}

Fig. 5, the control never achieved a classification rate comparable to that of the
cooperative case

While a randomly generated genotype for a two-component grammar system
will have, on average, twice as many productions as a single-component system,
this does not confer any significant initial advantage. Both individuals operate
under the same fitness pressure for parsimony, and and the number of produc-
tions available at any particular point will be identical on average, since only
one component at a time operates on a sentential form. We have confirmed that
increasing the average number of productions in the control phenotype does not
improve its performance (results not shown).

A summary of the average performance of the fittest individual is shown in

the course of evolution, this decreases to an average of 64% over the languages
examined. In the case of L = 0*, the components were required to cooperate
even though one could contribute nothing to the solution. For L = 0*1*0*, the
apparent failure of cooperation is not statistically significant and is
probably attributable to the limit placed on the total number of variables by the
structure of the chromosome. Excluding these languages from consideration, the
discrepancy in  shrinks to 46%. Table 1 also shows that, while the two-
component grammar systems out-perform the single-component controls, the
success of the control nevertheless matches or exceeds exceeds results obtained
by Dupont for the induction of regular grammars using a genetic algorithm [9]

Table 1. It can be seen that, regardless of any initial disparity in                   during
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6 Conclusions

Our results indicate that CD grammar systems can be effectively used to study
the evolution and mechanisms of cooperation, and that the relatively simple
case of a two-component regular grammar system accepting in style(ex) never-
theless demonstrates cooperative behavior in the context of induction of regular
languages using grammatically based genetic programming. The two component
grammar system learned several regular languages more rapidly than the single-
component, non-cooperative control, and even in the case of L = 0*, where coop-
eration could confer no advantage, a correct solution was nevertheless found. In
addition to acquiring languages faster, the two-component system was also able
to learn, with near-perfect accuracy, the most challenging of the languages, for
which the single-component control was able to achieve a correct classification
rate of only 85%.

It would be straightforward to extend these results by examining the other
styles of acceptance and comparing the cooperative behavior of the resulting
grammar systems. The initial results we have shown for style(ex) divide the ter-
minal symbols among the components of in contrast, style(one) and style(all),
as described above, assign the complete terminal alphabet to at least one compo-
nent, and thus might clearly indicate the effectiveness or necessity of cooperation
in various situations. We also hope to examine successful individual grammar
systems from our experimental populations in more detail. By characterizing the
sequence of productions by which they accept or reject strings strings, we hope
to better understand the mechanisms of cooperative behavior. While outside the
scope of minimal cooperative problems as we have defined them, the functional
capabilities of grammar systems with greater than two components is also an
area of potential interest. It seems likely, however, that progress in this area
would rely on the development of suitable parsing algorithms.

We also plan to investigate induction of grammar systems with regular com-
ponents to recognize context-free languages [19]. The language
for some for example, is not in the class of regular languages. Yet

for with
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Apart from the attractive emergent properties of such systems, they could of-
fer insight into the challenging task of language acquisition, as an established
approach to grammar induction has been to decompose and distribute the prob-
lem.

Using the data we have already collected, as well as future experiments, we
hope to be able to provide a quantitative, mechanistic analysis of the evolution
and execution of cooperative behavior. We have also begun to investigate parallel
parsing techniques that appear most analogous to CD grammar systems [20,21],
in hopes of expanding and developing the practical uses of this model of multi-
agent cooperation.

Acknowledgments. Our implementation of grammar-based genetic program-
ming was developed in collaboration with Marek Nelson. Ward Rodriguez con-
tributed suggestions regarding statistical analysis of our data. This material is
based on work for which James Farrell received support from a National Science
Foundation Graduate Research Fellowship and an Associated Students of CSU
Hayward Research Fellowship.
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Abstract. We present the application of Genetic Programming (GP)
in Branch and Bound (B&B) based Mixed Integer Linear Programming
(MIP). The hybrid architecture introduced employs GP as a node selec-
tion expression generator: a GP run, embedded into the B&B process,
exploits the characteristics of the particular MIP problem being solved,
evolving a problem-specific node selection method. The evolved method
replaces the default one for the rest of the B&B. The hybrid approach
outperforms depth-first and breadth-first search, and compares well with
the advanced Best Projection method.

1 Introduction

A mixed integer programming (MIP) problem is an optimization problem where
some or all of the variables are restricted to take only integer values. General
integer and mixed integer programs are NP-hard [1]; even today’s state of the art
commercial IP solvers have difficulties tackling MIP formulations representing
simple engineering or business optimization problems containing more than a
few hundred integer variables [2].

The classical and most widely used approach for solving MIP problems is
Linear Programming (LP) based Branch and Bound (B&B) which employs LP
based relaxations of the MIP problem for exploring the solution space [1]. The
implementation of a Branch and Bound algorithm can be viewed as a tree search,
where the problem at the root node of the tree is the original MIP; new nodes
are formed by branching on an existing node for which the optimal solution of
the relaxation is fractional.

In order for Branch and Bound to be successful in solving interesting prob-
lems, it needs to ‘guide’ the search effectively: that is it needs to make correct
choices regarding branching (which node to expand next) and node selection
(which node to visit next). In this paper we examine the application of Genetic
Programming (GP) [3] to node selection.

Several methods for node selection have been proposed since the introduc-
tion of B&B for MIP [4]. Most of them offer considerable gains in the execution
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times of the B&B algorithm. However, as Linderoth and Savelsbergh demon-
strate in their study of search strategies for MIP [5], no method outperforms all
others when a variety of MIP problems is concerned. In particular, Linderoth
and Savelsbergh point out that of the 13 different node selection methods, 11
ranked from first to last depending on the particular MIP problem solved.

The above indicate that node selection is a problem domain where (i) no
general solutions exist (ii) an approximate solution is acceptable (or is the only
result that is ever likely to be obtained) (iii) small improvements in performance
are routinely measured and highly prized and (iv) the interrelationships among
the relevant variables are poorly understood. According to J. Koza, the founder
of Genetic Programming, in his foreword to [6], these are characteristics pro-
viding a good indication for applying Genetic Programming to a problem area.
More than that, the ‘essence’ of a node selection method is an expression that
can be expressed in Genetic Programming terms.

Consequently, we decided to tackle the problem of node selection in the
Branch and Bound method for MIP by applying to it Genetic Programming.
Our intention was not to develop node selection methods in a static manner,
but to evolve them dynamically in runtime and to apply them during the rest of
the B&B search. This study introduces our idea, presents a prototype realization
of it and discusses the results obtained.

The rest of the paper proceeds as follows: Section 2 briefly outlines related
work. Section 3 is an introduction to the Branch and Bound algorithm for MIP.
Section 4 illustrates our modified version of Branch and Bound, and how GP is
incorporated in it. Section 5 discusses the experimental parameters of our study,
Sect. 6 presents the obtained results, and Sect. 7 summarizes our conclusions.

2 Related Work

The field of metaheuristics for the application to combinatorial optimization
problems is a rapidly growing field of research. A recent, general ‘overview and
conceptual comparison’ is [7]. More specifically, metaheuristic algorithms are in-
creasingly being applied to process MIP problems. Most of the time they are
used in order to discover ‘good’ solutions quickly, concluding the search if opti-
mality is not required, or aiding exact approaches, like Branch and Bound, to
reach optimality.

Mitchell and Lee [1] cite several references regarding the application of meta-
heuristics in MIP. Abramson and Randall [8] [9] utilize Simulated Annealing,
Tabu Search and other metaheuristics for building a ‘general purpose combina-
torial optimization problem solver’; [9] is also a good reference for related work.
A recent example of a Genetic Algorithm based method for finding a first integer
solution to MIP problems is contained in [10]. However, to our knowledge, there
exists no previous attempt of utilizing metaheuristics or evolutionary computa-
tion techniques for evolving node selection methods. We are also not aware of
previous uses of Genetic Programming in MIP.
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3 Background

3.1 Mixed Integer Programming

A mixed integer program (MIP) is an optimization problem stated mathemati-
cally as follows:

where I is the set of integer variables, C is the set of continuous variables, and
The lower and upper bounds and may take on the values of plus

or minus infinity. Thus, a MIP is a linear program (LP) plus some integrality
restriction on some or all of the variables [5].

3.2 The Branch and Bound Algorithm

The classical approach to solving integer programs is Branch-and-Bound [4].
The B&B method is based on the idea of iteratively partitioning the solution
space (branching) to form subproblems of the original (mixed) integer program.
The process involves keeping a list of linear programming problems obtained by
relaxing some or all of the integer requirements on the variables

To precisely define the algorithm, some definitions are needed. We use the
term node or subproblem to denote the problem associated with a certain portion
of the feasible region of MIP. Define to be a lower bound on the value of
For a node let be an upper bound on the value that can have in

The list of problems that must still be solved is called the active set.
Denote the optimal solution by The algorithm in Table 1, adopted from [5],
is a Linear Programming-based Branch and Bound algorithm for solving MIP.

Branch and Bound is more of a framework, than a specific algorithm: Among
other things, every implementation has to provide specific ‘rules’ regarding how
problems are selected for evaluation in step 2 of the algorithm. Although LP
based Branch and Bound, being an exact algorithm, is guaranteed to finish
whatever choices are made during the run in step 2, ‘good’ choices are of
paramount importance regarding how fast ‘acceptable’, or even ‘optimal’ so-
lutions are reached.
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3.3 Node Selection

The goal of a node selection method is twofold: to find good integer feasible
solutions (i), or to prove that no solution better than the current lower bound

exists (ii). Integer solutions tend to be found deep into the search tree; as
a result, a Depth-First type search (DFS) tends to do well in (i). On the other
hand, a Breadth-First type of search (BFS), like best-bound (which chooses the
subproblem with the largest value of performs better in (ii) [1].

Estimate-based node selection methods attempt to estimate the value of the
best feasible integer solution obtainable from a given node of the B&B
tree, and then choose the node with the highest (or lowest in case of mini-
mization) such estimate There exist many formulae for computing the es-
timate, and most of them are based around the sum of integer infeasibilities

of the relaxation solution at node
of the tree. A popular estimation method, introduced by Mitra [11], is Best

Projection:

where is the relaxation solution at node is the best MIP solution
obtained in the search so far, is the relaxation solution of the original MIP
problem (root node), is the sum of integer infeasibilities at root node and
is the sum of integer infeasibilities at node

Backtracking methods are based on the idea of combining the advantages of
(i) and (ii). They try to go as deep as possible or needed, and then backtrack
using for example best bound or best projection as a node selection method.
Most commercial MIP solvers utilize such backtracking strategies in their B&B
implementation in order to speed up the search [12] [13]. Mitchell and Lee [1] and
particularly Linderoth and Savelsbergh [5] contain thorough presentations and
discussions of node selection methods.
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4 Evolving Problem Specific Node Selection Strategies

Node selection methods need to be robust: they need to perform well on a wide
variety of MIP problems [5]. If the ‘generality’ requirement is dropped, maybe
much better ‘customized’ node selection rules could be devised, which would
perform optimally for the specific MIP problem at hand. Manually building
special purpose selection rules for each data set obviously doesn’t make practical
and economical sense; however, GP offers the means for doing exactly that: By
embedding in the B&B algorithm a Genetic Programming run, customized node
selection methods can be evolved, which will consequently replace the initial
node selection method. In other words, we are using Genetic Programming for
evolving an expression similar to 3 for use in our MIP problem. Our approach
consists of three distinct stages:

B&B Stage1  begins with the start of the search and lasts until a criterion is
met, i.e. until a specified number of MIP solutions have been found, or until a
specified number of nodes has been visited. Stage 1 is ordinary B&B search1,
employing a standard node selection method.

GP Stage is where the GP search takes place: Initially the training set is
constructed (Sect. 5.3), and after that the GP run is performed. At the end of
the run, the best evolved expression, that is the fittest individual, is selected and
replaces the node selection method used in Stage1.

B&B Stage2 resumes the execution of B&B, which was paused in the previous
stage, and continues the search by utilizing the GP evolved expression for node
selection.

Further GP Stages. In our prototype implementation, only one GP Stage is used
during the life-cycle of the B&B search. In other words, the loop starting with
B&B Stage1 and finishing with B&B Stage2 is executed once. This needs not
be necessarily the case: A design where the node selection method is constantly
refined as a result of multiple GP Stages, seems also attractive. More than that,
since both B&B and GP are highly parallelisable algorithms, the hybrid archi-
tecture is also susceptible to parallelisation.

4.1 GP Building Blocks for Node Selection

The building blocks we used for node selection method construction, that is our
terminal set, are listed in Table 2. It contains primitives required for forming
node selection expressions. All terminals are readily available from the runtime
data structures of the MIP solver we used (GLPK, Sect. 5.1). The terminal set

1 Actually some extra data, required in the GP stage, need to be maintained for each
node.
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is quite simple, from an LP based B&B perspective; more complicated primi-
tives, i.e. pseudocosts, found in methods like best estimate [5], would probably
enhance the capabilities of GP search. Such primitives were not used however,
because they were not readily available in our solver. Besides, at this early point
of research, we were primarily interested in testing the soundness of our ap-
proach than to fine-tune the performance of our prototype implementation, and
employing extravagant terminals would be of no use to the former2.

5 Experimental Parameters

5.1 Infrastructure

The MIP solver we based our experimentation on is GLPK (Gnu Linear Pro-
gramming Kit) [14]. GLPK doesn’t provide the plethora of options of commercial
software like CPLEX [12], but it contains a solid implementation of the simplex
method, and, most importantly, comes with full source code. GLPK adopts a
backtracking method for node selection: it goes depth first as much as possible,
2 Even expression 3 cannot be formed using the available terminals because is not

in the terminal set.



Genetic Programming Applied to Mixed Integer Programming 119

and then backtracks by selecting a node using DFS3, BFS4, or Best Projection
(see Sect. 3.3). The necessary hooks were placed into GLPK in order to cater for
collecting data during B&B Stage1, for performing the GP run, and for replacing
the default backtracking method with the one evolved. For Genetic Program-
ming we used strongly typed lilgp[15][16], which was integrated with the GLPK
infrastructure.

5.2 GP Run Parameters

The GP parameters we used in our tests are listed in Table 3. GP Stage evolves
1200 individuals for 50 generations. All individuals constituting the first gen-
eration are randomly created, and each subsequent generation is formed using
individuals resulting from crossover operations, with 80% probability, mutation,
with 10% probability, and reproduction with 10% probability. Tournament selec-
tion with size seven is used. The maximum depth of each individual is restricted
to 10. Finally, the standard arithmetic and boolean logical and comparison prim-
itives listed in Table 3 are used.

3 DFS selects a node using LIFO: this results in B&B spending most of its time
evaluating nodes found to the bottom of the tree; such a strategy is imbalanced.

4 BFS selects a node using FIFO: This resembles best bound, mentioned in Sect. 3.3.
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5.3 Training Sets

Evolving a problem-specific node selection method using Genetic Programming,
means that a problem-specific training set is required as well. The training set
has to make use of data generated during B&B Stage1, in order to allow GP to
evolve a node selection method which will successfully ‘guide’ the B&B search
in Stage2. Since our work is novel, there was little help from MIP bibliography
regarding what such a training set could be; consequently we experimented with
two different schemes of our own:

The first scheme is based on the observation that B&B with backtracking
capabilities (see Sect. 3.3), which is the case in GLPK and most commercial
MIP solvers (for example CPLEX [12], FortMP[13]), can be seen as a sequence
of ‘dives’ from some node in the B&B tree to some node further ‘down’. Each
dive is comprised from one to a maximum of “tree-depth” nodes. By rating the
effectiveness of each dive in finding a MIP solution, the dives taking place in
B&B Stage1 can be used for the construction of the training set: such a rating

for each dive is obtained through (4), corresponding to training set

where is the sum of integer infeasibilities at the node where the dive
starts, at the node where it ends, and is the depth of
the B&B tree at the finishing and starting node respectively, and is a
bonus factor applied if the dive results in a full integer feasible MIP solution.
Our rational was that fast reduction of integer infeasibility denotes a promising
dive; in addition, dives resulting in full integer feasible solutions deserve to be
rewarded with the factor5.

We also applied formula 5 for constructing the training set differs
from in that it does not reward dives resulting in full integer feasible MIP
solutions.

An effect of utilizing the above scheme for constructing the training set, is
that the number of fitness cases is problem dependant.

The second scheme is much simpler: The training set is made up of the
MIP solutions found in B&B Stage1.

6 Results

For our experimentation we used the problems of the standard MIPLIB3 library
[17] listed in Table 4. MIPLIB3 is probably the most widely used IP and MIP
5 For all the experiments we used for integer feasible solutions worst than

the lower bound and for solutions better than the lower bound.
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benchmarking suite in the literature [2] [5] [10]. The criterion for choosing the
specific 12 problems, out of the 59 contained in the library, was the capability of
‘Vanilla’ GLPK to find the optimal solution for each problem (and prove its op-
timality) between the minimum and maximum time limits, which were set to 10
seconds and 20 minutes of cpu time respectively. The rest of the problems were
excluded because they were too ‘easy’, or because they required excessive com-
putational resources. All tests were performed in the same hardware/software
system (Pentium 4 at 2.4GHz with 768Mb Ram running Linux 2.4).

Our goal was to compare the performance of ‘standard’ GLPK with our GP
enhanced system. In particular, we wanted to find out if the hybrid system,
utilizing each one of T1, T2 and T3 training methods, would be able to compete
with GLPK using the simple DFS and BFS node selection methods, or the
advanced Best Projection method.

Total execution times are presented in in Table 5; Table 6 shows times for
reaching the optimal solution. Time and ranking averages are included in the
Tables as well. It can be seen from Tables 5 and 6 that no selection method
dominates the others. This is typical for node selection methods and in accor-
dance with [5]. Two winners stand out however, Best Projection and GP1. Best
Projection ‘solves’ on average each problem in 53.10 seconds, being the fastest
method, whereas GP1 is the second best with 94.30 seconds. However, as the
average ranking of each method demonstrates, GP1 is a more ‘solid’ performer
(average rank 2.81) than Best Projection (3.00).

As far as the time it takes to reach optimality (but not prove it) is concerned,
Best Projection is clearly superior to other methods; GP1 comes second. This
means however that once optimality is reached, GP1 is, on average, faster to
prove that the solution is optimal, than it is Best Projection.

Concerning how the employed training methods perform in respect to the
design criteria mentioned in Sect. 5.3, it appears that our rational ‘made sense’:
that is, GP1 takes advantage of the ‘bonus factor’ applied to the test cases where
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a MIP solution is found, being able to compete head to head with the Best Pro-
jection method. GP2, having no such ‘boost’, performs average. GP3, employing
a simplistic design for the training method, portrays mediocre performance.

Finally, it deserves to be mentioned that if the execution times depicted in
Tables 5 and 6 were normalized by deducting the runtime overhead introduced
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by Genetic Programming in cases GP1-GP36, the obtained results would be
more in favor of the GP-enhanced solver. For the purposes of our study, such
normalization was not deemed necessary.

7 Conclusions and Further Research

We used GP as a component in a hybrid MIP Branch and Bound framework,
where GP is utilized for generating the node selection method. Although no
special GP structures or techniques (i.e. ADFs) were employed, and despite the
application of an untested approach for creating problem-specific training sets,
GP was able to extract information from the solution space traversed, coming
up with effective node selection expressions.

We believe that the experimental results, obtained by our prototype imple-
mentation, show that the hybrid B&B-GP architecture we introduce portrays
significant potential. Our future research efforts will be directed in two fronts:
The first one will be to incorporate multiple GP Stages in our design, as well as
to experiment with more elaborate GP structures and techniques. The second
one will be to try to increase our understanding of how the training method
adopted in the GP Stage affects the search in B&B Stage2, regarding different
classes of MIP problems.

Acknowledgments. We would like to thank George Zioutas for the motivating
discussions and his aid in MIP bibliography during the early stages of this re-
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Abstract. This paper presents a series of context-preserving crossover
operators for the GAuGE system. These operators have been designed to
respect the representation of genotype strings in GAuGE, thereby mak-
ing sensible changes at the genotypic level. Results on a set of problems
suggest that some of these operators can improve the maintenance and
propagation of building blocks in GAuGE, as well as its scalability, and
could be of use to other systems using structural evolving genomes.

1 Introduction

The GAuGE system (Genetic Algorithms using Grammatical Evolution) [12,9]
is a recently introduced position-independent genetic algorithm which, through
a mapping process, maps a fixed length genotype string onto a fixed-length
phenotype string, ensuring no under- or over-specification in the process. By
encoding both the position and value of each phenotypic variable on genotype
strings, GAuGE has the ability to structure these, to prioritise information, and
to group together partial solutions, to minimise the chances of disrupting them.

Until now, a simple genetic algorithm has been used to generate binary strings
that, through a mapping process, are interpreted as GAuGE strings, which in
turn specify phenotype strings. A side effect of this is the ripple effect, by which
a change of context for information exchanged between two individuals can lead
to severe changes of its interpretation, at the phenotype level.

In this work, a set of crossover operators is presented, which are adapted to
the GAuGE representation. These are context-preserving operators; by applying
these, the context of information exchanged is the same, and therefore that
information will keep its initial meaning. Experiments conducted suggest that, on
the problems analysed, some of these operators scale better to problem difficulty,
and are better able to discover, maintain and exchange partial solutions. These
operators can therefore not only improve the performance of the GAuGE system,
but also of other position-independent systems evolving the structure of genomes.

This paper is organised as follows. Section 2 introduces the GAuGE system,
and its relation to Grammatical Evolution, and includes a review of previous
work and an example of the mapping process employed. Section 3 introduces
the newly designed crossover operators. Section 4 describes the experiments
conducted and the results obtained, while Section 5 draws conclusions based
on those results, and some lines of future research.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 125–137, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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2 GAuGE

The GAuGE system uses many of the biologically inspired features present in
Grammatical Evolution (GE) [11], the main ones being a genotype to phenotype
mapping (GPM), functional dependency between genes, and degenerate code.

In GE, a GPM process is used to map variable-length binary strings onto
syntactically-correct programs, through the use of a grammar. Each binary string
is mapped onto an integer string, through a transcription process, and then,
through a translation process, those integers are used to choose productions
from the grammar, to create a program (phenotype). This process, based on the
analogous process in molecular biology, provides a division between the search
space (binary strings) and the solution space (evolved programs) [2].

In GAuGE, a similar process is employed. A population of (fixed length) bi-
nary strings is created in the genotypic space, and each of these is also transcribed
onto an integer string. This integer string is then interpreted as a sequence
of (position, value) specifications that, through a mapping process, generate a
fixed-length phenotype string, which is neither under nor over-specified.

In GE, the function of a gene can affect the function of the genes that follow
it. Indeed, the rule from which a gene is used to choose a production depends
on the mapping process up to that point; this means that if the functionality of
a gene changes, the functionality of subsequent genes is likely to change as well.

This feature, called functional dependency, is present in GAuGE as well.
Each position specification across a genotype string is dependent on previous
specifications, in order to create a fully specified phenotype string.

Finally, the use of degenerate code plays an important role in GE: by using the
mod operator to map an integer to a choice of productions from a grammar rule,
neutral mutations can take place [7], creating a many-to-one mapping between
the search and solution spaces, and introducing variety at the genotypic level.

In GAuGE, this feature is also present, as a direct result of the mapping
process employed. It has also been shown that the explicit introduction of de-
generacy can reduce structural bias at the genotypic level [9].

2.1 Previous Work

Previous work has used similar techniques as the ones employed in GAuGE.
Some of Bagley’s [1] simulations used an extended representation to encode
both the position and the value of each allele. Some reordering operators were
also designed [10], which combine inversion and crossover operators on extended
representations. Later on, the so-called messy genetic algorithms [5] applied the
principle of separating the gene and locus specifications with considerable suc-
cess, and have since been followed by many competent GAs.

The Random Keys Genetic Algorithm [3] introduced a mapping process that
ensures an error-free and fully specified sequence of ordinal numbers. More re-
cently, Harik [6] applied the principles of functional dependency in the Linkage
Learning Genetic Algorithm, in which the functionality of a gene is dependent
on a chosen interpretation point, and the genes between that point and itself.
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2.2 GAuGE Mapping

A full description and analysis of the mapping process in GAuGE has already
been given elsewhere [9], including the description of a context-sensitive grammar
which implements that process [13]. As a simple example, consider the case where
one would wish to solve a four-variable problem The first step is to
create a genotype population G, of N individuals. The length of each individual
depends on the chosen values for the variables pfs (position field size) and vfs
(value field size). The minimum value for pfs for this problem would be 2 bits,
as that is the minimum number of bits required to encode 4 positions, whereas
the minimum value for v f s depends on the range of the problem’s variables: for
a binary problem, 1 bit is sufficient.

Suppose the range of the variables is 0 . . . 7, and four bits are used to encode
the value specifications ( v f s = 4) (to introduce degeneracy, as three bits would
be sufficient), and two bits are used to encode each position specification ( p f s =
2). The length of each element of the genotypic space G will then be a binary
string of 24 bits

Let us use the following individual as an example for the mapping process:

The mapping process then proceeds in creating a phenotype string The first
mapping step consists in creating an integer string, using the pfs and v f s values:

This string is then evaluated as a sequence of four (position, value) specification
pairs. From this string, a positions string and a values string can be
created, which contain the real position and value specifications.

These are created as follows. We start by taking the first position specified,
1, and map it to the number of available positions in the phenotype string (i.e.,
4), by using the mod operator: 1 mod 4 = 1 (i.e. the second position on the
phenotype string). We use a similar process to map the value specified, 12, to
the range specified earlier, giving the real value specification 12 mod 8 = 5:

We then take the second pair, (3,8), and perform a similar mapping. As there
are now only three positions remaining in the phenotype string, the position field
is calculated by 3 mod 3 = 0, that is, the first available position of that string;
the value specification is calculated as before (8 mod 8 = 0), giving:

The third pair, (3,9), is then processed in the same fashion. Its position
specification is calculated by 3 mod 2 = 1, that is, the second available position
in the phenotype string. Since both positions 0 and 1 have already been taken,
the second available position in the phenotype string is now position 3 (that is,
the last position of that string). The value is calculated as before:
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Finally, the fourth pair is handled in the same fashion, giving the final real
specification strings and corresponding phenotype string:

So the phenotype string, (0,5,2,1), is ready for evaluation. Note the clear
functional dependency between the position specifications, and the many-to-one
mapping existing both in the position specifications and the value specifications.

3 Crossover Operators

Until now, GAuGE has been used as a mapping process, so any search engine can
generate the genotypic binary strings. In this work, the advantages of adapting
the search operators to the structure of a GAuGE string are explored; to this
end, a series of context-preserving crossover operators has been created.

The reason behind the design of these operators is that the functional depen-
dency feature, shown to exist across the position specifications [9], can result in a
change of context for certain specified values. This has been shown to be a valid
search technique for binary and combinatorial problems [12], but poses certain
restrictions for problems where building block maintenance and exchange are
critical to finding an optimal solution. By possibly changing the original posi-
tion associated with a value, interesting sub-solutions found may be lost through
the evolutionary search process, and the case may arise where crossover between
two individuals, specifying the same value for a given position, may generate two
offspring that do not specify the same value for that given position.

The approach taken in this work is to adapt the search algorithm that gen-
erates the binary strings to the structure of each individual, by choosing appro-
priate crossover points between two individuals, or appropriate sections to be
swapped. These “context preserving” operators should be able to maintain and
exchange partial solutions found during the evolutionary process, thus increasing
the parallel exploration and exploitation of those building blocks.

3.1 Standard Crossover

This is the standard crossover operator, used with GAuGE in all experiments
up to now. It is a one-point crossover, operating at the genotype level, but with
crossover points limited to pair boundaries; that means that there are
possible crossover points between each individual (every pfs + vfs bits).

For example, take the following two individuals, already expressed as a
string1, randomly generated using a problem size of

1 With values for the first individual, and for the second individual.
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These are the two corresponding real specifications strings for these individuals:

A crossover point is then chosen for these two individuals. If the chosen point is
after the fourth pair, then the two offspring generated by that operation are:

These generate the following real specifications:

As can be seen, each child keeps the information from the first half of one
parent, and uses the second half of the other parent to fill in the remaining
unspecified positions. This has the side effect that the values specified in the
second half of each parent do not necessarily stay in their original positions.
In the example, the first parent specified that values (e,f ,g,h) should be lo-
cated at positions(7,0,3,5), respectively, which correspond to the real positions

However, when those specifications are interpreted within
the context of the second child, the desired positions (7,0,3,5) are kept, but
these now correspond to the real positions as the real posi-
tion 1 was already specified in that child’s left side, creating a chain of changes.

This change (or adaptation) of the second half specifications to the new
context upon which they are now interpreted is known as the ripple effect [11].
Although the way those specifications are interpreted can be quite different when
in a new context, it is not random; indeed, the ordering relationship between
those specifications is kept. In the example provided, this means that since the
values (e,f,g,h) appeared in the order (g,h,f,e) in the phenotype string, then
this ordering will be kept in the second child’s phenotype.

3.2 Homologous Crossover

In the standard crossover, the degree of the ripple effect of changes occurring
when a set of specifications is interpreted in a new context depends on how
different that new context is. Furthermore, if the new context is equivalent (i.e.,
the same positions have been specified up to that point), then there is no ripple
effect of changes, and all desired positions will encode the same real positions.

Based on this concept, the homologous crossover was designed to restrict
the choice of crossover points to those points that share the same context (called
regions of similarity [13]). For example, taking the previous two example parents,
there is a region of similarity after the first pair, as both individuals have encoded
the real position 0. This means that, if this crossover point were chosen, there
would be no change of context for the second halves from the parents, and
therefore all position and value associations would be kept.
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These two individuals also share a second region of similarity, after their third
pair, as both have encoded positions 0, 2 and 5 (although not in the same order).
The homologous crossover will then pick one of these two similarity regions at
random, and perform its crossover after the selected region. Considering the
region up to the third pair were chosen, the resulting offspring would be:

These generate the following real specifications:

We can see that no change of context occurred, and therefore the second
halves received from each parent keep their original (position, value) associa-
tions. Should there be no regions of similarity between the two parents, then the
standard crossover operator is applied.

3.3 Pascal Crossover

This crossover was designed to deal more effectively with the uneven distribution
of regions of similarity between individuals, which occurs due to the mapping
process employed in GAuGE. Indeed, the higher the value of the more uneven
the distribution of those regions, as a region of similarity is simply a combination
of position specifications, regardless of their order. Taking for example,
the number of possible different contexts after each pair are:

These elements are quite easy to calculate using Pascal’s Triangle, hence the
name given to this operator. It works as follows: once one or more regions of
similarity have been found, each is given a weight, according to their position;
regions closer to the center of the genotype strings have a higher weight, as there
are more possible different contexts in this area, and therefore fewer regions of
similarity. A crossover point is then chosen, through a roulette-wheel choice
between the detected regions. Taking the previous example, the first region of
similarity will have the weight 8, and the second the weight 56. This means that
the first pair has a 8/(8 + 56) = 8/64 probability of being the chosen crossover
point, whereas the third pair has a 56/64 probability.

The idea behind this weighting is that, by preferring crossover points closer
to the center, a more effective search for different structures is performed.

3.4 Structural Crossover

The main theory behind the way individuals are constructed in both GE [11]
and GAuGE [13] is that, because of their functional dependency, individuals are
firstly defined on their left side, and slowly extend their definition to the whole
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genome. For that reason, the structural crossover was designed to give more
importance to the left side of each individual, to the detriment of its right side.

This crossover works as follows: the structure of each parent is kept, that
is, each offspring keeps the position specifications of each parent, but after a
randomly chosen crossover point, the values specified are replaced by the cor-
responding values from the other parent. Taking the previous example, if the
crossover point is after pair 4, then the generated offspring are as follows:

These generate the following real specifications:

As can be seen, the structure of the corresponding parents is kept, and data is
taken from the second parent to replace the values associated with the positions
specified after the crossover point. For example, the value v, defined in the second
parent to be in the real position 1, is now defined in the first child’s pair,
(0,v), as this is the pair that maps to the real position 1 in this individual.

It can also be seen that some data occurring in the left side of the parents
has been duplicated (the values c, d and v), whereas some of the data from their
right side has been dropped (the values f, h and y).

3.5 Pure Crossover

This operator is the equivalent of a simple one-point crossover in a normal GA.
It works as follows. The first offspring receives the first half of the first parent
(up to a randomly chosen crossover point), and all positions after that point
receive the values associated with those same positions from the second parent
(as in structural crossover). The second offspring keeps the structure of the
second parent, but receives from the first parent the values corresponding to
the positions specified in the second half of that parent. Taking the previous
example, if the crossover point is after pair 4, then the generated offspring are:

These generate the following real specifications:

As can be seen, the real positions (1,3,7,6), in the and pairs of
the second offspring, receive the corresponding values (f,h,e,g) from the first
parent, as these are the real positions specified in the second half of that parent.

Like structural crossover, in this operator both offspring retain the structure
of both parents, but unlike that operator, all information specified is kept, that
is, no data is dropped or duplicated.
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4 Experiments and Results

In this work, we examined three problems. For each of these, a simple GA was
compared to GAuGE, using each of the five crossover operators. The settings
across all algorithms were: population size of 800 individuals, 100 generations2,
roulette-wheel selection, steady-state replacement, probability of crossover of .9,
and probability of point mutation of .01. No degeneracy was used, so p f s and
v f s values were set to the minimum values required by each problem.

4.1 Onemax

This is a standard problem in GA literature. It is defined by the formula:

where is the phenotype length, and the allele at position i within that string
(with positions ranging from 0 to The best individual is a binary string
composed of all 1s, and the fitness contribution of each variable is the same.

This is a problem typically used to test the ability of a system to exchange
partial solutions, and illustrates the parallel search of building blocks (of size 1)
within in each individual (exploration), and their exchange between individuals
(exploitation). It was used in this comparison to check if the GAuGE mapping
process impairs its performance on problems where the simple GA excels.

Results. This experiment was conducted to test the scalability of the algo-
rithms; to that end, problem lengths of 128, 256 and 512 were chosen. The
graph in Fig. 1 shows the results for and plots the mean best fitness per
generation, averaged over 100 random runs, with error bars showing the stan-
dard deviation. It shows that both GAuGE systems using the structural and
pure crossovers find an optimal solution faster, whereas all the other approaches
show a similar behaviour, regardless of their operators. The non-overlapping
standard deviation error bars for those two operators with all other systems,
from generation 15 all the way to generation 80, show the statistical significance
of these results.

The results obtained (not reported) with the other lengths show that, with
smaller values of all systems have a similar performance, but as the length of
strings increases, both the structural and especially the pure crossover seem to
scale better to the problem (with length 512, the pure crossover is significantly
better than all other systems, including the structural crossover).

2 Except for the problem, where 400 generations were used.
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Fig. 1. Results obtained for the Onemax problem. The shows the generation
number, and the y-axis the mean best individual (from 100 independent runs). The
vertical error bars plot the standard deviation for all runs, for each system.

4.2 BinInt

The BinInt problem is an exponentially scaled problem, defined by the formula:

This problem transforms a binary string into its integer equivalent, and uses
that value as a fitness reward; the best individual is a string composed of all 1s.

In this problem, the fitness contribution of each allele is higher than the com-
bined fitness of all the following alleles (e.g., but this
means that the salience of each allele decreases from left to right within the phe-
notype string. It was used in this comparison to test if the structural flexibility
of the GAuGE system enhances its performance in this class of problems.

Results. Fig. 2 shows the results for the BinInt problem, using a phenotype
length of 64 bits. Error bars for standard deviation could not be plotted, as the
y-axis is a logarithmic scale; figure analysis however showed that there is no
significant difference in the performance of all systems, which is partly due to
the high standard deviation in the simple GA results for the 100 runs.

The salience adaptation that occurs as a result of the functional dependency
across the position specifications, which has been shown to guide the standard
GAuGE approach to finding a suitable representation [8], explains the fact that
there is no significant difference in performance between the original GAuGE
approach and the GAuGE systems using both the structural and pure crossovers.
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Fig. 2. Results obtained for the BinInt problem. The x-axis shows the generation
number, and the y-axis shows the mean best individual (from 100 independent runs),
on a logarithmic scale (lower is better; value plotted is 1 – fitness).

4.3

This is a new problem, designed to test the ability of a system to find, maintain
and propagate building blocks. These are deliberately hard to find, making this
problem good for testing both the exploration and exploitation of knowledge.

The problem is based on two variables: the length of the phenotype strings,
and the size of each building block, where is divisible by The optimal
solution is a string composed of intertwined building blocks, with the first
being composed of all 0s, the second of all 1s, the third of all 2s, and so on. The
fitness of each building block is if it is correct, and 0 otherwise.

For example, with and the optimal solution is 01230123, whereas
with and the optimal solution is 012012012012. For this last
example, the string 012112012011 would receive a fitness score of 1/(12/4) =
1/3, has there is only one fully specified building-block

Results. For this problem, a block size of was used, with a phenotype
string size of Fig. 3 shows the results for this experiment; again error bars
plot the standard deviation of all results. These show the pure crossover out-
performing most other approaches, with a non-overlapping standard deviation
compared to all systems except the structural crossover for most generations.

An analysis of the results obtained shows the difficulty of the problem, with
most systems showing a large standard deviation across the 100 independent
runs. It also shows that the ripple effect of the standard crossover from GAuGE
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Fig. 3. Results obtained for the n-Block problem, with and The
shows the generation number, and the the mean best individual (from 100

independent runs); error bars plot the standard deviation for each system. The top two
plots belong to the systems using the pure and structural crossover, respectively.

impairs its performance in this problem, where it is important to keep previous
information, but no saliency exists to guide the structuring of individuals.

Although the pure crossover’s error bars are non-overlapping with the simple
GA only from generation 220 onward, this is explained by the high variance in
the simple GA’s results, which shows its dependency in the initial population.

5 Conclusions and Future Work

This paper has introduced a new set of crossover operators, adapted to the
way in which GAuGE strings are represented. By keeping the context in which
exchanged information is interpreted, some of these operators have been shown
to improve the scaling and exchange of partial solutions, in the problems tested.
These findings should be useful not only for the further development of the
GAuGE system, but for other systems using structure evolving genomes as well.

The homologous and pascal crossovers did not perform better than the stan-
dard crossover. An analysis of their behaviour suggests this is due to the expo-
nential number of ways to structure a GAuGE string. On problems with large,
the performance of these crossovers dropped when using smaller populations, as
there is less variety in the population. With fewer regions of similarity, the stan-
dard crossover is applied quite often, while these operators are applied almost
exclusively at the ends of the genotype strings. As the evolutionary process moves
on, the standard crossover causes the representations of all genotype strings to
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converge, leading to the homologous and pascal crossovers being applied on con-
verged sections of these strings, thereby exchanging the same information. The
priorities used in the pascal crossover did not seem to improve on this.

The structural and pure crossovers showed a substantial increase in perfor-
mance on these problems, when compared to the other approaches. The some-
what disappointing performance of the structural crossover can be partially ex-
plained by the lack of a context-preserving restructuring operator. This means
that prioritising the left side of individuals is of no advantage to the system.

Across all problems, a high standard deviation has been observed for the
simple GA, typically double that of the GAuGE systems. This seems to suggest
that these are less affected by the random initialisation of the first generation,
which in turn suggests more reliability for the GAuGE results.

Future work will see the introduction of context-preserving restructuring op-
erators [4], which should further improve the performance of both the structural
and pure crossovers. With these context-preserving operators, the selection pres-
sure can also be lowered, as there is no need to filter the negative results of the
ripple effect, so elitist approaches will be considered.

References

Bagley, J. D.: The behaviour of adaptive systems which employ genetic and corre-
lation algorithms. Doctoral Dissertation, University of Michigan (1967)
Banzhaf, W.: Genotype-Phenotype-Mapping and Neutral Variation - A case study
in Genetic Programming. In: Davidor et al., (eds.): Proceedings of the third confer-
ence on Parallel Problem Solving from Nature. Lecture Notes in Computer Science,
Vol. 866. Springer-Verlag. (1994) 322-332
Bean, J.: Genetic Algorithms and Random Keys for Sequencing and Optimization.
ORSA Journal on Computing, Vol. 6, No. 2. (1994) 154-160
Chen, Y. and Goldberg, D. E.: An Analysis of a Reordering Operator with Tour-
nament Selection on a GA-Hard Problem. In: Cantu-Paz et al., (eds.): Genetic and
Evolutionary Computation - GECCO 2003. Springer. (July 2003) 825-836
Goldberg, D. E., Korb, B., and Deb, K.: Messy genetic algorithms: Motivation,
analysis, and first results. Complex Systems, Vol. 3. (1989) 493-530
Harik, G.: Learning Gene Linkage to Efficiently Solve Problems of Bounded Diffi-
culty Using Genetic Algorithms. Doctoral Dissertation, University of Illinois (1997)
Kimura, M.: The Neutral Theory of Molecular Evolution. Cambridge University
Press. (1983)
Nicolau, M., and Ryan, C.: How Functional Dependency Adapts to Salience Hier-
archy in the GAuGE System. In: Ryan et al, (eds.): Proceedings of EuroGP-2003.
Lecture Notes in Computer Science, Vol. 2610. Springer-Verlag. (2003) 153-163
Nicolau, M., Auger, A., and Ryan, C.: Functional Dependency and Degeneracy:
Detailed Analysis of the GAuGE System. In: Liardet et al, (eds.): Proceedings of
Évolution Artificielle 2003. Lecture Notes in Computer Science (to be published).
Springer-Verlag. (2003)
Oliver, I. M., Smith, D. J., and Holland, J. R. C.: A Study of Permutation Crossover
Operators on the Traveling Salesman Problem. In: Proceedings of the Second In-
ternational Conference on Genetic Algorithms. (1987) 224-230

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.



Efficient Crossover in the GAuGE System 137

O’Neill, M. and Ryan, C.: Grammatical Evolution - Evolving programs in an ar-
bitrary language. Kluwer Academic Publishers. (2003)
Ryan, C., Nicolau, M., and O’Neill, M.: Genetic Algorithms using Grammatical
Evolution. In: Foster et al, (eds.): Proceedings of EuroGP-2002. Lecture Notes in
Computer Science, Vol. 2278. Springer-Verlag. (2002) 278-287
Ryan, C., and Nicolau, M.: Doing Genetic Algorithms the Genetic Programming
Way. In: Riolo, R., and Worzel, B. (eds.): Genetic Programming Theory and Prac-
tice. Kluwer Publishers, Boston, MA. (2003)

11.

12.

13.



Grammatical Evolution by Grammatical
Evolution: The Evolution of Grammar and

Genetic Code

Michael O’Neill and Conor Ryan

Biocomputing and Developmental Systems
Dept. Of Computer Science & Information Systems

University of Limerick, Ireland.
{Michael.ONeill,Conor.Ryan}@ul.ie

Abstract. This study examines the possibility of evolving the grammar
that Grammatical Evolution uses to specify the construction of a syntac-
tically correct solution. As the grammar dictates the space of symbols
that can be used in a solution, its evolution represents the evolution
of the genetic code itself. Results provide evidence to show that the co-
evolution of grammar and genetic code with a solution using grammatical
evolution is a viable approach.

1 Introduction

This paper details an investigation examining the possibility of evolving the
grammar that Grammatical Evolution (GE) [1,2,3,4] uses to specify the con-
struction of a syntactically correct solution. By evolving the grammar that GE
uses to specify a solution, one can effectively permit the evolution of the ge-
netic code. The ability to evolve genetic code is important when one has little or
no information about the problem being solved, or the environment in which a
population exists is dynamic in nature and adaptiveness is essential for survival.

Evolutionary automatic programming methods have, to date, largely focused
on problem domains that are static in nature, and while this is perfectly adequate
for many, there are a significant number of real world problems that have a
dynamic component (e.g. scheduling, robot control, prediction, trading. etc.)
and require a more adaptive or open-ended representation that can facilitate
progression to different environments.

This paper is concerned with the co-evolution of the genetic code along with
the very individuals that use the code to guide their mapping. The genetic code
typically specifies the symbols that are available for incorporation into a solution
and can be used to dynamically incorporate bias towards important symbols at
different points in time, and this is the mechanism under investigation in this
study. In addition, when the genetic code is represented as a grammar, it can
also be used to determine how structures may be legally constructed, and any
modification of the code modifies the space in which a particular individual
searches. Thus, in theory, co-evolution of the grammar and genetic code could

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 138–149, 2004.
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be used to dynamically reduce the search space, or even bias individuals towards
different regions of the search space.

There have been two previous studies on the evolution of genetic code in the
genetic programming literature using the developmental GP representation [6,7].
These studies provide strong evidence demonstrating the effective co-evolution
of genetic code and solution. The experiments reported here serve a similar ob-
jective, that is, to determine if co-evolution of genetic code (or grammar) and
solution is possible using grammatical evolution. The distinguishing feature of
this study is that the genetic code is represented by a grammar, and a mecha-
nism to evolve the grammar is presented. Discussions on genetic codes, genetic
code evolution and its implications are presented for biology [8,9,10] and for
evolutionary computation [11,12].

The remainder of the paper is structured as follows. Section 2 describes the
grammatical approach to grammar evolution, section 3 details the experimental
approach adopted and results. Section 4 provides some discussion on the results
and comparisons to the evolution of genetic code with the developmental GP
approach, and finally section 5 details conclusions and examples of future work
that is now possible given the success of this study.

2 Grammatical Evolution by Grammatical Evolution

When we have a set of production rules for a non-terminal, such as, for example,
<op>::= + | –, a codon is used to select the rule to be applied in the develop-
ment of sentences in the language specified by the grammar. In a similar manner
to a biological genetic code, the productions above represent a degenerate genetic
code by which a codon is mapped to a symbol in the output language [1].

In biology, a codon (on mRNA), which is comprised of a group of three
nucleotides from the set {A, U, G, C}, is mapped to an amino acid from the set
of 20 naturally occurring amino acids. In nature, the code is encoded in transfer
RNA (tRNA) molecules, which have a domino like structure, in that one end
matches (with a certain affinity dubbed the wobble hypothesis) to a codon, while
the amino acid corresponding to this codon is bound to the other end of the
tRNA molecule [8]. In this sense, the above productions are equivalent to two
such tRNA molecules, one matching a set of codons to + while the other matches
a different set of codons to –. By modifying the grammar, we are changing the
types of tRNA molecules in our system, or to it put another way, we are directly
modifying the genetic code by changing the mapping of codon values to different
rules (amino acids).

In order to allow evolution of a grammar, grammatical evolution by gram-
matical evolution we must provide a grammar to specify the form a
grammar can take. This is an example of the richness of the expressiveness of
grammars that makes the GE approach so powerful. See [13,1] for further ex-
amples of what can be achieved with grammars. By allowing an evolutionary
algorithm to adapt its representation (in this case through the evolution of the
genetic code or grammar) it provides the population with a mechanism to survive
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in dynamic environments, in particular, and also to automatically incorporate
biases into the search process.

In this approach we therefore have two distinct grammars, the universal
grammar (or grammars’ grammar) and the solution grammar. The notion of a
universal grammar is adopted from linguistics and refers to a universal set of
syntactic rules that hold for spoken languages [14]. It has been proposed that
during a child’s development the universal grammar undergoes modifications
through learning that allows the development of communication in their parents
native language(s) [15].

In the universal grammar dictates the construction of the solution
grammar. Given below are examples of these grammars for solutions that gen-
erate expressions, which could be used for symbolic regression type problems.

In the example universal grammar, a grammar, <g>, is specified such that it
is possible for the non-terminals <var> and <op> to have one or more rules, with
the potential for rule duplication. These are the rules that will be made available
to an individual during mapping, and this effectively allows bias for symbols to
be subjected to the processes of evolution. The productions <vars> and <ops>
in the universal grammar are strictly non-terminals, and do not appear in the
solution grammar. Instead they are interim values used when producing the
solution grammar for an individual.

The hard-coded aspect of the solution grammar can be seen in the example
above with the rules for <op> and <var> as yet unspecified. In this case we have
restricted evolution to occur only on the number of productions for <var> and
<op>, although it would be possible to evolve the rules for <expr> and even
for the entire grammar itself. It is this ability that sets this form of genetic
code/grammar evolution apart from previous studies in genetic programming.
Notice that each individual has its own solution grammar.

In this study two separate, variable-length, genotypic binary chromosomes
were used, the first chromosome to generate the solution grammar from the
universal grammar and the second chromosome the solution itself. Crossover
operates between homologous chromosomes, that is, the solution grammar chro-
mosome from the first parent recombines with the solution grammar chromosome
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from the second parent, with the same occurring for the solution chromosomes.
In order for evolution to be successful it must co-evolve both the genetic code
and the structure of solutions based on the evolved genetic code.

3 Experiments and Results

In this section a number of proof of concept problems are tackled to illustrate
the use of grammar and genetic code evolution in For the experiments
that follow 100 independent runs axe conducted in each case.

The objective of this study is to determine if grammar and code evolution is
possible, rather than to test the efficacy of the approach as a method for sym-
bolic regression, so we have not performed comparisons with other approaches.
Moreover, the parameters have been chosen to deliberately slow down the evo-
lutionary process to facilitate the observation of the co-evolution of the gram-
mar/code and solution. The evolutionary parameters are as follows: pairwise
tournament selection, generational replacement, bit mutation probability 0.01,
one-point crossover probability 0.3, codon duplication probability 0.01. Wrap-
ping is turned off, and codon lengths are initialised in the range [1,10], with a
codon size of 8-bits. Fitness is minimisation of the sum of errors over the 100
test cases, and a protected division operator is adopted that returns one in the
event of a division by zero.

3.1 Quartic Symbolic Regression

An instance of a symbolic regression problem is tackled in order to verify that
it is possible for the co-evolution of a genetic code (or grammar) to occur along
with a solution. The target function is with the
three input variables and introducing an element of noise. 100 randomly
generated input vectors are created for each call to the target function, with
values for each of the four input variables drawn from the range [0,1]. Runs are
conducted with a population size of 100, for 100 generations. The progress of
evolution toward the target solution can be seen in Fig. 1 with ever decreasing
error at successive generations.

Fig. 1 shows the increasing frequency of occurrence of the target solution
symbols + and Curiously, after 50 generations the frequency of is dra-
matically less than and +, and even less than /, even though there are double
the number of multiplication symbols in the target solution as there are addition
operators. It is not until after this point that we begin to see an increase in the
frequency of which, although it finishes considerably lower than the other two
symbols, finishes higher than all others. This could have implications as to how
a solution to this problem is constructed, suggesting that firstly terms are added
together with the use of multiplication not occurring until much later, perhaps
replacing some of the addition operators, or through expansion of terms with
the multiplication of by itself.
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Fig. 1. A plot of the mean best fitness (left) and mean symbol frequency (right) from
100 runs of the quartic symbolic regression problem.

3.2 Dynamic Symbolic Regression I

As indicated in the introduction, dynamic problems are another area in which
one could expect to derive some benefit from using evolvable grammars. In this
case, one could reasonably expect a system with an evolvable grammar to be
able to react more quickly to a change in the environment than a static one
could, as a single change in a grammar can reintroduce lost genetic material.

The target functions for the first instance are:

The target changes between the functions above every 20 generations. The
only difference between each successive function is the variable used. 100 ran-
domly generated input vectors are created for each call to the target function,

1.
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3.
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5.
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with values for each of the four input variables drawn from the range [0,1]. The
symbols –, and / are not used in any of the target expressions. Runs were
conducted with a population size of 500, for 100 generations, with all other
parameters as reported earlier. A plot of the average best fitness and average
symbol frequencies can be seen in Fig. 2. A sample of evolved grammars from
one of the runs is given below, where in each case the grammar selected is the
best solution from the generation just prior to a change in target.

The results presented suggest that, when using dynamic grammars, it is
possible to successfully preserve and improve solution structure, while still being
able to learn appropriate terminal values. This is reflected in the fitness plot
where, when the fitness function changes, in most cases there is a decrease in
solution fitness for a short period when solutions adjust to the new variable
adopted. Later on in the simulations we reach the point where the structure
becomes closer to the target and changes in variables alone no longer confer as
much damage to fitness, which is again illustrated in the fitness plot (Fig. 2).

A performance comparison of the dynamic and static equivalent of the gram-
mar (given below) for this problem is presented in Fig. 2 and corresponding
statistics can be found in Table 1.
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Fig. 2. Plot of the mean best fitness over 100 generations on the first dynamic symbolic
regression instance with both static and dynamic grammars (left). Symbol frequency
plot (right).

3.3 Dynamic Symbolic Regression II

The target functions for the second dynamic symbolic regression problem in-
stance are:

The target changes between the functions above every 20 generations. The
transition used in this problem differs from the previous in that only one term

1.
2.
3.
4.
5.



Grammatical Evolution by Grammatical Evolution 145

changes each time. However, the change is larger each time (because the power
that the new term is raised to increases). 100 randomly generated input vectors
are created for each call to the target function, with values for each of the four
input variables drawn from the range [0,1]. The symbols – , and / are
not used in any of the target expressions. As in the previous dynamic symbolic
regression problem instance runs are conducted with a population size of 500, for
100 generations, with all other parameters as per the standard values reported
earlier. A plot of the average best fitness and average symbol frequencies can be
seen in Fig. 3.

Fig. 3. Plot of the mean best fitness over 100 generations on the second dynamic
symbolic regression instance with both dynamic and static grammars (left), and the
mean symbol frequency (right).

It is interesting to note that fitness keeps improving over time for the evolv-
able grammar, with an occasional deterioration corresponding with a change in
the fitness function. Notice how the disimprovement is more pronounced later
in the runs, particularly for the static grammar, which is due to higher pow-
ers being exchanged. These results suggest that the evolvable grammar is more



146 M. O’Neill and C. Ryan

adaptable in scenarios with larger changes facilitating smoother transitions to
successive targets. Also evident from Fig. 3 is the manner in which the quantity
of a in the population decreases over time while that of increases. The two
plots intersect at around generation 42, shortly after the target has changed to

However, the plots remain very close until
around generation 60, at which time becomes part of the solution.

A sample of evolved grammars from one of the runs is given below, where
the grammars presented represent the best solution at the generation just prior
to each fitness change.

A performance comparison of the dynamic and static equivalent of the gram-
mar (static grammar as per earlier dynamic problem instance) for this problem
is presented in Fig. 3 and corresponding statistics can be found in Table 2. In
this case the static grammar outperforms the evolving grammar in terms of best
fitness values achieved for all targets but the first. With the evolving grammar
there is, as usual, a warm up period where a suitable grammar must be adopted
before good solutions can be found. When successive targets are very similar to
previous ones this almost negates the potential benefits that a more adaptive
representation can bring, as in the case of the evolvable grammars. Clearly, some
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dynamic problems are more dynamic than others [16], especially in terms of the
degree of change. Previous work [17] on genetic algorithms applied to dynamic
problems has shown that, when the change is relatively small, a standard GA
with high mutation can handle those types of problems. We believe it is likely
to be the same for genetic programming.

These results would also lend support to the idea of introducing different op-
erator rates on the grammar chromosome to the solution chromosome, allowing
the population to converge towards a similar grammar, facilitating the explo-
ration of solutions based on a similar grammar. If these rates were adaptable,
then it may be possible to allow grammars to change more often if the target
changes are large, and vice versa.

4 Discussion

In addition to the problems reported in this paper, we tackled two symbolic
regression problems taken from the literature on genetic code evolution, where
one is a very simple function [6], and the other extremely difficult [7]. For space
reasons we have not reported the details of these experiments here, but the
results were positive, clearly demonstrating successful grammar/genetic code
and solution co-evolution, showing similar trends to those observed for the static
quartic symbolic regression instance.

There are a number of differences between this study on genetic code evolu-
tion to the Keller & Banzhaf studies [6,7] that are largely representation depen-
dent. These include:

Variable-length genotypes are adopted with GE as opposed to fixed length
in the earlier studies.
Genetic codes are not seeded at the first generation to be equivalent as was
the case for developmental GP; an individuals’ binary string is initialised
randomly in this case, and thus the genetic code is randomly generated.
For developmental GP the code was set such that – was the only symbol
represented initially, and thus fitness of an individual was at the lowest
possible value.
The same mutation rate is adopted for the genetic code as for the solutions,
whereas independent mutation rates were used in the previous studies. Sep-
arate rates of mutation were adopted previously as it was hypothesised that
in order for successful evolution to occur changes to the genetic code should
occur at a slower rate than a solution, with several different individuals hav-
ing the same or similar genetic codes at any one point in time. With the
current setup of two independent chromosomes it would be possible to im-
plement separate mutation rates for each chromosome, this being an avenue
for further investigation.
Crossover is adopted in this study, which was not present previously.

Despite these differences, the results presented here support the findings of
the earlier studies, providing further evidence to support the claim that the
co-evolution of genetic code/grammar and solution is possible.
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5 Conclusions and Future Work

This study demonstrates the feasibility of the evolution of grammatical evolu-
tion’s grammar on a number of symbolic regression problem instances. In par-
ticular, the results demonstrate the ability of grammatical evolution to learn the
importance of the various terminal symbols, and thus the ability to dynamically
evolve bias toward individual symbols over the course of a run.

This study opens the door to a number of exciting areas of future investiga-
tion using and a sample of possible directions follows.

In this study we have focused on symbolic regression problems, and to test
generality beyond symbolic regression it is our intention to extend grammar
evolution to other problem domains.

Evolving the genetic code through grammar evolution brings the distinguish-
ing ability to evolve both symbol coding rules (e.g. <op> and <var> as used in
this study) and structural rules (e.g. <expr>). In this way it would also be pos-
sible to evolve biases towards specific structural configurations of the evolving
programs, and also to evolve the complete grammar including the number and
type of nonterminals.

The ability to evolve the grammar initially input to grammatical evolution
opens up the exploration of a more open-ended form of evolution. For example,
it is now possible to dynamically define parameterised functions incorporating
their specification into the grammar. A static approach to function definition
has been previously tackled [18], however, with the ability to evolve the number
of functions along with their respective parameters, outputs and data types, this
would represent a powerful extension to grammatical evolution, allowing the
dynamic modularisation of code and as a consequence improving its scalability.

In a similar manner to the use of dynamically defined functions using gram-
mar evolution, it would also be possible to extend our earlier investigations
on constant generation techniques [19] through the provision of various gram-
matically based constant generation strategies in the universal grammar. The
appropriate strategy could then be incorporated into the grammar and evolved.
Investigations are currently underway in each of these directions.
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Abstract. In this paper we consider a new class of search and optimiza-
tion algorithms inspired by molecular dynamics simulations in physics.

1 Introduction

Search and optimization algorithms take inspiration from many different areas of
science. For instance, evolutionary algorithms generically take their inspiration
from biological systems [1]; simulated annealing from the physics of cooling [2];
Hopfield neural networks from the physics of spin glasses [3,4]; swarm algorithms
from social interactions [5,6]. In this paper we consider a class of algorithms
that take their inspiration from physics, in the sense that they use of a group of
interacting particles to perform the search, and will consider how intuition from
there can help in understanding how they work. Systems of this type have been
widely studied and simulated in the field of molecular dynamics.1

Our system is somehow similar to (and partly inspired by) particle swarm
optimization (PSO) [5]. Like our system, PSOs use groups of interacting par-
ticles. In PSOs such particles fly over the fitness landscape, recording the best
places seen so far by each particle and by the swarm as a whole. These points
are then used to generate pseudo-random forces (produced by springs) which
attract the particles towards such points. Although other types of interactions
have been recently introduced [9], generally no other information on the fitness
landscape is used by PSOs.

Our system differs from a PSO in many ways. Firstly, the motion of our
particles is constrained to be on the fitness landscape, that is our particles slide on
the fitness landscape rather than fly over it. Secondly, our simulation is physically
realistic, in the sense that a variety of forces may act on our particles such as
gravity, friction, centripedal acceleration, in addition to coupling forces such as
those generated by springs connecting the particles. As will be shown later some
of these forces depend on the topological characteristics of the landscape, such
as its gradient and curvatures, in the neighbourhood of each particle. Thirdly,
our method does not require the presence of explicit intelligence in the particles,

1 The molecular dynamics method [7], introduced over 40 years ago to study the
interactions of hard spheres [8], has since been widely used in physics to understand
the behaviour of liquids, proteins, DNA, enzymatic reactions, etc.
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unlike PSOs where this is necessary for observing the motion of the particles and
deciding when and how to change the position of the attractors. Fourthly, the
method does not rely on the use of pseudo-random forces to perform the search
(although these are not excluded).

Given the close relation with molecular dynamics and the constrained nature
of the motion of our particles, we have decided to term the class of algorithms
considered here Constrained Molecular Dynamics (CMD).

The paper is organized as follows. In the next section we describe the basic
principles behind CMD. In Section 3 we illustrate the effects of different types of
forces on CMD using simple examples. We look at some implementation details
in Section 4. In Section 5 we study the behaviour of the algorithm on a small
set of benchmark problems. We give our conclusions in Section 6.

2 Constrained Molecular Dynamics

We restrict attention here to continuous search spaces. The search space we
denote by where is an N-dimensional Euclidean space and equip it
with coordinates We also consider a fitness function
We can now embed defining the fitness landscape via
where is a height function above V and we use bold face to denote vectors
in V. In terms of the embedding coordinates, where

the fitness function surface takes the form
Using a notation that is standard in physics we will

denote derivatives of by e.g. where
we use Roman indices for components of vectors associated with V. For indices
associated with V we will also use the Einstein summation convention that
repeated indices on different objects are considered to be summed over, e.g.

We now consider particles of mass where denotes the
particle under consideration2, moving on the surface with (embedding)
coordinates and velocities and respectively. In this case the motion of
each particle is constrained via an equation Thus, we have

coordinates and N constraints, which leads to independent degrees of
freedom.

The kinetic energy, of a particle is

where and (Generally dots above the symbol will
represent time derivatives.) Then

Greek indices will be used to specify the particle of interest.2

V   in
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with being interpretable as the metric tensor for the space on
which the particles are moving. The equations of motion for the particle are

where is the force on the particle. Explicitly

where is the inverse of and

The quantity is determined solely by geometrical properties of the fit-
ness landscape and gives rise to the “generalized” force that arises due to the
constrained motion on the surface. Equation (3) gives a complete description of
the dynamics of particle The particle trajectories are solutions of (3). The
questions now are: can a set of particles like these perform a search, what type
of search do these particles carry out and how good are the particles at finding
optimal points in the landscape?

3 “Forces for Courses”

If one wishes to use the above physical system for search and optimization it
behooves one to think about what would be useful properties to have in order to
perform such tasks well. To a large extent this is associated with what type
of forces are introduced into the particle dynamics, as well as such obvious
characteristics as the number of particles.3 In the above we have not specified
the forces. There are, of course, a huge variety of possibilities. We may fruitfully
think of several broad classes however: i) no forces; ii) forces due to particle-
particle interactions; iii) forces due to interactions with an external field and iv)
friction/viscosity type forces. In the limit when there are no forces then equation
(4) becomes

Here the effective generalized force on the particle arises purely due to its
constrained motion. This generalized force depends on the geometry of the land-
scape via which from (5) can be seen to be zero when or
A simple example of this is a particle constrained to move on a half circle (the
lower half) of radius R. In V, this is one dimensional motion, hence there is only
one degree of freedom. The constraint is In this case only
has one component, The equation of motion is

In the rest of the paper we will assume for all particles.3
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This can most easily be solved in a polar coordinate system where we
take to be the deviation from the direction and is a unit vector in the

direction. In this case (7) becomes

whose solution is Thus, in this coordinate system, naturally given
the geometry, the particle moves freely as there is no generalized force in the
tangential direction. The particle position in terms of the landscape height is

In terms of “optimization”, if we are seeking the minimum
of the function then obviously if the particle starts with zero velocity we have the
trivial situation where the particle does not move. However, moving with angular
frequency clockwise and starting at then The
particle finds the optimum when So in order
to find the optimum the particle needs a non-zero initial velocity.

Considering further this simple one-dimensional example we can now intro-
duce the idea of an external force field. A canonical example of that would be
gravity, of which the simplest case is that of a constant gravitational field. In
the case of particle motion on a surface it is natural to take the gravitational
acceleration, to be in the direction. In this case i.e. the

force is “downwards”. Once again, taking the case one finds

Passing to a polar coordinate system we have

Intuition can be simply gleaned here by considering the case so that
 In this case Starting the particle at

with inital angular speed zero the particle finds the optimum
which is independent of the initial starting point. Thus,

adding a constant external force that pulls the particles in the required direction,
i.e. to smaller values of the height function, implies that the particle can find the
global optimum irrespective of the particle’s initial position. Thus, in terms of
optimization the advantage of gravity is that it provides a bias for the search to
go in the right direction. One might be tempted to think of it as providing a hill
climbing type behaviour. This would be wrong however, as (some) local optima
can be avoided. This can be simply understood in the one-dimensional case by
realizing that dropped from a given height with zero velocity the particle will be
able to surmount any local maxima that are lower than its starting point as the
particle’s accumulated kinetic energy is sufficient to take it over the barrier.

In order to consider particle-particle interactions we must go beyond the
one particle case, the simplest being that of two particles. An interesting and
illustrative example of interparticle interactions would be to connect the particles
by attractive spring type forces, where generically the force on particle would

i.e.

at



be where is a spring constant which in principle could be
different for different particles. The sum over is a sum over those particles

connected to the particle This could be all the particles or just nearest
neighbors or a random subset, to name but a few. Finally, is the “signed”
distance between and where This could be the Euclidean
distance in the embedding space, the distance in V or the distance as measured
by a geodesic curve between the two particles (i.e. the shortest distance on the
landscape). In the case of our simple example of a particle constrained to move
on a half circle the two equations of motion for the two particles are

where  In the case where the spring force is associated with the dis-
tance between the particles as measured along the curve then passing to polar
coordinates and and introducing the center of mass and relative
coordinates and one finds

In this case the center of mass moves with uniform angular speed
while the relative angle between the two particles is given by

A simple example of how such interparticle forces can help in the
search process can be to consider the case where both particles start on either
side of the optimum at either at rest or with velocities that take them away
from the optimum. In this case the attractive force of the spring pulls them in
the direction of the optimum. In the explicit example where the particles start
with initial positions and velocities then the
particles encounter the optimum at

Finally, in discussing the individual forces in the context of simple examples
we may consider the case of friction. Taking the particle on the half circle the
equation of motion is

which has solution where and
i.e. we start the particle from the right of the optimum and travelling toward it.
In the limit of large the particle will have reached the optimum if Thus,
the stronger the friction force the greater the initial velocity in the direction of
the optimum must be in order to reach it. It may be though naively then that
friction is a bad idea. However, say for example, then the presence of
friction prevents the particle from moving further away from the optimum than
it would otherwise do. In this way, in the presence of other forces, friction can
have an important role to play in “relaxing” the particle into a good position
once an interesting region has been found in the landscape. Increasing the friction
then has the character of reducing the explorative component in the search and
is somewhat analogous to reducing the temperature in the case of simulated
annealing.
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Now, in the above we are considering a simple example of a unimodal function
in one dimension. We have in mind using the particles for search and optimiza-
tion on non-trivial multi-dimensional landscapes. So what can we deduce from
the above in the more general context? Firstly, consider free particle motion.
This is somewhat analogous to random search. There is no “selection” in the
sense that there is no systematic tendency to seek fitter (lower) points in the
landscape. In this case the particle’s trajectory is completely and solely governed
by the geometry of the landscape. However, there is a tendency to spend less
time in regions of the landscape of high curvature and more time in regions of
low curvature. Intuitively this is because the “tighter the bend the quicker the
particle has to travel to keep on the track”. In this sense the particle motion can
be thought of as a potential diagnostic for the size of the basin of attraction of
an optimum.

Other type of forces can be included in this framework. For example, particles
could be charged as has been proposed for PSOs [9]. In our simulations we have
used elasticity (partially unelastic bounces) also to guarantee that the particles
would not leave the search area defined by the user.

4 Discretization of the Algorithm

Although Equation (3) gives a complete description of the dynamics of each
particle, its explicit solution is generally very hard if not impossible for a generic
landscape and a generic set of forces. So, often numerical integration is the
only way to determine the trajectory of each particle and, therefore, to run a
CMD algorithm. In our implementation we have used the traditional first-order
forward difference approximation for derivatives, e.g. we have approximated a
continuous velocity as

where is the integration time step.
So, once the initial velocity and position of each particle is given, we update

each component of velocity and position of each particle, time step after time
step, by using the following recursion:

where is the corresponding component of the acceleration. This is calcu-
lated by appropriately adding all the forces (gravity, friction, etc.) acting on the
particle. Some such forces depend on the first or second order partial derivatives
of the fitness function. These can either be directly computed by differentiation
of the fitness functions or be approximated numerically. For simplicity in our
experiments we calculated derivatives using central differences. For example, we
used the approximation
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Naturally, these extra evaluations of the fitness function need to be considered
when calculating the computation load of the algorithm.

5 Results

We tested the algorithm on three standard benchmark problems, the De Jong’s
functions F1 and F2, and the Rastrigin’s function, of increasing dimensionality
N and with a varying number of masses The method we propose is new, and
still needs to be understood in depth. So, the purpose of these tests was not to
try and beat other well established algorithms, but rather to understand more
about what kind of forces are beneficial for what kind of landscapes and why.

The function F1 has the following form:

That is this function represents a symmetric (hyper-)paraboloid, with no local
optima and a global optimum in x = (0 , . . . , 0) where

The function F2 (also known as Rosenbrook’s function) has the following
form:4

This function has no local optima and a global optimum in x = (1,...,1) where
The function is much harder than F1 since the optimum is effectively

at the end of a long, very narrow valley.
Rastrigin’s function has the following form:

This function has many local optima and one global optimum in x = (0 , . . . , 0)
where

In the simulations reported here, we initialized all the particles in random
positions within the hypercube all with zero velocities.5

For each of the three fitness functions described above we tested a number
of different configurations:

different numbers of particles and
different dimensionality of the search space (N = 1, N = 2 and N = 3),
different configurations for the springs (absence, particles connected so as to
form a ring, particles fully connected: s=no, s=ring and s=full, respectively,
in Tables 1–3),

4

5
For simulation convenience we rescaled the original function by dividing it by 100.
Note, however, that providing the particles with non-zero initial velocities can have
benefits since it energises the system beyond what’s provided by the gravitational
and elastic potential energies.
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absence or presence of gravity (g=no and g=yes, respectively, in Table 1–3),
absence or presence of friction (f=no and f=yes, respectively, in Tables 1–3).

For each setting we performed 30 independent experiments. Each experiment
involved the integration of the system of equations in Equation (3) for 5000 time
steps with time step Spring stiffness was 0.03, the friction coefficient
was 1, gravity acceleration was 0.1, the elasticity coefficient for bounces against
the boundaries -5.12 or +5.12 was 0.8. In each run we measured the average and
standard deviation of the best fitness value found during the run, as well as the
average and standard deviation of the distance between the point where the best
value was achieved and the global optimum.

Tables 1–3 report the results of the simulations. Each entry includes four
numbers. The first (in italics) represents the average of the best fitness seen in
each of the 30 independent runs. The second (in a smaller font and in italics)
represent the standard deviation of the best fitness. The third value represents
the average distance from the global optimum, while the fourth (in a smaller
font) represents the standard deviation for such a distance.

For F1 (see Table 1) we note that, as expected, increasing the number of
particles performing the search improves performance. This is true for all our
experimental results (i.e. also for Tables 2 and 3). We can also see that, alone,
the presence of gravity is sufficient to guarantee near perfect results. This had
to be expected since a particle with no initial velocity is bound to pass through
the origin in this fitness function. Springs appear not to be too beneficial for the
search, particularly in the case of only two particles where the system tends to
oscillate in useless directions, unless gravity brings the system (and its oscilla-
tions) in the right area. Friction generally helps the search settle in the global
optimum.

In Table 2 we report the results obtained with the much harder De Jong’s
function 2. Generally the comments above apply to this function too, although,
due to the long narrow valley leading to the global optimum, the benefits of
friction are not as clear in this case. Also, for this function we observe a signif-
icant variance in the results for the case N = 3. This is due to the fact that,
depending on the initial conditions, runs either succeed in finding (and then
following until the simulation ends) the bottom of the valley or they oscillate
between the “walls” of the valley failing to ever get good fitness values. With
enough particles the effect disappears, because there always appear to be some
which are well placed to find the valley. For this problem the presence of springs
benefits the system when only two particles are present (particularly if gravity
is also present). This is because the interaction between the particles help align
the trajectories of the particles in the direction of the valley.

The results for the Rastrigin function (Table 3) appear to be the worst of the
crop. This is really due to the exceptional multimodality of this function (e.g. for
N = 3 the function presents around 1000 local optima in the interval of interest).
In all cases gravity appears to help bring the system towards the global optimum
more than anything else, although the presence of fully connected springs seems
to have potential (because the particles can then pull each other out of local
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optima, at least in some cases). Judging from the rapid improvements produced
by increasing the number of particles from 2 to 10 in all cases, we suspect that
further significant improvements could be obtained by using a larger number of
particles. Future research will need to clarify this.

6 Conclusions

In this paper we have presented a new search and optimization method inspired
by nature: the Constrained Molecular Dynamics method. This method uses the
physics of masses and forces to guide the exploration of fitness landscapes. In this
paper we have started exploring this idea, using three forces: gravity, interaction
via springs, and friction. Gravity provides the ability to seek minima. Springs
provide exploration. Friction slows down the search and focuses it.

In the paper we have described experimental results for the De Jong’s func-
tions 1 and 2 and for the Rastrigin’s function. The results appear to be very
encouraging and make us believe that a lot more can come from this method in
future research.
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Abstract. Many evolutionary systems have been developed that solve
various specific scheduling problems. In this work, one such permuta-
tion based system, which uses a linear GP type Genotype to Phenotype
Mapping (GPM), known as the Random Key Genetic Algorithm is in-
vestigated. The role standard mutation plays in this representation is
analysed formally and is shown to be extremely disruptive. To ensure
small fixed sized changes in the phenotype a swap mutation operator
is suggested for this representation. An empirical investigation reveals
that swap mutation outperforms the standard mutation to solve a hard
deceptive problem even without the use of crossover. Swap mutation is
also used in conjunction with different crossover operators and signifi-
cant boost has been observed in the performance especially in the case
of headless chicken crossover that produced surprising results.

1 Introduction

Many of the oldest problems historically tackled by the Artificial Intelligence
community have been scheduling problems. These problems have been a source
of interest both due to their difficulty and the commercial benefits of solving
them. This commercial interest has led to the development of many benchmark
scheduling problems that focus on various industrial problems [17], as well as
many systems developed to solve them.

This paper focuses on solving hard scheduling and permutation problems in a
non competent fashion[6]. The Random Key Genetic Algorithm (RKGA)[1] has
been chosen as the research focus due to deficiencies observed in the representa-
tion and its standard operators. This work attempts to improve the performance
of the RKGA and also to understand the dynamics of the system. The aim is
to get some clues as to what features a modern, non-competent GA requires in
order to solve hard, deceptive scheduling and permutation problems.

The goal of this paper is thus to provide an analysis of the intrinsic behaviour
of the RKGA. The unique genotype - phenotype mapping process that exists
in this representation has been largely ignored in the literature. We begin our
analysis by illustrating the mapping process and then continue, by example, to
illustrate the implicit disruptiveness of standard mutation. We follow this with a
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formal analysis of the disruptiveness and show that the bounds of the disruption
are maximal. This analysis is then extended to encompass the standard crossover
operators and indicates that they too are massively disruptive. With this anal-
ysis in mind we develop a new mutation operator that is shown to outperform
crossover on a hard deceptive ordering problem from the literature [4].

The remainder of this paper is organised as follows: Section 2 offers a brief
background on the most of the historically important evolutionary scheduling
systems while Section 3 introduces the representation which will be at the heart
of this paper and discusses crossover and mutation operators and their disrup-
tiveness. Section 4 introduces the benchmark problem that is used to test our
assertions about the different operators. Finally, Section 5 offers some conclu-
sions and Section 6 presents details of current and future work in this area.

2 Background

Perhaps the most well known scheduling problem is the Travelling Salesman
Problem (TSP) [3] which is generally defined as the task of finding the cheapest
way of connecting N cities in a closed tour where a cost is associated with each
link between the cities. Another class of problems focuses on the scheduling of
work in a factory, the most well known being the Job Shop Scheduling Problem
(JSSP). In the JSSP we have jobs and machines; each job comprises a set
of operations each of which must be done on a different machine for a different
processing time, in a given job-dependent order. The JSSP is known to be
amongst the difficult members of the class of NP-complete problems. Fang [12,
11] offers a thorough and informative discussion of the various forms of Shop
Scheduling Problems.

Many historic evolutionary systems employed problem specific representa-
tions and great care had to be taken during recombination operations in order
to ensure offspring validity. This led to many application and representation spe-
cific operators such as the Relative Order Crossover (ROX) [15] and the Edge
Assembly Crossover (EAX) [18] in the case of the TSP.

Fang was one of the first to introduce a genotype to phenotype mapping
process in the form of a schedule builder. His use of a circular list of uncompleted
jobs, akin to the mod rule in Grammatical Evolution (GE) [2], allowed him
to maintain offspring feasibility during crossover operations. In addition the
use of the genotype to phenotype mapping process allowed him to incorporate
complex dependencies as rules in the schedule builder that eased the burden of
the evolutionary process.

Bean [1] was the first to use an encoding scheme that abstracted away from
the concept of scheduling and instead treated the problem as a permutation
that required solving. He employed the concept that any sequence of numbers
can be sorted to provide a valid permutation. He termed this the Random Key
Representation. This allowed standard search operators to be utilised instead of
the problem specific operators as the representation guaranteed offspring validity.

More recently, Hart et. al took a novel approach and used the concept of
an Artificial Immune System (AIS) [8,7] to evolve potential antibody libraries.
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The evolved libraries are expressed to form particular antibodies which are then
mapped into a schedule using the same process as Fang. An antigen describes
a set of expected arrival dates for each job in the shop which the antibodies
are then matched against. A match score, which is equivalent to its fitness, is
assigned to the antibody based on how it matches a set of antigens.

Some of the latest research on solving hard permutation problems uses
a Competent GA[6], known as the Ordering Messy Genetic Algorithm
(OMEGA) [4,9,5]. OMEGA uses the robust random key representation in order
to guarantee chromosome validity. OMEGA operates by initialising the popula-
tion with every possible building block up to some maximum size Cut and
splice operators are then used to recombine pre-existing building blocks to form
the global solution. The chromosomes are variable length, hence, the system
needs to handle under and over-specification. The former is done by utilising
a competitive template which is used to fill in the missing genes. The latter is
handled by using a first come first served precedence rule.

3 The Random Key Genetic Algorithm

Bean [1] developed the Random Key GA as a robust method for evolving permu-
tations that guaranteed offspring feasibility after recombination operations. He
employed the concept that any sequence of numbers could be sorted to provide
a valid permutation. In addition, no matter what recombination or mutation
operations are performed on individuals their offsprings are always valid.

His original GA used parametrised uniform crossover instead of traditional
one-point or two-point crossover and rather than the traditional gene by gene
mutation Bean employed the concept of immigration. Immigration is the process
of randomly generating new members of the population which he used in order
to prevent premature convergence. Immigration will be shown to be of limited
value as a search mechanism as the meaning of any particular gene is not easily
passed onto offspring via crossover.

Bean’s original work focused more on the application of the RKGA to
scheduling and resource allocation problems rather than the features of the rep-
resentation itself and its operators. The goal of our work is to provide an analysis
of the intrinsic behaviour of the random key representation and to show how the
standard operators interact with it. We investigate both his original immigra-
tion operator and the standard point mutation. From there we will develop our
own mutation operator which is shown to perform very well on a class of hard
deceptive permutation problem.

3.1 The Representation

A Random Key is a real valued number typically in the range [0,1]. In this rep-
resentation a chromosome is thus a sequence of real valued numbers where each
position in the chromosome represents an item in the permutation. A chromo-
some is transferred into a permutation in two steps. Figure 1 offers a graphical
representation of this process.
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Fig. 1. The process of mapping an individual from genotype to phenotype. The inter-
mediate (sorted) representation is very important in the mapping process as it provides
the order in which genes from the genotype are to be read.

The chromosome is sorted to provide an intermediate representation termed
simply the sorted representation. This gives the order in which each gene is
to be mapped into a permutation.
The position of each gene’s index in the unsorted representation determines
where its corresponding item is to be placed.

3.2 Point Mutation

Point, or Key Mutation, operates by randomly selecting a gene along the chromo-
some, which is then replaced by a randomly generated key. This form of mutation
plays a very disruptive role in the evolutionary process due to its unpredictable
effects on the phenotype. Let us illustrate by selecting the fourth gene from Fig.
1 for mutation and by randomly generating a new value for this gene (see Fig.
2). Notice that not only does this effect the genotype, but also the intermediate
representation.

In order to understand why this is so disruptive, consider the effect this
gene has had in the sorted representation and compare this with the sorted
representation in Fig. 1. Many of the genes in the sorted representation have
been shifted from left to right. Recall that the sorted representation determines
the order in which the genes get to code for parts of the permutation, so this
seemingly small change has caused a mutation ripple [13] from the mutated point
in [0,1] space to the largest key in [0,1] space in the chromosome, shifting from
left to right, genes in the intermediate representation. This shifting of genes in
the intermediate representation causes a knock on effect with how each gene is
coded into the phenotype. Thus, even a very small change in the genotype can
have a very large effect in the phenotype. This is not always a desirable effect.

Formal Analysis. The previous section exemplifies how disruptive a point
mutation event can be. We now present a general case by providing the bounds
on the number of genes that a single point mutation can relocate in the ordered
representation. We also note that, on average, half the total number of genes are
affected by a single point mutation in a randomly generated genotype.

Let be the sorted representation of a genotype con-
taining genes. Let represent the gene at the position in the sorted
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Fig. 2. Point Mutation: A gene is selected at random and is replaced by a randomly
generated key. This mutation effects the sorted order of the chromosome as well as the
final permutation.

representation which may be different from the location it occupies in the un-
sorted form. Consider a point mutation that changes to We assume that

is effective enough to leave G unsorted. In order to return to a sorted
representation we have to find i.e. the number of positions is shifted left
or right. This means that genes are displaced due to the change

can be calculated as follows.

Equation 1 shows that if the mutation event decreases the value of to
it is shifted a positions to the left. When the modified gene is shifted
positions to the right side. and also represent the number of genes displaced
in addition to The maximum value of is when a gene is relocated
from one extreme of the sorted genotype to the other and the minimum value is
1 when it is only swapped with one of its immediate neighbours.

In this case, we have assumed that mutation always disrupts the ordered
genotype. If we include the possibility that is so small that then

Thus, for a randomly generated genotype the expected number
of relocations is

This analysis gives an indication about the effect of crossover. A crossover
event can be viewed as a two step process. In the first step a set of genes moves
out of the chromosome leaving behind a number of vacant slots in the genotype.
In the second step, the incoming set of genes places itself in the host genotype.
The placement of each of the incoming genes can be seen as a mutation event. A
single mutation relocates a single gene by moving a block of consecutive genes.
Multiple mutation events, on the other hand, can break the blocks themselves.
This indicates that crossover can be even more disruptive. However, an analysis
that formally quantifies the effects of crossover constitutes a part of the future
work.

3.3 Swap Mutation

Swap Mutation operates by randomly selecting two genes along the chromosome
which are then swapped. The special characteristic of this form of mutation is
that no new genetic material is passed into the chromosome. As a result, the
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Fig. 3. Swap Mutation: Two genes are randomly selected in the genotype and are then
swapped. This does not affect the intermediate representation but rather has the effect
of swapping elements of the permutation.

intermediate representation remains the same. Instead, the effect of this mutation
is to reorder the way in which the genes are coded into the phenotype.

To illustrate let us pick the third and the sixth genes in the genotype shown in
Fig. 1, swap them and then examine the effects on the phenotype (Fig. 3). Notice
that the intermediate representation is identical to that of Fig. 1. The order in
which the genes are sorted is not changed. However, as they have swapped places,
in effect they have swapped the items they encode for. As a result, items 3 and 6
have exchanged their places in the phenotype in Fig. 3. It should be noted that
the rest of the phenotype is the same as in Fig. 1. This is in stark contrast to point
mutation which has been shown to affect positions where

4 Problem Definition

In order to understand the performance of the different forms of mutation dis-
cussed above as well as the performance of the standard crossover operators,
one of the standard benchmark problems from the literature - the Ordering De-
ceptive Problem [9,5] is used. We have picked the hardest such problem, the
Absolute Ordering problem and we use the Loose Coding scheme (see Table 1).
The absolute ordering problem tackled is comprised of eight order four deceptive
problems concatenated to give a total problem length of 32. In this problem the
task is to evolve a permutation such that the first element is one, the second is
two, the third is three and so on all the way to 32. We refer the interested reader
to the literature for further details on the Ordering Deceptive Problems.

4.1 Performance Results of the Mutation Operators without
Crossover

In these experiments we compare the performance of the two forms of mutation
discussed above. We make this comparison by examining how different mutation
rates affect the evolutionary process without using crossover. The experiments
were run using a population size of 600 evolving for 600 generations and all
experiments were repeated 50 times. In all cases the evolutionary mechanism
used was generational with elitism. An elitism rate of 10% was used and the
selection mechanism was roulette wheel. For each mutation type we select an
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individual for mutation with the following probabilities - 10%, 20%, 50% and
80%. The remainder of the time reproduction propagates individuals into the
next generation.

As can be seen from Fig. 4 the swap mutation operator clearly outperforms
the point mutation operator. In fact on average, swap mutation alone successfully
solves the problem in 20 out of the 50 runs in which the experiment was repeated.

4.2 Performance Results of the Mutation Operators with Crossover

In these experiments we compare the performance of the mutation operators by
examining how they affect the evolutionary process when using crossover. We
compare the standard crossover operators - one point, two point and uniform
crossover. In addition, we try headless chicken crossover[10] which operates like
one point crossover except the tail of the child chromosome is replaced with ran-
domly generated genes. We experiment with headless chicken crossover in order
to compare a truly randomised crossover operator against standard operators
which we have already indicated may be extremely disruptive.

The experimental setup was as follows: we evolved a population of 600 in-
dividuals to 600 generations and the experiments were repeated 50 times. The
evolutionary mechanism used was generational with elitism. An elitism rate of
10% was used and the selection mechanism was roulette wheel. In all cases the
probability of a crossover operation was set to 70%, the probability of a mutation
was 20% and the probability of reproduction was 10%. In the case of immigra-
tion a much higher rate was employed than in Bean’s original experiments in
order to stimulate more search - an immigration rate of 10% was used.
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Fig. 4. Plot of the average best fit individual in every generation when using Point
and Swap Mutation without crossover. We evolve 600 individuals to 600 generations
and repeat every experiment 50 times. The superior performance of Swap Mutation
can clearly be seen from the graph - on average it solves the problem in 20 out of the
50 runs.

Results from the immigration experiments were as predicted. The extremely
poor performance of immigration can clearly be seen from Fig. 5. Uniform
crossover is clearly the best solving merely three of the eight subproblems.
One and two point crossover are only marginally better than headless-chicken
crossover, on average only correctly solving one sub-problem.

The results from the crossover experiments when using point mutation are
surprising (see Fig. 6). Referring to Fig. 4 it can be seen that swap mutation
alone outperforms the combination of point mutation with crossover. In these
experiments uniform crossover is clearly the best - by the end of the evolution
it has, on average, correctly solved five of the eight sub-problems. One and two
point crossover are identical and on average, only manage to solve four sub-
problems and as expected headless chicken crossover is the poorest, on average
only managing to correctly solve two of the eight sub-problems.

The results from the crossover experiments when using swap mutation are
also extremely interesting (see Fig. 7). The superior performance of headless-
chicken crossover can clearly be seen; by the end of the evolution it has, on
average, correctly solved seven of the eight sub-problems. By comparison there
appears to be little difference between uniform crossover, one-point and two-
point crossover, on average none of them are able to get to the last sub-problem.

The conclusion that can be drawn from these results is that swap mutation
operates in part as an exploitation tool. Since swap mutation never actually
introduces new genetic material it raises the question as to whether new genetic
material is actually required in a permutation based GA. What matters is the
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Fig. 5. Plot of the average best fit individual in every generation when using different
forms of crossover with immigration. The disappointing performance of this mutation
operator can clearly be seen. The best crossover was uniform crossover which only
managed to solve three of the eight sub-problems correct.

Fig. 6. Plot of the average best fit individual in every generation when using different
forms of crossover with point mutation. The disappointing performance of the different
crossovers can clearly be seen. The best crossover was uniform crossover which only
managed to get five of the eight sub-problems correct.
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Fig. 7. Plot of the average best fit individual in every generation when using different
forms of crossover with swap mutation. The increased performance of the system when
using swap mutation can be clearly seen in comparison with 6.

5 Conclusions

This work examines the intrinsic operation of the RKGA and its representation.
The role standard operators play in the evolutionary process is investigated and
a formal analysis of the disruptiveness of mutation is presented. Following this
analysis a new mutation operator known as swap mutation is suggested that
has a controlled effect on the phenotype. Experiments are conducted comparing
swap mutation against standard point mutation without using crossover and it
is shown that sensible mutation alone is sufficient to solve a hard permutation
problem. Furthermore the performance of this new mutation operator is shown
in conjunction with various crossover operators and counter-intuitive results are
obtained when using headless chicken crossover. These results are interesting for
GP Genotype to Phenotype systems such as GE[14] and GADS[16] as they also
observe a ripple effect so perhaps a mutation operator similar to swap mutation
would be beneficial.

relative ordering of the genes in the chromosome as opposed to the material
itself. So, although swap mutation has fixed sized effects and may be limited in
its global search abilities, it is systematic enough to beat point mutation.

From these results it is clear that there must exist a synergetic effect between
it and the randomised and disruptive headless-chicken crossover. These counter-
intuitive results would suggest that headless-chicken crossover is being utilised
as an exploration operator introducing new combinations of genetic material into
the population which swap mutation is then able to exploit.
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6 Future Work

Current and future work centres around examining different swap mutation rates
with different crossovers. A formal analysis of recombination operators in the
random key representation is also desirable. Following this it is hoped to develop
of a suite of sensible crossovers that aim to propagate the exact meaning of genes
from parent to offspring. Once sensible crossovers have been developed it will be
interesting to compare the performance of the RKGA to OmeGA. The results
of this comparison will guide more future work.
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Abstract. This paper is a follow-up of Maarten Keijzer’s award-winning
EUROGP’03 paper [Kei03], that suggests using Interval Arithmetic (IA)
and Linear Scaling (LS) in Genetic Programming algorithms. The ideas
exposed in this paper were so nice that it was decided to experiment
with them on a real-world problem on which the LIL research team had
some experience and results with: the Ocean Color Inverse Problem.
After extensive testing of IA, LS as well as a progressive learning method
using thresholds (T), results seem to show that functions evolved with
GP algorithms that do not implement IA may output erroneous values
outside the learning set, while LS and T methods produce solutions with
a greater generalisation error.
A simple and apparently harmless improvement over standard GP is also
proposed, that consists in weighting operands of + and – operators.

1 Introduction

Concentration of phytoplankton over the ocean is a parameter of utmost impor-
tance for scientists in order to better understand sea biology and what is called
“primary production.” Primary production is supposed to play a key role in
the evaluation of the global carbon cycle and is thus of great scientific concern,
especially to better apprehend the so-called greenhouse effect.

One way to estimate phytoplankton concentration is to measure the energy
level reflected by the ocean with a satellite spectrometer. This difficult prob-
lem has already been extensively addressed by the LIL team using Genetic
Programming[FR00,RF01,Fon01], as it can be seen as a regression problem.

Then, two interesting generic suggestions for improvement in Genetic Pro-
gramming were brought up by Maarten Keijzer in a recent publication [Kei03]
(namely Interval Arithmetic and Linear Scaling), that received the best paper
award at the last EURO-GP conference. It was decided to experiment with them
because they were well described, seemed very sound and made a lot of sense.

The primary aim of this work is therefore to assess and analyse those tech-
niques on a tough, real-world problem (the above mentioned ocean color inverse
problem), and determine whether they could bring significant improvements over
the well polished GP algorithm that had been successfully evolved a couple of

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 174–186, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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years ago. Then, during the implementation, the idea of weighting operands of
simple operators emerged, and led to positive results.

This paper therefore starts with a short description of the ocean color prob-
lem in section 2 and presents the results of Fonlupt et al. [RF01]. Section 3
deals with the implementation of the new GP algorithm. Section 4 describes the
weighted operands improvement that appeared during this implementation and
section 5 presents results obtained with Keijer’s suggestions (IA and LS). Sec-
tion 6 discusses the different techniques, and the paper finishes with a conclusion
containing do’s and don’t’s that stemmed from the previous analysis.

2 The Photosynthesis Available Radiation Problem

2.1 PAR Evaluation

The Photosynthesis Available Radiation (aka PAR) is the number of photons
available for photosynthesis in the visible wavelength range (400 – 700 nm).
As explained in the previous section, understanding primary production might
help to better evaluate the greenhouse effect and computing the PAR is a step
towards the evaluation of the primary production.

It is possible to measure the PAR directly in the middle of the ocean, but
this method is impractical, expensive, and only gives local information.

Another idea is to deduce the PAR from an analysis of the light reflected by
the ocean. Such analysis could be done on satellite images, therefore removing
the constraint of having a boat in the middle of the Pacific Ocean measuring
the amount of light coming from the sun. This problem is however quite difficult:

The light coming from the sun and going down to the ocean is modified by
the atmosphere: solar radiance is scattered and absorbed by air molecules
and pollution particles in suspension.
Then, a part of the light is absorbed by water molecules and dissolved par-
ticles within the ocean. Only part of it (water-leaving radiance) is scattered
back up through the surface,
Light needs to go through the atmosphere again to reach the satellite sensors.

Usually, less than 10% of the total light detected by the satellite is water-leaving
radiance. The inverse problem is also terribly complex due to the fact that water
optical properties as well its biological components are spectrally dependent.

2.2 The Inverse Problem

Solutions have been proposed to solve the direct problem, i.e. simulating the
amount of radiations received by a satellite spectrometer using models of re-
flectance derived either from empirical data [Mor88,Mor91], or from radiative
transfer code such as the OSOA model [CDS00]. These simulations are quite
accurate and can be used as a basis to train on the inverse problem.
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As the light available for photosynthesis is spectrally dependent, the available
energy for each wavelength is modeled using the following formula:

where indicates the depth in the water column, the available en-
ergy at the sea surface at wavelength and the available energy at
wavelength at depth for photosynthesis.

So, the estimation of the energy only necessitates the knowledge of the
coefficient. Unfortunately, this is far from trivial as this coefficient not only
depends on the wavelength but also on the sea components (phytoplankton,
yellow substance and sediments).

Therefore, evaluating the coefficient from the measured reflected energy
can be formulated as a regression
problem where indicates the set of monitored wavelengths of the “SeaWIFS”
satellite sensor. The table below shows the best results that have been obtained
on this problem by the LIL team [RF01] in terms of RMS (Root Mean Square)
error that must be minimised.

These results are regarded as very good by biologists:

3 New Genetic Programming Implementation

3.1 Framework and Settings

Unfortunately, the code for the original GP program used for [RF01] had been
optimized to such degree that it would have been very impractical to precisely
determine the impact of Keijzer’s improvements on it. It was therefore decided to
rapidly develop again a clean GP algorithm using the EASEA fast specification
language, so as to have a sound basis for comparison.

In order to compare results, the number of evaluations was kept identical to
the original GP program as well as the following choices of the original program:

A maximum depth, is set in order to avoid bloat.
The raw fitness of GP individuals is given by the relative RMS error on the
training set:

The fitness cases are built on a data set of 252 samples, based on the OSOA
model and generated with a software based on Chami et al [Cha97,CDS97].
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Otherwise, extensive tests led to the optimal settings shown below:

Generations
Population
Fitness cases
Functions set
Terminal set
Recombination rate
Mutation rate

1000
5000
252

{+,-,x,/,exp,ln}

0.85

Different sets of functions have been tested, and the best results were obtained
with +, –, ×, / exp() and ln() only.

One run takes more than one hour on a 2GHz Pentium with 1GB of RAM.
All experiments have been done on an average of 10 runs (around 12 hours per
test). For the purpose of this paper, most of the figures deal with the 412 nm
wavelength which is known to be the most difficult one to approximate.

3.2 Implementation with EASEA

The EASEAv0.6c [CLSL00,Col04] language (EAsy Specification of Evolutionary
Algorithms) has been used as a framework for our GP application.

Fig. 1. Comparison between a standard GP and the threshold GP approach for 412 nm.
The figure on the right figure shows the best, average and worst of 10 runs.

This language has been designed to make the programming of Evolutionary
Algorithms as easy as possible by compiling EA specifications into C++ code
using the GALib or EO libraries, or JAVA code using the DREAM library.

It has therefore been possible to quickly write some working code for this
application and concentrate on the GP algorithm rather than on the C++ im-
plementation of the genetic engine. The implemented algorithm is as simple and
straightforward as possible in order to assess Keijzer’s suggestions only:
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Structure. A common GP tree-structure is used. Each node holds the char-
acteristics of the functions/terminal but also some parameters needed for
the GP algorithm, to implement Schwefel’s adaptive mutation[Sch95] for
instance.

Initialisation. A classical “ramped half-and-half” method is used.
Recombination. The cross-over operator simply exchanges two subtrees of the

parents to create the two children. Subtrees are chosen so that the offspring
does not have a depth greater than the maximum allowed depth,

Mutation. Mutation of a node is constrained to preserve the arity of the oper-
ator in order to keep the tree structure.

Threshold method (T). This method was originally used and described in
[RF01] to save on computing time, when only P120s were used. It was decided
to keep it, since it is fast, and the best results were obtained with this method.
The general principle is based on progressive learning, (a variant of limiting
the fitness evaluation to a subpopulation [BNKF99]) or by stopping the
evaluation as soon as a threshold of bad individuals has been reached [GR97].
Data is split into parts corresponding to the number of planned thresholds.
New data is given to the algorithm everytime a threshold is reached.
Unfortunately, the good threshold is difficult to find, and varies with the
problem to be solved (the wavelength in this case): if it is too high, evolution
will have trouble to reach the threshold and go through the different stages.
On the contrary, if it is too low, not enough time will be spent on each stage
and the progressive method will not achieve its goal.
In the new GP algorithm, it was decided to add data every fixed number
of generations (150), which is a parameter that was much easier to find.
Results can be seen on fig. 1, which compares the much quicker “threshold”
(hereafter called “T”) method with standard GP over 10 runs.

4 Weighted Operands

For an efficient evolution, it is known that operators with a great power of
variation are needed for the exploration phase while the exploitation phase needs
more delicate changes.

In GP however, node mutation usually creates strong alterations in the tree.
In order to allow small variations to occur, weighting factors are introduded, that
allow to more finely tune operands. becomes parameters
undergo Schwefel’s adaptive mutation [Sch95].

Thanks to the weighted + and – operators, evolution seems to have a better
dynamics and pass the different stages more easily. Trials with other operators
than + and – have not been conclusive.

Since this method always gave slightly better results, (cf. fig. 2) it was kept
throughout this paper.
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Fig. 2. Influence of the weighted operands on 412 nm for 10 runs.

4.1 Overall Results without Keijzer’s Suggestions

Finally, over many runs, the best result was obtained by a great standard run
(RMS of 8.5% on the 412 nm wavelength) while the best of all runs with Thresh-
old progressive learning and weighted operands was 8.7%.

These results must be compared with those found by Fonlupt et al. in [RF01]:
6.5%, which shows the degree of refinement of the original GP program.

5 Keijzer’s Improvements

In his paper [Kei03], Marteen Keijzer proposed two ideas to improve GP symbolic
regression: Interval Arithmetic (IA) and Linear Scaling (LS).

5.1 Interval Arithmetic (IA)

M. Keijzer starts with the observation that in symbolic regression problems, used
operators should not lead to singular or undefined values. The usual protection
for division by zero does not prevent the target value to vary between or

within a very short range, therefore leading to an approximation that could
contain extravagant values within a very narrow interval that could go unnoticed
in the sampling of the learning set.

The suggestion is then to avoid using operators on intervals that may contain
undefined or singular values, so as to remain into a continuous and derivable
domain. This is done by calculating the bounds of a function given the bounds
of the operands, while excluding singular values.

New parameters are added: each node is accompanied with its lower and
upper bounds and With this information, the bounds of the operator are
evaluated using basic mathematical knowledge for the different operators:
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Fig. 3. Results with Interval Arithmetic and Threshold over 10 runs on 412nm.

Updating these boundaries from bottom to top allow to exclude singular
values from the whole function. With Interval Arithmetic, one can make sure
that the second operand of / never contains zero, for instance.

If such a case appears, Keijzer suggests that the individual be either assigned
the worst possible fitness value or be deleted. In this implementation, the choice
was made to mutate the operator of the offending operand into another one that
can accept the operand’s interval.

Tests on the Ocean Problem show that IA does not really give better results
over threshold GP (cf fig. 3). A probable explanation is that GP evolution us-
ing IA is degraded by the additional constraints on singular values exclusion.
However, one must keep in mind that the real aim of symbolic regression is not
to approximate a function as well as possible on the training set: results on the
training set might be slightly worse, but the returned function might present a
better behaviour on other values than the training set, which is what GP is all
about, after all.

In this respect, scientists should regard GP+IA evolved functions as much
safer than GP only evolved functions, since they are sure not to exhibit extrav-
agant results due to an operator returning a near-infinite value on an input that
was not part of the training set.

From these results on the training set, implementing IA does not seem a
great idea, unless one realises that slightly less good results might be the price
to pay for a better-behaved function on the real data.

If node represents and
If node represents and
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5.2 Linear Scaling (LS)

The second improvement proposed by Keijzer is Linear Scaling (LS). LS comes
from the remark that GP loses time evaluating constants. For instance, GP will
easily find but is not at ease at finding A lot of time is wasted in
determining constant values, although this is an easy problem to solve.

Fig. 4. LS results for the ocean color problem at 412nm

The principle of LS is to let GP find a general form and then calculate
the best and so that best fits the data. (Note that the LS idea
is close to other research papers like constant fitting [SJK97].)

In [Kei03] the optima and are defined for MSE error. Since RMS error is
used throughout this paper, new optimal values for and have been computed.

Unlike IA, LS (see fig. 4) greatly improves the performance. On 10 runs, the
best average is obtained by LS over T and even T+LS.

Coupling LS with T does not seem to bring any improvement. On the con-
trary, results are slightly better without T. An interpretation is that LS works
too well: and values quickly adapt, and simplify the task for the GP algo-
rithm that is then able to fit very closely the learning target. As a consequence,
whenever new data is added, the structure of the GP-evolved function may need
to be changed, which is difficult to do if the population has already converged
to solve the previous task that had been simplified by LS.

In other words, LS could be misleading GP for each new data set, with the
result that LS works better when the algorithm is provided all the data at once.

This somehow suggests that LS is fitting the learning data very well, but
casts doubts on its generalising power, since every time another chunk of data
is brought in, results are getting worse rather than improving.
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Fig. 5. comparisons of the T, LS+IA, T+LS+IA schemes (412 nm)

5.3 Combining LS and IA

Since T, LS and IA methods are acting on different parts of the GP algorithm, it
seems interesting to see how results are affected by combining them. Therefore,
T, LS+IA and T+LS+IA methods are compared fig. 5.

Since IA has a tendency to make results worse (cf. section 5.1: IA adds
constraints to the GP evolution) the curves are no surprise: on average, LS+IA
gives worse results than LS alone, and adding the Threshold method to LS+IA
is not a good idea, as LS and Threshold are incompatible (cf. section 5.2 above).

5.4 Overall Results on the Training Set for 412 nm

The table below shows all the results for the ocean color inverse problem for the
412 nm wavelength. It is quite obvious that the LS improvement is significant.

It is worth noting that on the training set, a GP+weighted operands+T+LS+IA
method has provided overall best results that are much better than those pre-
sented in [RF01] (3.5% rather than 6.5%). Strangely enough (considering that T
and LS are incompatible), over all other wavelengths than 410 nm, over 10 runs,
the T+LS+IA method has always provided the best result on the training set.

6 Assessment of the Generalisation Capabilities of
Functions Obtained through the Different Methods

Up to now, experiments have been made on the training set, meaning that the
different GP variants have come up with a solution that matched the training
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Fig. 6. Each column corresponds to an implemented method. Results over the training
set are on the left while results for the validation set are on the right. A little triangle on
the upper part of the figure indicates extravagant (more than 60% RMS error) results.

set as closely as possible. However, the aim of this work is to find a function that
gives good results on satellite data, and not on the training set only.

Therefore, a final set of experiments has been conducted in order to test
the power of generalization of each method, which is what the scientist is really
interested in. The result can be seen in fig. 6.

The data file has been randomly split into two subsets. The first set (called
the training set) has been used to evolve 10 functions for each method (vertical
bars slightly on the left). Then the best evolved functions were tested against
the second set, called the validation set (vertical bars slightly on the right).

Results on the training set are of course much better than results on the
validation set, but this is no great discovery.

However, it is interesting to note that several functions that performed well
on the training set show huge RMS errors on the validation set. For instance,
method T alone has come up with a function showing an RMS error of more
than 400% ! Those extravagant functions have not been taken into account in
the min and max bars, but the information was kept and represented by the
small triangles indicating functions with RMS error beyond 60%.

Now, on this validation test, results are quite different than those presented
on the training set :
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1.

2.

3.

4.

5.

6.

Most important result : Although some solutions obtained may be robust in
the application domain, all methods that do not include IA (also standard
GP) have produced functions with triangles (i.e. RMS error beyond 60%).
This shows that on 10 runs only, methods (including standard GP) that do
not include IA have always found functions that work perfectly well on the
training set but proved absolutely unusable on another data set !
Conversely, no functions found by methods that include IA have turned up
with extravagant error values, meaning that it is very probable that IA is
doing its job perfectly.
Although the IA method alone is one of the worst on the training set, on
average, it is the best on the validation test.
As was sensed in section 5.2, methods using LS do not generalise well, al-
though they certainly give the best results on the training set.
In fact, LS is the worst method on the validation set although it is one of
the best on the training set. Worse : all methods using LS (the four on the
right) are the worst on average on the validation test.
On this problem, LS presents a strong tendency to overfit the training data.
It therefore seems that LS cannot rejoin the standard GP toolkit until this
behaviour is better investigated and understood.
The T (progressive learning) method also leads to overfitting. On average,
T+LS is one of the worst on the validation set.
However, it is interesting to see that the best overall value is also obtained
by T+LS. However, IA is not included, meaning that one does not know if
this best overall function will not go bezerk on some specific data !
Maybe T+LS could be used to evolve great functions, only to be verified by
IA at the end of the evolution. This way of using IA has not been investigated.

7 Conclusion

Although this is not the main subject of the paper, weighting the operands of
the + and – operators is a cheap idea to implement that does not seem to harm
the GP algorithm, at least on the Ocean Color inverse problem.

This said, much more important conclusions can be drawn on Keijzer’s sug-
gestions from this test work: although, by essence, the presented results only
apply to the Ocean Color inverse problem, it is very tempting to generalise the
results of section 6 to many problems, where GP is used to find a function that
will be used on real data after it has been evolved on a learning set.

The most important result of this paper is that, on symbolic regression prob-
lems, functions obtained with standard GP algorithms may contain narrow infi-
nite branches that may go undetected until the function is used on real data.

Therefore, it is very tempting to conclude that it is a requirement for scientists
who want to use GP-evolved functions on real data to implement IA or a similar
technique, even if, on training sets, better results can be obtained without IA.

It seems that any GP algorithm will yield functions that work much better
on real-world data if it implements IA.
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Another important remark is that, as on average, IA alone is the best method.
This is rather counter-intuitive, as results with IA alone are not good on the
training set. Once more, the KISS (Keep It Simple Stupid) principle seems to
apply: on the generalisation set, all other clever refinements led to worse results
than a simple GP+IA.

Now, conclusions on LS are more problematic to formulate, as it seems ter-
rible to reject a method, on the ground that it works too well on the training
set. It seems obvious from the results presented in this paper that LS should not
be used without taking some precautions, but what are exactly the precautions
that need to be taken ?

A development on this work is certainly needed to explore minutely and
methodically the LS improvement and its implications, in order to find if there
is a way to use it that does not degrade generalisation. It seems that if a way
is found to use the power of LS without losing on generalisation, GP will have
found, along with IA, another radical improvement.

Finally, although it leads to much less drastic improvements on the results,
the T technique seems to work in the same league as LS. Although techniques
seem incompatible in average, the best overall results between LS, LS+IA,
T+LS, T+LS+IA have always been obtained with T, meaning that T should
certainly be included in the projected work on LS.

The data is available on www-lil.univ-littoral.fr/ valigian/oceancolor for
replication, as well as the EASEAv0.6c programs implementing the different
methods.
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Abstract. The paper presents for the first time automatic module acquisition
and evolution within the graph based Cartesian Genetic Programming method.
The method has been tested on a set of even parity problems and compared with
Cartesian Genetic Programming without modules. Results are given that show
that the new modular method evolves solutions up to 20 times quicker than the
original non-modular method and that the speedup is more pronounced on
larger problems. Analysis of some of the evolved modules shows that often they
are lower order parity functions. Prospects for further improvement of the
method are discussed.

1 Introduction

Since the introduction of Genetic Programming (GP) by John Koza [3] researchers
have been trying to improve the performance of GP and to develop new techniques
for reducing the time taken to find an optimal solution to many different types of
evolutionary problems. One such approach, called Evolutionary Module Acquisition
is capable of finding and preserving problem specific partial solutions in the genotype
of an individual [1]. Since then researchers have been interested in the potential and
power that this feature brings to the evolutionary process and have built on this work
or taken ideas from it for their own specific situations, to re-use these partial solutions
as functions elsewhere in the genotype [2] [7] [8] [13].

Recently another form of GP called Cartesian Genetic Programming (CGP), has
been devised that uses directed graphs to represent programs rather than a tree based
representation like that of GP. Even though CGP did not have Automatically Defined
Functions (ADFs) it was shown that CGP performed better than GP with ADFs over a
series of problems [5] [6]. The work reported in this paper implements for the first
time in CGP a form of ADFs by automatically acquiring and evolving modules. We
call it Embedded CGP (ECGP) as it is a representation that uses CGP to construct
modules that can be called by the main CGP code. The number of inputs and outputs
to a module are not explicitly defined but result from the application of module
encapsulation and evolution.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 187–197, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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The problem of evolving even parity functions using GP with the primitive
Boolean operations of AND, OR, NAND, NOR has been shown to be very difficult
and has been adopted by the GP research community as good benchmark problems
for testing the efficacy of new GP techniques. It also is particularly appropriate for
testing module acquisition techniques as even-parity functions are more compactly
represented using XOR and EXNOR functions. Also smaller parity functions can help
build larger parity functions. Thus parity functions are naturally modular and it is to
be expected that they will be evolved more when such modules are provided. It is
therefore of great interest to see whether modules that represent such functions are
constructed automatically. We show that the new technique evolves solutions to these
problems up to 20 times quicker than the original. It also scales much better with
problem size. The plan of the paper is as follows. In section 2 we describe CGP.
Section 3 is an overview of related work. In section 4 we explain the method of
module acquisition and evolution. Our experimental results and comparisons with
CGP are presented in section 5. Section 6 gives conclusions and some suggestions for
further work.

2 Cartesian Genetic Programming (CGP)

Cartesian Genetic Programming was developed from methods developed for the
automatic evolution of digital circuits [5] [6]. CGP represents a program as a directed
graph (that for feed-forward functions is acyclic). The genotype is a list of integers
that encode the connections and functions. It is a fixed length representation in which
the number of nodes in the graph is bounded. However it uses a genotype-phenotype
mapping that does not require all nodes to be connected to each other. This results in a
bounded variable length phenotype. Each of the nodes represents a particular function
and the number of inputs and outputs that each node has, is dictated by the arity of
function. The nodes take their inputs in a feed forward manner from either the output
of a previous node or from one of the initial program inputs (terminals). The initial
inputs are numbered from 0 to n-1 where n is the number of initial inputs. The nodes
in the genotype are then also numbered sequentially starting from n to m+n-1 where
m is the user-determined upper bound in the number of nodes. These numbers are
used for referencing the outputs of the nodes and the initial inputs of the program. If
the problem requires k outputs then these will be taken from the outputs of the last k
nodes in the chain of nodes. In Fig. 1 a genotype is shown and how it is decoded (an
even 4-parity circuit). Although each node must have a function and a set of inputs for
that function, the output of a node does not have to be used by the inputs of later
nodes. This is shown in Fig. 1, where the output of nodes 8, 11 and 13 are not used
(shown in grey). This causes areas of the genotype to lie dormant, leading to a neutral
effect on genotype fitness (neutrality). When point mutations are carried out on genes
representing connections (the mutation is constrained to respect the directed and
acyclic nature of the graphs) these dormant genes can be activated or active genes can
be made dormant. This unique type of neutrality has been investigated in detail
[6][11][14] and found to be extremely beneficial in the evolutionary process for the
problems studied.
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Fig. 1. Cartesian genotype and corresponding phenotype for an even 4-parity program

The evolutionary algorithm used for the experiments is a form of evolutionary
strategy, where i.e. one parent with 4 offspring (population size 5). The
algorithm is as follows:

1.
2.
3.
4.

5.

Randomly generate an initial population of 5 genotypes and select the fittest;
Carry out point-wise mutation on the winning parent to generate 4 offspring;
Construct a new generation with the winner and its offspring;
Select a winner from the current population using the following rules:

If any offspring has a better fitness, the best becomes the winner.
Otherwise, an offspring with the same fitness as the best is randomly

selected.
Otherwise, the parent remains as the winner.

Go to step 2 unless the maximum number of generations is reached or a solution
is found.

3 Related Work on Module Acquisition

The original idea of Module acquisition [1] was to try and find a way of protecting
desirable partial solutions contained in the genotype, in the hope that it might be
beneficial in finding a solution. This is because in practice you may find a desirable
partial solution in the genotype, but due to the nature of evolution, an operator could
modify the partial solution therefore causing the program to take longer to find a
solution. Module acquisition does this by introducing another two operators to the
evolutionary process, compress that selects a section of the genotype to make it
immune to manipulation from operators (the module) and expand that decompresses a
module in the genotype therefore allowing this section of the genotype to be
manipulated once more. The fitness of a genotype is unaffected by these operators.
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However they affect the possible offspring that might be generated using evolutionary
operators. Atomisation [1] not only makes sections of the genotype immune from
manipulation by operators but also represents the module as a new component in the
genotype therefore allowing the module to be manipulated further by additional
compress operators. This allows the possibility of having modules within modules
therefore creating a hierarchy organisation of modules. These techniques have been
shown to decrease the time taken to find a solution by reducing the amount of
manipulations that can take place in the genotype. Rosca’s method of Adaptive
Representation through Learning (ARL) [7] also extracted program segments that
were encapsulated and used to augment the GP function set. The system employed
heuristics that tried to measure from population fitness statistics good program code
and also methods to detect when search had reached local optima. In the latter case
the extracted functions could be modified. More recently Dessi et al [2] showed that
random selection of program sub-code for re-use is more effective than other
heuristics across a range of problems. Also they concluded that, in practice, ARL does
not produce highly modular solutions. Once the contents of modules are themselves
allowed to evolve (as in this paper) they become a form of automatically defined
function (ADF), however in contradistinction to Koza’s form of ADFs [4] and
Spector’s automatically defined macros [8], there is no explicit specification of the
number or internal structure of such modules. This freedom also exists in Spector’s
more recent PushGP [9].

In addition to decreasing computational effort and making more modular code van
Belle and Ackley have shown that ADFs can increase the evolvability of populations
of programs over time [10]. They investigated the role of ADFs in evolving programs
with a time dependent fitness function and found that not only do populations recover
more quickly from periodic changes in the fitness function but the recovery rate
increases in time as the solutions become more modular.

Woodward [12] showed that the size of a solution is independent of the primitive
function set used when modularity is permitted, thus including modules can remove
any bias caused by the chosen primitive function set.

4 Algorithm Details and Mutation Operators

The performance of CGP and ECGP were tested on even 4 through to even 8 parity.
The output of even parity is one if an even number of inputs are one and zero
otherwise. Initially all genotypes are randomly initialized with fifty nodes (150
genes). The fitness is defined as the number of phenotype output bits that differ from
the perfect parity function. A perfect solution has score zero. Every generation, any
modules in the function list are removed and any modules present in the fittest
genotype of the generation are added to the function list. This allows the 1-point
mutation operator to randomly choose from any of the modules found in the fittest
genotype and the primitive functions to insert into the genotype of the offspring for
that generation. The creation of modules allows new functions to be defined from a
combination of primitive functions that can then be re-used in other areas of the
genotype. For all the experiments, both versions of the program: CGP and ECGP
were averaged over fifty independent runs.



Evolution and Acquisition of Modules in Cartesian Genetic Programming 191

4.1 Modules

In this paper we only allowed modules to contain nodes rather than other modules.
Also we only allowed the number of nodes in a module to be not greater than a certain
user defined value. Modules were required also to have greater than one node for
obvious reasons. The modules were required to have a minimum of two inputs and a
maximum number of inputs equal to twice the number of nodes contained in the
module. This is so that a module has at least the first node, and at most all the nodes,
in the module connected to the outputs of earlier nodes or modules or the initial inputs
outside the module. It must also have a minimum of one output and a maximum
number of outputs equal to the number of nodes contained in the module so that there
is at least one output from a node, and at most every output from a node in the module
available for connection to the later nodes or modules outside of the module. Modules
with no outputs are not allowed, as they would simply contain “junk code” which is
not in use and could never be connected, therefore increasing the complexity and size
of the genotype. The number of inputs and outputs that a module initially has is
determined by the connections between the nodes and modules when a module is
created. The nodes within the module whose inputs were connected to the outputs of
earlier nodes and modules or the initial inputs when modularisation takes place
remain connected to the outputs of the same nodes, modules or initial inputs via the
inputs of the module. The later nodes or modules whose inputs were connected to the
outputs of the nodes contained in the module before modularisation took place remain
connected to the same outputs of the nodes contained within the modules via the
module outputs. The module inputs are the initial inputs to the CGP program in the
module, therefore they act as pointers to the output of the previous node or module in
the genotype which represents their value as an initial input to the CGP program in
the module. This means that each module input now has a number and the nodes in
the module are now numbered starting from the “number of inputs”, as they would be
in a CGP program. The outputs of the module are also numbered starting from the
“number of inputs + number of nodes” as this allows them to be treated as part of the
genotype in the module.

4.2 Operators

ECGP uses four main evolutionary operators: a standard point mutation operator, a
compress operator, an expand operator and a module mutation operator.

Mutation. The 1-point mutation operator used for ECGP is the same as the mutation
operator used in standard CGP. It selects a node or module from the genotype at
random and then chooses randomly one of the inputs or the function of the selected
node or module to mutate. If an input of a node or module is chosen for mutation then
the new value for the input is chosen at random from the outputs of any of the
previous nodes or modules in the genotype so that it preserves the directedness of the
graph. If a function of a node is chosen for mutation, then the new value for the
function of the node is chosen at random from any of the pre-defined primitive
functions or any of the modules contained in the module list. However, if the function
of a module is chosen for mutation, there are certain conditions that must be met.
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If the function chosen for mutation belongs to a module that was introduced to the
genotype by the 1-point mutation operator then the new value for the function of the
module is chosen in the same way as the function of a node. This is because these
modules are treated just like the primitive functions, they represent a copy of a section
of the genotype that has been reused in another area of the genotype. We found that
this also helps to stop “bloat”, as the total length of the genotype can be made shorter
at any point by changing a module to a primitive function. On the other hand, if the
function chosen for mutation belongs to a module that was introduced to the genotype
by the compress operator (rather than the 1-point mutation operator), the function of
the module cannot be changed, as the module is immune from function mutation. This
is because it is an original section of the genotype encapsulated in a module, which
can only be altered once the module has been decompressed by the expand operator.

Whenever a module in the genotype (with arity m) is mutated to a primitive
function (with arity n), the new function uses the first n inputs from the module so
that it keeps the number of changes in the genotype to a minimum. The same goes for
when a primitive function is mutated to a module, the first “k” inputs of the module
use the values of the inputs of the primitive function and the rest of the inputs are
randomly generated as required. The new value for either an input or function of a
node or module is chosen at random with an equal probability. The 1-point mutation
operator has a probability of 0.6 of being used on the fittest parent of the population in
each generation and a probability of 0.3 of being used in conjunction with either the
compress or expand operator on the fittest parent of the population in each generation.
The remaining probability of 0.1 is the chance of a module mutation being used on
the fittest parent of the population. This is because every offspring is to be mutated in
some way to minimise the chance of two parents in the population having the same
genotype.

Compress. The compress operator randomly selects two points in the genotype of the
fittest parent, a minimum of two nodes apart and a maximum of the pre-defined
maximum module size, and creates a new module containing the nodes between these
two selected random points. In the work of this paper it was chosen to disallow
modules being called within modules - so the modules can only contain nodes. The
module then replaces the sequence of nodes between the two randomly selected
points in the genotype but is not added to the module list. The only time modules are
added to the module list is in the selection process of the fittest parent of a generation.
The compress operator has the effect of making the contents of the module immune
from the 1-point mutation operator and also shortening the genotype of the fittest
parent but does not affect the fitness of the parent. The compress operator has a
probability of 0.1 of being used on the fittest parent in the production of each new
member of the population for each generation. This value was chosen because in tests
it proved to be optimal when compared with higher and lower values. If the
encapsulation process is too frequent too many modules are introduced and they don’t
have enough time to replicate through the genotype if they are associated with higher
fitness. For lower values not enough modules are produced.

Expand. The expand operator randomly selects a module from the genotype of the
fittest parent and replaces the module with the nodes contained inside. This operation
can only be used on modules that have been made by the compress operator, as the
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module contents were nodes in the original genotype. We did investigate the
possibility of allowing modules created by point mutation to be expanded but found
the genotype code grew uncontrollably in length. This operator therefore has a
lengthening effect on the genotype. The expand operator has a probability of 0.2 of
being applied to the fittest parent of each generation when creating each new member
of the population. This value proved to be optimal in tests as it means that modules
can only survive if they exist in the genotype more than once. This is because there is
a greater chance of a module being destroyed by the expand operator than created by
the compress operator, so only the good modules can survive by being replicated (by
1-point mutation) in genotypes with improved fitness.

Module mutation. The module mutation operator consists of five different mutations
which all affect the contents or the structure of a module. The operator works by
firstly selecting a module at random from the module list and then applying one of the
following mutations (at random). Note that the changes only apply to all occurrences
of the mutated module in a single offspring and not to any occurrences of the module
in the whole population.

Add input. The “add input” mutation randomly selects an output of a previous node or
module in the genotype and creates a new module input to act as a pointer to the
selected node or module output. Once the new input has been created, the operator
randomly selects an input of a node contained inside the module and reassigns it to
the new module input. An illustration of this process is shown overleaf in Fig. 2.

Remove input. This operator reduces the number of inputs by one each time it is
applied but only if there are more than two inputs. This is because the module must
have a minimum of two inputs to connect the first node in the module to the previous
nodes and modules in the genotype. First the operator randomly selects the module
input that it is going to remove. Then it checks through the nodes contained in the
module to see if any node inputs are connected to the selected module input. If any
inputs are found, they are randomly reassigned to one of the other module inputs or to
the output of any previous nodes contained in the module. Once nothing is connected
to the module input it is deleted from the module. An example of the remove input
operator is the reverse of the example shown above in Fig.2.

Fig. 2. An illustration of the phenotype of a module before (left) and after (right) the
application of the add input operator

Add output. The add output operator increases the number of outputs that a module
has by one each time it is applied to a module in the fittest parent, providing that there
are fewer outputs than nodes in the module. The add output procedure is started by
randomly selecting a node output contained in the module. A module output that
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points to the chosen node output is then added to the module. The addition of another
module output allows later nodes or modules outside the chosen module greater
connectivity to the module, but nothing is connected to the modules new output and
the fitness of the parent hasn’t changed from that of the fittest parent. Therefore the
second step of the procedure is to apply the standard mutation operator to the parent,
as this will mutate the parent, hence altering its fitness and maybe even creating a
connection to the mutated module via its new output.

Fig. 3. An illustration of the phenotype of a module before (left) and after (right) the
application of the add output operator

Remove output. The remove output operator reduces the number of outputs a module
has by one each time it is applied to the fittest parent unless the module only has one
output. This is because if the only output of a module were removed it would have no
way of allowing latter nodes or modules in the genotype to connect, thus making the
module “junk” which can never be used until an add output operator is applied to it.
This operator has the effect of limiting the number of connections to nodes contained
in the module. The first step of the operator is to randomly select an output of the
module that is going to be removed. Before removing the module output however, it
is possible that the selected output of the module is in use by later nodes or modules
in the genotype. Therefore all the inputs of the nodes or modules that follow the
mutated module in the genotype are checked and if an input of a later node or module
is using the selected module output, then it is randomly reassigned to one of the other
module outputs. The selected module output is deleted once it is no longer in use.

1-point mutation. This mutation operator is essentially the same as the standard
mutation operator in CGP but with some limitations. The operator starts by selecting
either a node contained in the module or a module output at random. If a node is
selected, then it randomly mutates either an input or the function of the node. If an
input is selected for mutation then the new value for the input can be any of the
module inputs or any output of the previous nodes in the module and is chosen at
random. If a function is selected for mutation then the new value can be any of the
primitive functions (AND, NAND, OR, NOR) and is chosen at random. No modules
from the module list can be used, as this would allow modules inside other modules.
If a module output is selected for mutation then its new value can be the output of any
of the nodes contained inside the module and is chosen at random. The new value of
an output cannot be any of the module inputs as this allows a connection that
completely bypasses the contents of the module and is the same as connecting to the
output of the node or module previous to the module in the genotype.
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5 Results

5.1 What Is the Optimum Maximum Module Size?

We investigated the variation in average evolution time for the even 4 parity problem
as a function of maximum module size (varying module size from 3 to 11 primitives).
If the maximum module size is too small then it may not be possible to create a good
module. If it were possible, it might take a long time to find, as the limited number of
nodes would mean exploration would be slow, as there would be very few, if any,
unused nodes. If the maximum module size is set too large then the complexity of the
modules could be too high. We found a marked improvement in performance for a
maximum module size between three and five but performance flattened off for larger
modules (with size 8 performing best). This could be due to the fact that one requires
a minimum of three primitives to construct either the XOR or EXNOR function.

5.2 Performance Comparison of CGP versus ECGP

The next experiment was a direct comparison between ECGP and CGP to see the
differences in speed of solving even-parity functions. The maximum module size was
chosen to be five for ECGP. The results are shown in Table 1.

Over all five of the even parity problems tested ECGP varies between 1.25 and
20.27 times faster than standard CGP. Notice that the speedup factor grows with
problem size, indicating that ECGP may perform substantially better on even larger
problems. It was observed that as the fitness of genotypes improved so the proportion
of modules to primitives grew.

To give the CGP program a fairer chance against ECGP we looked at how many
nodes were contained in the genotype of the final parent when a solution was found.
In ECGP the genotype can have grown significantly when all the modules are
expanded to nodes. We found that when we ran CGP program using the average
number of nodes calculated from ECGP for the corresponding parity problem we
found it to be even slower. This suggests strongly that it was not the program size of
the phenotypes evolved using ECGP that provided its advantage, but rather, it was the
nature of the modules that made the difference. However further investigation is
required as it might have been that the mutation rate was too low for the number of
nodes so the mutations were being wasted on the junk code in the genotype.
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5.3 What Kinds of Modules Evolve?

We examined genotypes that solved the parity problems. In the majority of cases, the
genotype consisted mainly of modules and a few primitive functions, which shows
that the modules were more desirable in terms of improving fitness. Occasionally we
observed modules with few active nodes (sometimes only a single primitive was
active).

Fig. 4. Evolved modules producing XOR (top left and bottom) and EXNOR.

However, in most cases there were only approximately three to six different modules
present, with some modules being used at least ten times in the genotype. The
phenotype of modules that were being frequently used almost always constructed the
XOR or EXNOR functions. These functions were not always made in the same way,
some were made compactly out of three nodes, while others were made in a much
more complex way, as shown in Fig. 4.

The average number of modules that were available for re-use per generation was
approximately five but this could vary depending on the size of module chosen and
length of genotype used, as both of these factors could allow a greater or fewer
number of modules to be created respectively.

7 Conclusion

We have presented a form of module acquisition and evolution called ECGP. The
new method is able to evolve solutions to even parity problems much quicker than the
original non-modular form of CGP. Furthermore the speedup grows with problem
difficulty, and we found that ECGP was able to evolve solutions to even 8 parity
about 20 times quicker on average. It would be interesting to see if ECGP performs
better than CGP and GP on other problems.

Other types of problem that could benefit from this approach are the design of
adder and multiplier digital circuits as these are also modular like the even-n-parity
problems. Many other problems that are modular could benefit as well. Problems
where this approach wouldn’t be beneficial are quite simple problems, whether
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modular or not, as the overhead of having to compress, evolve and expand modules
might make this approach slower when compared to a non-modular approach such as
CGP.

Currently ECGP does not allow modules within modules. We intend to allow this
in future investigations. Our results indicate that success is associated with modules
building smaller parity functions, thus we can hope that we might improve
performance even further.
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Abstract. The choice of functions in a genetic program can have a sig-
nificant effect on the GP’s performance, but there have been no system-
atic studies of how to select functions to optimize performance. In this
paper, we investigate how to choose appropriate function sets for general
genetic programming problems. For each problem multiple functions sets
are tested. The results show that functions can be classified into function
groups of equivalent functions. The most appropriate function set for a
problem is one that is optimally diverse; a set that includes one function
from each function group.

1 Introduction

One of the first steps in applying genetic programming (GP) is selecting a func-
tion set. Although, the function set appears to have a significant effect upon the
performance of the genetic problem, we have not been able to find any studies
directly addressing the selection of functions for a particular problem. In his
introductory book Koza noted that GP can’t solve a problem if the function
set is not sufficient to generate a correct solution and that performance will be
degraded if too many extraneous functions are included in the function set [4].
Angeline suggests that to devise an optimal function set the programmer must
have a reasonable understanding of the problem area to ensure that all necessary
operators, variables and range of numerical values are available in the population
[1]. This very general advice, plus intuition, are currently the only guidelines a
practitioner has to use in choosing a function set for a novel problem.

In this paper we begin to rectify this situation by investigating how to select
optimal function sets. Our results demonstrate that functions can be classified
into function groups; where a function group is a group that includes one or
more functions each of which have the same effect on the GP’s performance. The
optimal function set appears to consist of exactly one function from each group.

2 Background

In previous work we examined effect of function set selection on the symbolic
regression problem, using the sets: and F3

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 198–207, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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tangent}[6]. The target function was two full cycles of a sine
function, in the range or The ordering of performance, from
best to worst, was F1, F2, F3. F3 is a very interesting case because it can provide
a very simple solution to the problem, but the
GP performed poorly with this set.

This work demonstrated that, in general, different function sets, even when
each set is sufficient to solve the problem, have different effect on GP’s perfor-
mance. However, it didn’t determine the best way to chose a function set.

Our preliminary experiments suggested that functions can be divided into
function groups in which any function in a group has the same effect on per-
formance and functions from different function groups have different effects on
GP’s performance. Consider four functions A, B, C and D. If performance is the
same for sets {A, B}, {A, C} and {A, B, C}, then functions B and C belong
to the same function group. If performance is different for the set {B,D} then
functions A and D belong to different groups. Thus, the questions that we are
addressing are:

Do function groups exist?
How should functions be classified into groups?
Can the idea of function groups be used to help choose a function set?

Our results show that functions can be divided into groups of equivalent func-
tions, which are useful in choosing GP function sets.

3 The Experiments

Our experiments use three different problems: inter-twined spirals, even-n-parity
and symbolic regression. If we can identify rules that are applicable to these
problems, the rules are likely apply, for GP, to problems in general. Additionally,
these are commonly used problems with standard function sets. The general
function set, terminal set and fitness function we used for each of these problems
is shown in Table 1.
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The even-n-parity problem is the problem of determining whether a sequence
of n input bits has an even number of 1’s [4,2]. It is a difficult classification
problem for GP, especially for increasing n.

The inter-twined spiral problem is a well-known benchmark problem from
the field of neural networks. Two inter-twined spirals are used to generate two
sets of points, each with 97 members (three complete revolutions at 32 points
per revolution, plus endpoints) [5]. The goal is to evolve a computer program
that takes as input the x, y coordinates of a point and correctly decides which
spiral the current point belongs to.

The division operator used for this problem (see Table 1) is protected; the
value ten thousand will be returned if the divisor is less than 0.000001. Iflte is
the standard If Less Then Else function. The first two arguments are evaluated
and are used to determine whether the value of the third or fourth argument
is returned. Gtan() is a sigmoid function for tangent. It is frequently used as a
transfer function in artificial intelligence. The formula for gtan() is

a, b and c are arbitrary constants that define the shape of the function. In
general gtan is a version of tan with the undefined points smoothed out by the
sigmoid curve.

The goal of the symbolic regression problem is to reconstruct a mathematical
function using a set of sample data points. The symbolic regression problem
corresponds to many real world problems in which we want to find a function to
describe a limited set of actual data and predict future data. Our target function
is a sin wave in the range 40 evenly distributed points are used for the
training set.

The experiments use a generational GP. Table 2 summarizes the GP’s pa-
rameters. Table 3 summarizes all of the function sets that we tested for this
paper. The results obtained with each set are discusses below.
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4 Results

All of the results described below are for the average of 50 trials. In all cases
where the results from two different functions sets are reported as being either
the same or different this conclusion is based on a Student’s two-tailed, t-test,
with a threshold probability of 0.05. E.g. the probability that two results are the
same when they are reported as being different (or vice versa) is less than 5%.

4.1 Results for the Even-N-Parity Problem

Set F1, using all of four functions, is the reference set for the even-n-parity
problem. Initially we compared it to the sets: F1, F2, F3 and F4 (see Table 3).
Figure 1 shows the average fitness of all programs for each of the function sets.
(For all of these problems fitness is measured in terms of error, so lower is better.)

Figure 1 shows that F1 and F3 have the best results. F4 and F2 perform sig-
nificantly worse than F1 and F3. F3 and F1 perform equivalently even though F3
doesn’t include AND. There are two possible explanations; AND does not con-
tribute to the solution or AND is equivalent to another function (most likely OR).

From these results we hypothesized that there are three function groups for
this problem: {NOT}, {XOR}, and {AND, OR} and that the best performance
would result from selecting one function from each group. To test these hypoth-
esizes we ran functions sets F5, F6 and F7. If our hypothesis is correct F5 should
have the same performance as F3; F6 and F7 should have the same results as each
other but worse than F5 because they don’t include XOR. The results (shown
in Figure 2) support our hypothesis. F5 has the same performance as F3 and F6
and F7 have the same performance as each other confirming that AND and OR
belong to the same function group. If AND and OR were in different groups the
results for F3 and F5 and for F6 and F7 would be significantly different.
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Fig. 1. Average fitness (error) for the Even-N-Parity problem using function sets F1,
F2, F3, and F4.

Fig. 2. Average fitness (error) for the Even-N-Parity problem using function sets F3,
F5, F6, and F7.

F4 has better result than F6 or F7. So, NOT combines with XOR better than
with AND or OR; NOT and XOR interact effectively. This results is significant
because it shows that functions from different function groups have different
contributions to GP performance.
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Fig. 3. Average fitness (error) for the inter-twined spirals problem using function sets
F2, F3, F4 and F5.

4.2 Results for the Inter-twined Spirals Problem

For the spiral problem, we used three general types of functions: arithmetic (plus,
minus, times, divide), trigonometric (sin, cos, tan, gtan) and conditional (iflte).
Based on the results with the even-n-parity problem, we hypothesized that there
are three or four function groups for this problem, corresponding to the function
types, i.e. {+, -, *, /}, {sin, cos, tan, gtan} and {iflte}. Possibly, the first group
will separate into two groups: {+, -} and {*, /}.

Out initial test consisted of sets F2, F3, F4, and F5 (see Table 3) to identify
whether the trigonometric functions belong to the same group. Figure 3 shows
the results of experiments. They support the hypothesis that the trigonometric
functions belong to the same group.

Next we tested gtan to determine whether gtan also belongs to the trigono-
metric group. We compared set F6 to and F1, replacing tan with gtan. The
coefficients a, b and c determine the shape of gtan. So, we performed the ex-
periment several times using different values for these coefficients. The results
support the conclusion that that gtan() belongs to the trigonometric function
group. This is significant because gtan is not a ‘pure’ trigonometric function and
suggests that the function groups are fairly broad.

However, these results didn’t provide enough information to support the
conclusion that only sin, cos and tan belong to the trigonometric function group,
that it is not a subgroup of any other groups, and that iflte belongs to a separate
function group. To test these hypotheses, we compared sets F7, F8. and F9. If
our hypothesis is correct (i.e. the second group includes only sin, cos, tan and
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Fig. 4. Average fitness (error) for the inter-twined spirals problem using function sets
F1, F7, F8 and F9.

gtan and that iflte belongs to a separate group), then F7, F8 and F9 should
have different results. Additionally, these sets should perform worse than F1
because they only include functions from some of the groups. Set F9 should have
the poorest performance because it only includes functions from the {+,-,*,/}
group(s). F7 and F8 should perform differently because F7 include trigonometric
functions, but not iflte and F8 includes iflte, but no trigonometric functions. We
can not predict in advance which of F7 or F8 will perform better because we do
not know the relative value of the trigonometric functions versus iflte. Figure 4
shows the results of this experiment.

The results show in Figure 4 support our grouping hypotheses. F7, F8 and
F9 each have significantly different performances, which are significantly worse
than F1.

The remaining question is how to divide the four arithmetic functions {+,
-, *, /}. Either they are in the same function group or they form two or more
groups. A reasonable alternative hypothesis is that one group includes {+, -},
the other group includes {*, /}. We tested sets F9, F10 and F11. If {+,-,*,/}
can be divided into two groups then F10 should have worse performance than
F9 because set F10 does not include a function from the purported {*, /} set and
F11 should have the same performance as F9. Figure 5 shows the result of this
test. The hypothesis that the arithmetic functions form two groups, {+,-} and
{*, /}, is clearly supported.

The relationship of the eight functions seems clear. They can be divided into
four function groups: Group1 {+, -}, Group 2 {*, /}, Group3 {sin, cos, tan,
gtan()} and Group 4 {iflte}. There is negligible interaction between functions in
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Fig. 5. Average fitness (error) for the inter-twined spirals problem using function sets
F9, F10 and F11.

Fig. 6. Average fitness (error) for the inter-twined spirals problem using function sets
F1, F12 and F13.

the same function group. There are distinct interactions between functions from
different function groups. It appears that the optimal function set includes one
function from each group. Thus, two optimal function sets for the inter-twined
spirals problem (at least when draw from our eight functions) are F12 {+, *,
sin, iflte} and F13 {-, /, tan, iflte}. Figure 6 shows the results for sets F1, F12
and F13.
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Based on a Student’s t-test sets F12 and F13 do not produce significantly
different results, but F1 does perform significantly poorer. Thus, over selection
of functions (too many from each function group) can degrade performance.

Results for the Symbolic Regression Problem4.3

Preliminary results confirmed that a function set include division and tan per-
formed very poorly on the symbolic regression problem (results not shown) even
though a perfect solution can be generated using these functions.

From the experience of function classification for the even-n-parity and spi-
rals problems, we hypothesized that the six functions we chose for symbolic
regression, {+,-,*,/,tan, can be divided into three groups: {+, -}, {*, /}
and tan}. To test the validity of this hypothesis, we tested sets F6, F7,
F8 and F9. We avoided combining division and tan because we already know
that the combination performs very poorly. If our hypothesis is correct, F6, F7,
F8 and F9 should have the same performance because each of them includes at
least one function from every function group.

The results (not shown) do not completely support the hypotheses. F6, F8
and F9 have the same performance, supporting the groupings {+, -} and
tan}. However, F7 performed significantly worse than F8. So, division and times
are not in the same function group. In fact, division appears to degrade perfor-
mance on this problem.

However, the version of protected division used here (which is consistent with
our earlier work) returns ten thousand if the absolute value of the divisor is less
than 0.000001. A possible disadvantage of this protected function is that it still
could create a big output that is far away from sin’s domain. So, we reran the
previous test using a protected division that returns one. Better methods than
protection do exist to handle functions with asympotes (see for example [3]).
However, protection is still a commonly used technique and thus we chose to
experiment with it.

F7 with the modified division performs equivalently to F6 and F8 (results
not shown). So, the reason for division’s poor performance in previous work was
the inappropriate protection rule. For this problem / and * are also in the same
function group.

5 Conclusions

These results show that for a given problem functions can be separated into
function groups. In general, the function set that includes one function from
every function group has the best performance; performance may be degraded
if too many functions are included from the same group, because the additional
functions unnecessarily increase the size of search space. Our results also show
that some groups have more important and obvious contribution than others.
Thus, in choosing functions it makes sense to consider the more important func-
tion groups first. Although we did not observe it in these experiments, it is
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reasonable to assume that there is also one ‘non-functional’ functional group
that includes all of the functions that do not contribute to a solution.

Our results show that the function grouping for one problem is often the
same as for other similar problems that use the same functions. For example, we
found that {+, -} belong to the same group for the inter-twined spirals problem
and the symbolic regression problem. This rule should be useful for function
selection for novel problems that are similar to problems with known function
groups.

Based on the results of our experiments, the most appropriate function set
for a given problem is a minimal function set: one that selects one and only one
function from each function group. This supplies the necessary functions while
minimizing the search space. The experiments using function sets F1, F12 and
F13 for the inter-twined spirals problem are a clear example of the advantage
of minimal function sets. It is worth noting that we used a relatively simple GP
for symbolic regression; Keijzer has suggested a significantly more sophisticated
and successful approach to symbolic regression problems [3]. An important next
step is to determine whether similar results hold for this and other approaches.
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Abstract. Using Genetic Programming difficult optimization problems
can be solved, even if the candidate solutions are complex objects. In such
cases, it is a costly procedure to correct or replace the invalid individuals
that may appear during the evolutionary process. Instead of such post-
processing, context-free grammars can be used to describe the syntax of
valid solutions, and the algorithm can be modified to work on derivation
trees, such that it does not generate invalid individuals. Although tree
operators have the advantage of good parameterizability, it is not trivial
to construct them correctly and efficiently.
In this paper an already existing method for derivation tree evolution
and its extension towards attributed derivation trees are discussed. As
the result of this extension the operators are not only faster but they
are easy to parameterize, moreover the algorithm is better guided, thus
it can converge faster.

1 Introduction

In a usual setup for optimization problems the set of possible solutions S is de-
scribed by a set of representations R. In general only a part of S, namely
contains the valid solutions. These solutions are produced by evaluating the rep-
resentations in In a common EA the operators work on the representations,
which implies they may lead out of (as it is outlined in Figure 1). In such
cases the validation fails, thus the representation has to be corrected or thrown
away. This, usually requires a lot of time. Another option on avoiding invalid
individuals can be the restriction of the genetic operators. This, however, may
cost the simplicity and randomness of the operators beside the need of a not
negligible time. A third possibility is extending the set to be closed under
the genetic operators. This approach is followed, for example, by Koza [1], to
allow LISP-expressions to be crossed at any point. However, extending to
results in the extension of to as well, and this is usually not allowed.
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Fig. 1. Common setup for optimization with EA

Our solution used in [2] follows the second approach – the restriction of
operators – but keeps simplicity, low costs, and randomness. In order to ensure
that during the evolutionary process solely valid individuals, in our case words
of a context-free language, are generated the evolutionary operators are not
applied directly on the words, but on their derivation trees instead. Thus the
operators are simple tree operators where the random tree generator is biased by
the underlying context-free grammar. This way every generated derivation tree
represents a valid derivation based on the grammar, which implies its frontier is
an element of the given language. Furthermore, several attributes are attached
to the nodes of the derivation trees, such that the speed and the ability to
parameterize the operators will be increased.

We proceed as follows. First, an overview of formal grammars is given. Af-
terwards, in Section 3 a method for evolving derivation trees is discussed. In
Section 4 the derivation trees are extended with attributes and the appropriate
genetic operators are outlined. In the last sections the analysis and the exper-
imental results of these operators with respect to their asymptotical costs are
detailed and conclusions are drawn.

2 Basics of Formal Grammars

In the followings we briefly summarize the basics of formal grammars and lan-
guages. For a detailed description the interested reader might check [3,4], or any
basic level textbook.

Context-Free Languages. In this terminology an arbitrary, finite, non-empty
set of symbols is considered as an alphabet. A finite sequence of symbols from
an alphabet is called string or word. The notation stands for the (infinite)
set of all strings over including the empty string 1 whereas
The subsets of are called languages. A context-free language (cfl) denoted
by is generated by a context-free grammar G, which means that the
elements of L(G) must fulfill the structural requirements described by G.

1 Another usual notation for the empty word is

,
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Fig. 2. An example for derivation trees

Context-Free Grammars. Context-free grammars (briefly cfgs) are the most
widely studied class of formal grammars (cf. Chomsky [5]) due to their expressive
power and simplicity. A cfg is defined as a 4-tuple where N and

are finite, non-empty sets of nonterminal and terminal symbols, respectively.
The finite nonempty set contains the rewriting rules in
the form of while denotes the start-symbol. A string of
belongs to the language L(G), iff it can be gained by rewriting the start-symbol
S according to the rules in P. Thus

where denotes a derivation, that is a finite sequence of rewriting steps.

Derivations and Trees. Formally a rewriting step or immediate derivation
of a string based on an appropriate rule is defined
as the substitution of A in by the right side of the rule, It is denoted
by The derivation is then the transitive closure of the immediate
derivation relation.

The derivation trees (in the sequel dts) are widely-used to represent deriva-
tions based on a grammar. As depicted in the Figure 2, the leaves of a dt represent
terminal symbols of while the internal nodes of the dt stand for nonterminal
symbols of N. Having a node in the dt that is labeled by X and its children are
labeled by respectively, express that at this point of the derivation
rule was applied. Consequently, the frontier of the dt, that is
the leaves read in left to right order, gives the derived word.

3 Evolving Derivation Trees

In the real world there are many optimization problems where the solution has to
fulfill certain syntactical requirements beside a minimum or maximum criteria.
In many cases these requirements can be described by a cfg, thus the evolutionary
process can be interpreted as a search for a certain element of the generated cfl.

In the area of grammatical evolution (GE, [6,7]) bitvector representation and
the usual GA bitvector operators are used for evolving elements of a cfl. The
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Fig. 3. Methods for evolving elements of a context-free language

outline of this approach is depicted in Figure 3(a). The words of the language are
represented by bitvectors, which specify preorder derivations. Some encodings,
however, yield an infinite derivation.

In our proposed method outlined in Figure 3(b) derivation trees are evolved,
and the candidate solutions, that is the generated words of the context-free
language, can be found in the frontiers of these trees.

The individuals of a population are described by derivation trees and spe-
cial operators that always produce derivation trees are defined over them. This
ensures that the search space of the evolutionary algorithm is restricted exactly
to the elements of the given cfl. Thus an additional syntactical check for “le-
gal solutions” is unnecessary. This also implies that additional costs like those
emerged from the derivations in case of bitstrings do not occur at all. Though
this method works with large and complex individuals, the costs of the operators
may be kept low, and storing more information in the structures may be used
to improve the evolutionary process.

Whigham [8] also represents the individuals as derivation trees and applies
the operators on them. His limitation is, however, that the operators can not
be parameterized, only by global parameters can they be influenced. Strongly
typed genetic programming (STGP) defined by Montana [9] also uses modified
operators, but on parse trees representing expressions. The results are similar,
but it is applicable only on a narrower domain.

Random Tree Generator3.1

Since randomly generated trees are needed both for the initialization and for the
evolutionary operators, the random tree generator (briefly rtg) is a key part of
the algorithm. The rtg is designed to create a random derivation according to
the given cfg starting at a certain node of a dt. This node is randomly selected
by a genetic operator. In general the rtg proceeds as follows: it randomly picks
up an applicable rewriting rule, that is one with the nonterminal referred by the
selected node on the left side, and applies it. The same procedure is performed
recursively to each nonterminal symbol on the right side of the rule. The tree
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Fig. 4. Mutation for derivation trees

generation terminates when every nonterminal symbol has been derived. It is
apparent that a dt generated this way might be arbitrary large leading to an
undesired side-effect of the operator. Therefore, it is preferable to set a limit
on the growth of the dts and let the rule selection mechanism of the rtg be
influenced by this criterion resulting in dts within this limit.

3.2 Mutation

As in the case of regular genetic programming [1], mutation replaces a subtree as
depicted in Figure 4(a). A two-point mutation can also be defined, it can be seen
in Figure 4(b). When two-point mutation is applied, a subtree of the removed
tree is inserted back. This operator replaces two syntactically connected, but not
necessarily neighboring parts of the word. It is often useful or even necessary,
to restrict the size (depth, breadth or both) of the removed and the inserted
subtree, such that the mutation remains a local operator.

3.3 Crossover

One-point and two-point crossovers are defined as for GP, but the swapped
subtrees must share the same nonterminal symbol in their roots. As with the
mutation, the sizes of the involved subtrees may be restricted in the case of a
crossover as well.

3.4 Costly Procedures in Derivation Tree Evolution

The first look at these genetic operators might suggest that they have signifi-
cantly higher costs than those applied on bitvectors due to tree operations, like
removing or inserting a subtree. But in general the costs of these operators can
easily be kept low by using a pointer-based implementation. So they contribute
only a small fraction of the expenses of a genetic operator. The major part is
made up by the random node selection and the random tree generation.



Improving Grammar-Based Evolutionary Algorithms 213

To randomly select an element from a vector is a trivial task, only a random
number has to be generated, and the appropriate element can be selected in
constant time. A tree can also be transformed into a vector by visiting each
node, but the traversal itself requires linear time. Moreover, the random node
selection can be constrained by certain subtree properties. This might suggest
that to find the candidate nodes the traversal of the whole tree is necessary, thus
a significantly better algorithm for the selection cannot be designed. Yet, it is
possible, as it will be discussed in the next section.

Another time-consuming operation is the random tree generation. This prob-
lem has two sides. On the one hand random tree generation means that complete
dts have to be built by deriving words from given nonterminals. On the other
hand a derivation has to be done anyway, and the generation of a random sub-
tree in the case of a mutation, for example, means less computational cost than
creating a complete dt.

Subtree deletion and insertion are lightweight operators themselves, but when
additional information is stored in the nodes, this information must be updated,
and thus traversing the whole tree may be necessary. Deeper examination of this
case is also subject of the next section.

4 Attributed Derivation Tree Evolution

In the previous section we have described the guidelines of the dt evolution and
discussed some of the incurring costs. In the following we show that it is be
beneficial if information on the dt or on the context of an arbitrary node (for
example its parent node or its subtree) can be accessed in constant time. Namely,
it facilitates guided node selection, faster fitness calculation and operators with
reduced time-consumption.

4.1 Attributed Derivation Trees

It is clear that such information has to be kept up to date. The only question is
how to realize that without additional computational costs.

The answer is quite straightforward: specifying attributes, sort of variables
holding the desired information, in the framework of the grammar. Assigning
the attributes directly to the symbols of the cfg implies that the attributes will
appear in the nodes of the dts as well, since the nodes of a dt represent symbols
of the cfg in a context of a rewriting rule. Furthermore, the evaluation rules of
the attributes are also defined in the scope of the rewriting rules yielding that the
values of the corresponding attributes in a dt may depend solely on attributes
in its close context, that is on the attributes of the parent, the children or the
neighbors. This extension of the cfgs is based on the attribute grammars [3,10].

Nevertheless, these dependencies may still be very complex, so in this paper
it is assumed that there is no kind of dependency between neighboring nodes,
attributes only in the children may influence attribute values of a node. An
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often used example for such an attributed derivation tree is when the depth of
the subtree rooted at a given node is stored.

The definite advantage of letting the attributes be described by the grammar
is that their evaluation can be carried out by the rtg. Thus, without any extra
computation the genetic operators can get access to information that is stored
in the attributes. Note that although the rtg ensures that the attribute values
of a newly generated sub-derivation tree are correct, attributes depending on
changed nodes still have to be updated.

4.2 Random Node Selection

Finding an element in a search tree needs logarithmic time. One can adapt this
algorithm for random node selection in dts, such that instead of using a search
key, random decisions are made to build a path from the root T down into the
tree.

A silly algorithm would choose the target of the next step randomly from the
node and its children. Selecting the node itself means the search ends, and the
given node is the randomly selected node. When a child is selected, the search
is continued in the subtree of the child. The the probability of selecting a child

 of X, that is making a step is

assumed that node X has children. This means each subtree has the same
probability to be selected, independently from its size. This is obviously not what
we want, because to nodes in smaller subtrees proportionally higher probabilities
are assigned. However, this outbalanced search can be resolved by giving weights
according to the sizes of the subtrees rooted at the nodes. The size of a subtree
is defined as usual, it is the number of the nodes in the subtree, which can also
be computed recursively. Namely, the size of a subtree is the sum of the sizes of
its subtrees plus one, that is

Using this measure, the probability of making a step is

In this way, the probability of selecting a given node from the root T through
a path is the following:
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That is each node in the tree has the same probability to be selected. Further-
more, the path always descends through the children, thus the maximal length
of this path is equal to the depth of the tree, which in turn is logarithmic with
respect to the number of nodes. Since the value S(X) depends only on
where  is a child of X, S(X) can be used as an attribute, and as such, it is
available for no costs when selecting a node in the attributed dt.

Often, however, not every node is a possible candidate. In case of derivation
trees, for example, no mutation or crossover may happen at the leaves. Such
restrictions must be taken into consideration during the node selection as well.
Therefore, if C(X) denotes the number of the candidate nodes in the subtree
rooted in X, and  is 1 when X is a candidate, otherwise 0, then

It is easy to see that in this case the probability of a node to be selected is
either 0 or 1/C(T), that is equally distributed on the set of candidates in the
tree. Furthermore can be computed as an attribute as
well, similarly to S(X).

This concept can also be generalized further, when the condition is not
a binary value, but a non-negative real number indicating that some nodes have
higher probabilities to be selected than others. Nevertheless, the computation
schema remains the same. As an example, consider a selection criteria, where the
depth of a subtree is required to be greater than its breadth. This can be realized
by defining to be 1 whenever depth > breadth, otherwise 0. But, it can also
be generalized, such that Thus trees having large
depths compared to their breadths will have higher probability to be selected
and replaced. Note that this can be achieved without significant additional costs.

As it was seen a logarithmic random node selection can be constructed only
by using some additional attributes in the nodes. However, these and the other
attributes have to be maintained, first by the random tree generator and then
by the operators. This is detailed in the next two sections.

4.3 Random Tree Generation

During the evolutionary process, for the sake of low cost operators, it is assumed
that the correct attribute values are present in the nodes. Thus, when a ran-
dom tree is generated either for initializing the population or for operators like
mutation, the rtg must initialize the nodes with correct attribute values. This
can be done simultaneously to the tree generation, thus without significant ad-
ditional costs, because the evaluation functions of the attributes are attached
to the rules of the cfg. Using these functions the attributes are evaluated right
after the generation of a subtree. This has another advantage, namely by means
of the attributes the random tree generation can be parameterized as well, for
example to restrict the size of the created trees.



216 S. Zvada and R. Ványi

Replacing Subtree4.4

By examining the evolutionary operators, one can conclude that besides random
node selection and random tree generation, the third base operation is sub-
tree replacement. Mutation replaces a subtree with a randomly generated one,
crossover replaces it with a subtree from another tree. Usually subtree replace-
ment is a cheap operation, but when using attributes, the values of these almost
always become invalid and they must be updated.

Fortunately attributes depend only on the attributes of the children. There-
fore they influence the attributes only of their parents. Thus update can be
done by traversing the path from the node back to the root, that is going on
the randomly selected path in the reversed direction. Since attributes in a node
can be computed in constant time, this yields an algorithm with a logarithmic
time-consumption, similarly to random node selection.

5 Usages of Attributes

As it was shown in the previous section, using attributes one can construct a
random node selection that needs not linear but only logarithmic time. The
tree operators themselves will be slower, however not worse than logarithmic.
Thus the accumulated time-consumption of an evolutionary operator that is
composed of random node selection and a tree operator, decreases from linear
to logarithmic.

When the tree already has a given set of attributes, one can extend this set
without increasing the asymptotical time-consumption. These attributes can be
then used in many different ways to guide, extend or enhance the evolutionary
algorithm. Some possibilities are mentioned in the following.

Parameterized Operators. When several attributes are stored in the nodes,
the operators can use these as parameters to change their behavior, for example
exchanging subtrees over a given size may be prohibited, or replacing balanced
subtrees can be restricted. In these cases the number of the nodes in the subtree
and the depth-breadth ratio have to be stored as attributes, respectively.

Fast Frontier Recovery. The frontier of a subtree can be used as an attribute,
thus the word represented by the derivation tree can be recovered in constant
time, although with an increased memory-consumption.

Faster Fitness Calculation. Sometimes it is possible to calculate a partial
fitness value for subtrees. That is certain factors of the fitness function may be
precalculated. If these values are stored as attributes, the fitness calculation may
be carried out faster, and the recovery of the frontier of the tree might become
completely unnecessary.
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Protecting Building Blocks. When one can restrict the operators via pa-
rameters, it is also possible to restrict or even prohibit the replacement of one
or more subtrees. That is certain building blocks that seem to have great con-
tribution on the fitness may be protected, and other subtrees having smaller or
no contribution may be promoted for replacement.

6 Results

Our proposed method, which evolves attributed derivation trees, was analyzed
theoretically and practically as well.

Analysis of the Operators. In Table 1 the asymptotical costs of the operators
with respect to the size of the object used for representation can be seen. As
discussed previously, most of the operators for attributed derivation trees have
logarithmic costs. Only the random tree generation is worse, but fortunately
it is used only for initialization and for generating random subtrees, which are
usually much smaller than the individuals themselves.

String representations are usually fast, because their size is relatively small.
However, recovering the represented solution does need a linear time with respect
to the derivation steps, which is usually asymptotically equal to the size of the
solutions. The main difference between strings and trees is that by applying an
operator, the string representations completely loose the represented solutions,
that is the derived word. Thus using strings a complete derivation is always
necessary. In contrast to that trees only loose a small part of the derivation.

Experimental Comparisons. In our experiments 12 populations with 1000
trees in each were generated using a fixed tree depth from 5 to 16. The running
times needed for 1000 random node selections were averaged over each of these
populations. Three node selection operators were examined. The first one is
the original version, which inserts the nodes into a vector and selects a node
randomly. The second one, the random path, is introduced in Section 4.2 and the
last one is the same as the second one, but with the additional costs of updates.
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Fig. 5. Running times

Fig. 6. Logarithmic running times

The running times with respect to the breadth, that is the size of the represented
solution can be seen in Figure 5 (a) and scaled in Figure 5(b). The running
times on a logarithmic scale are plotted against the breadth in Figure 6 (a) and
against the depth in Figure 6(b). From these figures it is obvious that though our
proposed method dramatically reduces the costs for the evolutionary operators
in practically useful cases, even if additional parameters are used.

7 Conclusion

In this paper the operators needed for evolving attributed derivation trees were
introduced. Using attributes

the operators can be carried out faster: in logarithmic time instead of linear,
they can also be parameterized, thus the evolution can be guided, and
the fitness calculation can be made faster.
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One of our future plans is to test these operators on several problems, using
various kinds of attributes and compare them with other methods like STGP
or GE. Since the attributed derivation trees are already introduced, it would be
interesting to use attribute grammars instead of context free grammars. They
are more powerful, can describe more complex objects, and the methods, oper-
ators introduced in this paper may be applied on them without any significant
modifications.
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Abstract. Predicting the three-dimensional structure of proteins is a
hard problem, so many have opted instead to predict the secondary struc-
tural state (usually helix, strand or coil) of each amino acid residue. This
should be an easier task, but it now seems that a ceiling of around 76%
per-residue three-state accuracy has been reached. Further improvements
will require the correct processing of so-called “long-range information”.
We present a novel application of genetic programming to evolve high-
level matrix operations to post-process secondary structure prediction
probabilities produced by the popular, state-of-the-art neural network-
based PSIPRED by David Jones. We show that global and long-range
information may be used to increase three-state accuracy by at least 0.26
percentage points – a small but statistically significant difference. This is
on top of the 0.14 percentage point increase already made by PSIPRED’s
built-in filters.

1 Introduction

Proteins are believed to fold to their native states through a process driven by
both local sequence preferences and the consequences of long-range interactions
which form along the way, for example during formation. Currently,
secondary structure prediction (SSP) techniques predict, at best, about 76% of
residues correctly into one of three states: helix, strand or coil. This quite re-
spectable level of performance can be seen as a reflection of the importance of
local sequence information in the formation of structure – the predictors get op-
timal results when fed information from a sequence window of ±7 residues only.
However it is generally agreed that substantial advances in SSP will require
long-range information to be incorporated effectively. In the last few years, a
number of efforts have been made in this direction[12, for a review], but it seems
difficult to break the 76% ceiling. Very recently however, Meiler and Baker[9] ex-
tracted long-range information from predicted three-dimensional structures, and
fed this back into their secondary structure predictor. For proteins smaller than
150 residues, they report a substantial improvement in SSP accuracy (around
4-5%), although the computational demands are very high (many hours) for each
prediction.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 220–229, 2004.
© Springer-Verlag Berlin Heidelberg 2004



Evolved Matrix Operations 221

Here we explore a more modest approach in which we post-process (and
hopefully improve) existing secondary structure predictions from the program
PSIPRED[4] with the aid of long-range information. While connectionist ma-
chine learning techniques, like the neural networks (NNs) used in PSIPRED,
have been shown to be the most effective way to map local sequence information
into secondary structural state, we propose that a more rule-based approach
may be best for the purpose of post-processing. For example, nearly all proteins
obey this simple rule: they have either zero or strands (because unpaired
strands cannot exist in isolation). For input data, we may choose between using
symbols or continuous variables. We chose the latter, because it is easy to take
a 3 × N matrix of helix, strand and coil “probabilities” (for each protein of N
residues) directly from PSIPRED. See the left side of Figure 1 for an overview of
PSIPRED. Our aim is to produce a set of rules/operations/filters that transform
these matrices so that they produce better predictions. Genetic programming[7,
for an introduction] (GP) is a convenient tool for this task, since it can produce
solutions of varying size and complexity, and we do not have to make many
assumptions about the nature of the solution.

Although the idea of evolved matrix operations was introduced to GP some
time ago by Montana[10], we have found only one practical application in the
literature[6]. Although high-level data manipulation libraries and languages, such
as MATLAB, are designed to make life easier for human programmers and sci-
entists, they should also be useful in GP. In this work we claim to be the first
to integrate such a data language (namely PDL) seamlessly into GP. We should
also point out that another GP system, GPLAB[13], also has the potential to
work on matrix data types using MATLAB operators, although as currently
provided it handles only scalars.

The following section describes the datasets used to benchmark our post-
processors and our novel approach to matrix-manipulating GP. In Section 3
we present some necessary preliminary results concerning discrete filtering of
secondary structure predictions. We then investigate the “added value” of long-
range information by performing local and global averaging on the inputs for GP
runs which evolve matrix transformations. We show that this averaging leads to
an improvement in SSP accuracy of around 0.22 percentage points (which is
significant when compared to no averaging). The results also suggest an upper
limit of about 150 residues to the extent of long-range interactions. Finally, by
combining multiple post-processors we can make improvements of at least 0.26
percentage points compared to standard PSIPRED on our datasets.

2 Methods and Data

2.1 Training Data

When benchmarking structure prediction methods it is of critical importance to
ensure that the methods have not become good at predicting just one partic-
ular group of proteins (unless membership of that group can also be predicted
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Fig. 1. Fictional example showing the flow of data through the standard PSIPRED ap-
proach (left side) and through our evolved matrix transform() and symbolic filter()
functions (right side). MAX(H,E,C) represents the simple function which converts a
3 × N matrix of real values for helix, strand and coil into a string of H,E and C characters
respectively according to the maximum value for each residue.

confidently). In supervised learning there is the further complication that per-
formance can be overestimated if test-set proteins are related in some way to
proteins used for training. We avoid these problems firstly by taking proteins
from an ASTRAL [2] subset of protein domain sequences of known structure
from SCOP[11] release 1.55. Within this subset, no pair of sequences share more
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than 10% identical amino acids after being aligned with each other. This is a
stringent cutoff which counters the over-representation problem, but we go fur-
ther and ensure that our training and testing sets do not contain more than 10
members of the same SCOP superfamily (these are believed to have common an-
cestry) . Finally, and most importantly, we ensure that no members of the same
SCOP superfamily are present in both training and testing sets. The result is a
training set containing 911 domains and a test set with 477 domains. The data
is available on request from the authors. Unless otherwise stated, each run uses
a unique training set of 500 randomly selected domains (from the original 911
training domains), and performance figures are calculated for the entire test set
(for individuals selected on the basis of training performance).

2.2 Baseline PSIPRED Predictions

We used PSIPRED[4] version 2.3 with default parameters to generate our base-
line secondary structure predictions. PSIPRED uses PSI-BLAST[1] to find sim-
ilar sequences in a sequence database (we used the set of non-redundant se-
quences called “nr”, downloaded from the NCBI on 22 July 2002). PSIPRED
takes the positional amino acid frequency matrix generated by PSI-BLAST as
input, and outputs the prediction in horizontal and vertical format. We need
the vertical format file (“.ss2” suffix) because it contains the raw NN outputs
for each secondary structural state. The vertical format file also contains the
“final” three-state prediction which does not correspond exactly to the maximal
network output, but is instead the result of applying PSIPRED’s filtering rules
(discussed in Section 3.1) to the network outputs.

Three-state SSP accuracy is most often reported as the fraction of correctly
predicted residues in the entire dataset, and is denoted Q3. We use the DSSP
program[5] in the same way as Jones[4] to objectively define the “correct” sec-
ondary structure from 3D coordinates. The baseline PSIPRED Q3 values for the
training and test sets used here are 79.89% and 78.69%. It is not surprising that
these Q3 values are higher than the widely reported 76%, because our training
and test sets are likely to include the same or similar proteins that were used
to train the PSIPRED NNs. This unavoidable overtraining should not affect our
results, because it is consistent across all our data.

2.3 GP Implementation

We have used the open-source PerlGP system [8] in this study. It has a tree rep-
resentation, is strongly typed, and evolves programs which follow a user-defined
grammar. Because the evolved code is evaluated by the Perl interpreter, we can
include calls to the powerful Perl Data Language[14] (PDL) with no extra work.
The grammar provides production rules for a piece of Perl code containing two
subroutine definitions: transform()and filter(). Prior to fitness evaluation,
each individual converts its genome to a string of code and evaluates it (with
Perl’s eval()), thereby redefining these two functions for that individual. During
fitness evaluation, these two functions are called (from a non-evolved function)
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on data for each protein in the training set. The final result is a secondary struc-
ture prediction, which is sent to the fitness function. Figure 1 outlines the flow
of data and demonstrates how our fitness measure, is calculated simply as
the difference in correctness between our prediction and the original PSIPRED
prediction:

PerlGP’s default parameters were used throughout (including population size
2000 and tournaments of 50 individuals of which the fittest 20 reproduce), except
for crossover and mutation rates, which were set to 1/100 and 1/200 events per
node, respectively. In all cases, duplicate runs were performed for fixed times (see
Section 3) in parallel on “identical” machines on a Linux cluster. No migration
between populations was allowed unless otherwise stated.

2.4 PDL and Evolved Matrix Manipulation

PDL[14] is one of a number of high-level numerical data manipulation languages,
of which MATLAB is perhaps the best known. These languages allow effortless
use of arithmetic, trigonometric, and other functions on multi-dimensional arrays
of data. The arrays are treated just like scalars, in syntactic terms. For example,
if is a 100 × 100 × 100 floating point array, then operations like

are possible. In this case, operations are performed element-wise and
the result is an array with the same dimensions as Routines are usually also
available for manipulating the matrix dimensions, slicing, rotating, and so on.

For a number of reasons, Perl is highly inefficient at doing calculations on
large arrays. This prompted a group of mostly astrophysicists to develop the
PDL Perl library so that large arrays could be stored compactly and manipulated
easily. The guts of PDL are coded in C (like many Perl modules) and it is very
fast.

An outline of the evolved transform() function is shown in Figure 2(a).
This is where the evolved matrix operations are performed using PDL. The
function inputs one or more 3 × N PDL variables, initialises a 3 × N “memory”
or register matrix (with the zeroes method), makes a copy of the first input, and
then manipulates this copy (and the memory array) before returning the result.
The inputs are described in more detail in Section 3. The grammar guiding the
generation of the PDL manipulating code is explained in Figure 2(b), and a piece
of code from a best of run individual is given in Figure 2(c).

The reader should note that the grammar used here does not allow arbitrary
matrix arithmetic in the sense that submatrices of different sizes are manipulated
(the application does not seem to need this). PerlGP could be used to evolve
PDL code for such manipulations however, as long as safeguards were put in
place to handle dimension incompatibilities (as in [6]).

3 Results and Discussion

3.1 Symbolic Filters

In the following sections we will be evolving the transform() function to manip-
ulate the matrix of NN outputs from PSIPRED, with the aim to produce better
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Fig. 2. Generating the PDL transform() function. The basic layout of the function is
given in (a). The “evolved statements” are generated initially by following production
rules from a grammar similar to the one outlined in (b) which is given in Backus-Naur
form. The grammar is heavily edited for brevity – for example, all standard arith-
metic operations are allowed (not just the element-wise multiplication shown). Note
in particular that the rotate_vert() function allows access to neighbouring residue
information. In (c), an example of evolved contained in transform() is given.

predictions. In PSIPRED, the final prediction is not a simple winner-takes-all
transformation of the NN outputs, but involves a few hand-coded niters to clean
up some of the noise (which would produce infeasible secondary structures). One
of these filters involves the NN outputs, while the others are boolean rules to
flip the secondary structure (of a lone strand residue surrounded by coil or helix,
for example). Unfortunately, it is not possible to re-use PSIPRED’s filters in
this study (even though the source code is available) because the transformed
matrices are not guaranteed to be in the range 0 to 1, and the filter using NN
outputs might not function as intended.

Instead we used GP to find a usable set of symbolic filters (i.e. discrete state
transitions) based on Perl’s search-and-replace function (see Fig. 3(b) for an
example of the type of filters which could be evolved). We investigated the effect
of allowing different numbers of evolved filters. The results are summarised in
Figure 3(a). The filter() function chosen for use in the rest of this study
(and shown in Fig. 3(b)) performs very similarly to PSIPRED’s filters
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Fig. 3. GP is used to find search-and-replace rules to “clean up” raw PSIPRED output,
(a) Mean final fitness values after 2h, 15 runs each) for training and test sets
are shown for different fixed numbers of filters and for runs where the number of
filters was variable/evolved. On the test set, unfiltered PSIPRED output would give

Before overtraining becomes a problem, our symbolic filters almost
reach which we believe is satisfactory. (b) The evolved filter used in
subsequent experiments

3.2 Evolved Transforms and Long-Range Information

Global and local means. In Section 1, the cooperativity of formation
was discussed, and it was suggested that if the number of predicted strands is
very low, then those strands may be incorrectly predicted. In practice though,
perhaps the number of residues in predicted strands is more relevant, or maybe
the real-valued PSIPRED NN outputs. Our previous unpublished work suggested
that the global mean of each PSIPRED NN output was possibly more useful than
element-based or residue based information. Back then, our approach was too
slow to allow enough data to be gathered to do a proper statistical analysis.
Now, with fast, evolved PDL transforms we can perform enough runs to test the
null hypothesis that using the mean PSIPRED data makes no difference at all.

But does a global mean make sense from a protein point of view? Natural
proteins often contain multiple domains, that is, subunits which can fold inde-
pendently and may have been swapped around during evolution. are
rarely shared between domains, and the domains within a protein may have
sharply contrasting secondary structural content. Furthermore, very long-range
contacts are rare: in our set of training proteins, only 3.2% of intramolecular con-
tacts (including strand-strand pairings) are made between residues more than
300 residues apart. Because it is not always possible to split a sequence correctly
into sub-domains prior to SSP, local averaging has also been investigated using
various window sizes.

A series of GP runs were performed using the filter() function derived in
Section 3.1 (and shown in Figure 3(b)), and an evolved transform() function
taking two inputs, the raw PSIPRED output and a locally or globally averaged
version of the same data. The averaging is done separately for helix, strand and
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Fig. 4. Locally averaged PSIPRED out-
puts are given as input for GP evolved
transform() function. The mean test set
fitnesses from 50 runs are shown
for various windows sizes. Averaging is
applied either once, 16 times, or not at all
(as a control). The results using a globally
meaned input are also given. Local means
do not perform significantly better than
the global mean at the 5% level (see text),
despite the possible peak around window
radius 150.

coil in a circular fashion (wrap-around ends). In one set of runs, the second
input was identical to the first (no averaging). For each configuration, mean

over 50 runs after 6h was calculated on the test set data using the final
best-of-tournament individuals (selected on training fitness).

The somewhat noisy peak in Figure 4 suggests that applying a local mean
with radius 150 to the raw PSIPRED outputs could give better results than
applying a global mean. We have two estimates of for each input treatment.
They are, with standard deviations, 0.234% (0.0423) and 0.219% (0.0482) for
local mean (150 residue window radius) and global mean respectively. A two-
sided gives the result from which we conclude that the difference
between the two means is not significant at the 5% level. Iterated local
averaging using smaller window radii gives similar results to global averaging
(see also Fig. 4). Because our data originates from the mainly domain-based
SCOP database, it is possible that more conclusive results could be obtained
using datasets containing more multi-domain proteins. Interestingly, the peak at
150 agrees quite well with the mean size of the proteins in our training set (169
residues). With either local or global means, the improvement in Q3 after 6h is
significantly greater than that obtained using untreated inputs

Majority post-processors. We performed 50 GP runs for a longer time (24h)
using the whole training set (previously this was sampled, see Section 2.1). The
inputs were treated with a local mean with window radius 150. Overtraining was
judged not to have occurred. The 50 best-of-final-tournament post-processors
have a mean of 0.242% on the test set and 0.264% on training (further
details in Table 1). We combine all the post-processors, good and bad, into one
using majority voting (at each residue position). The resulting post-processor
has a of 0.30% on test data, and 0.26% on training. From this we conclude
that on a large unseen data set would be approximately 0.26–0.3%.

Put into perspective, however, a 0.3% increase corresponds to just one “im-
proved” residue in every 333 – less than one residue per protein on average!
Indeed, there are 122 proteins in our test set which undergo no change in Q3 at
all. Figure 5 shows a histogram of the non-zero per-protein values over the
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Fig. 5. Histogram of for 477 test set
proteins using a majority predictor which
uses 50 individuals evolved for 24h. The
bins are the rounded integer values of per-
protein The solid bars indicate pos-
itive changes, the dashed bars indicate
a negative change, and the 122 proteins
with zero change in Q3 are not shown.

test set. Many larger changes occur in the positive direction, and these are not
restricted only to the shorter proteins (for which large changes are more likely).
For example, for the SCOP domain d1g73a_ (157 residues) there is a 10.8% rise
in Q3 (from 67.5% to 78.3%).

Per-state accuracy. If we measure the contribution made by each type of
secondary structure to the 0.3% increase in Q3 we see (in Table 1) that only
the prediction of helix and coil residues are improved, at the expense of strand
accuracy (strand residues comprise only 20% of proteins on average). It would
clearly be desirable to have a post-processor which made small improvements
in all three states. We have performed preliminary experiments with modified
fitness functions to encourage this. So far we have evolved a majority post-
processor with
The modified fitness landscapes seem to be harder to search but we anticipate
better overall solutions.

4 Final Remarks

We have made a small but statistically significant increase in SSP accuracy, as
measured by Q3 on our test set, using evolved post-processors for PSIPRED
which make use of long-range information (global and local averaging). Indis-
putable evidence that we have actually improved SSP could only come from
extensive blind testing, such as in the EVA continuous evaluation experiment [3].
Because a typical end-user would not appreciate a 0.26% increase in Q3, this
work should be viewed as the first of a number of steps on the path to better SSP
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by post-processing. In future work we will provide GP with higher-level matrix
manipulation functions, such as window averaging functions (here we applied
them offline), or Fourier transforms. We also plan to incorporate other sources
of information, including contact map predictions.
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Abstract. The aim of this paper is to prove the effectiveness of the
genetic programming approach in automatic parsing of sentences of real
texts. Classical parsing methods are based on complete search techniques
to find the different interpretations of a sentence. However, the size of
the search space increases exponentially with the length of the sentence
or text to be parsed and the size of the grammar, so that exhaustive
search methods can fail to reach a solution in a reasonable time. This
paper presents the implementation of a probabilistic bottom-up parser
based on genetic programming which works with a population of partial
parses, i.e. parses of sentence segments. The quality of the individuals
is computed as a measure of its probability, which is obtained from the
probability of the grammar rules and lexical tags involved in the parse.
In the approach adopted herein, the size of the trees generated is limited
by the length of the sentence. In this way, the size of the search space,
determined by the size of the sentence to parse, the number of valid
lexical tags for each words and specially by the size of the grammar, is
also limited.

1 Introduction

The syntactic structure of a sentence represents the way that words in the sen-
tence are related to each other. This structure includes information on how words
are grouped, about what words modify other words, etc. The syntactic structure
is needed for later processing in very different applications, such as extracting
information from documents, translating documents from one language into an-
other, and also to extract the meaning of the sentence. Accordingly, it would be
very interesting to be able to perform parsing in an automatic manner.

However, nowadays parsing is still a difficult task which often produces in-
complete or ambiguous structures. Because some observations and experiments
[1] suggest that human parsing does not perform a complete search, as tradi-
tional parsers do, it can be worthwhile to investigate other alternative search
methods with heuristic and random components.

The application of Genetic Programming (GP) [2] to this problem is very nat-
ural, since GP is an evolution-based search method which processes a population
* Supported by projects TIC2003-09481-C04 and 07T/0030/2003.
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of hierarchical structures, or trees, which is the most common and clear represen-
tation of a parse. Furthermore, probabilistic grammars provide a way to define a
measure of the performance of a parse as a probability. Context Free Grammars
(CFG)

1

, which represent sentence structure in terms of what components are
subparts of other components, are the basis of most syntactic representations
of language. The structure of the sentence according to one of these grammars
is usually represented as a tree. Probabilistic context free grammars (PCFGs)
[3,4,5,6], obtained by supplementing the elements of algebraic grammars with
probabilities2, represent an important part of the statistical methods in com-
putational linguistics. They have allowed important advances in areas such as
disambiguation and error correction, being the base for many automatic parsing
systems. PCFGs for parsing are automatically extracted from a large corpus [7].

This paper presents the implementation of a probabilistic bottom-up parser
based on genetic programming which works with a population of partial parses,
i.e. parses of sentence segments. The quality of the individuals is computed as a
measure of its probability, which is obtained from the probability of the grammar
rules and lexical tags involved in the parse. In the approach adopted herein, the
size of the trees generated is limited by the length of the sentence. In this way,
the size of the search space, determined by the size of the sentence to parse,
the number of valid lexical tags for each words and specially by the size of the
grammar, is also limited.

Probabilistic grammar-based genetic programming has been previously pro-
posed [8] to incorporate domain knowledge to the algorithm and also to reduce
the bloat phenomenon, resulting from the growth of non-coding branches or in-
trons in the GP individuals. This approach that has been proved effective in
other problems is particularly suitable for the parsing problem, in which the
domain knowledge is the very grammar of the language. In our case, the ini-
tialization step does not represent a problem because the initial population is
composed only of trees corresponding to grammar rules of the form lexical tag

word, and is limited by the length of the sentence and the lexical tags (noun,
verb, etc.) of its words. Furthermore, individuals contains no introns, since only
valid parse trees are allowed. The price to pay is the design of more complex
genetic operators which only produce valid parses.

Evolutionary Algorithms (EAs) have already been applied to some issues
of natural language processing [9], and to parsing in particular. In [10], parse
trees are randomly generated and combined. The fitness function is in charge of
assigning low probability rates of surviving to those trees which do not match
the grammar rules properly. This system has been tested on a set of simple

1 A CFG = (T, N, S, R) is defined by a set of terminals, T, a set of nonterminals,
N, an initial symbol and a set of rules, is a sequence of
terminals and nonterminals).

2 A PCFG is defined as a CFG along with a set of probabilities on the rules such that
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Fig. 1. Examples of individuals for the sentence. The new promotion manager has
been employed by the company since January +, 1946 +, as a commercial artist in the
advertising department +.

sentences, but the size of the population required to parse real sentences with
real grammars, as those extracted from a linguistic corpus, is too large for the
system to work properly.

The rest of the paper is organized as follows: Section 2 describes the GP
parser, including the main elements of the algorithm. Then Section 3 presents
and discusses the experimental setup. The paper ends with some conclusions
and perspectives for future work.

2 The Algorithm

Parsing a sentence can be sought as a procedure that searches for different ways of
combining grammatical rules to find a combination which could be the structure
of the sentence. A bottom-up parser starts with the sequence of lexical classes of
the words and its basic operation is to take a sequence of symbols to match it to
the right-hand side of the rules. We obtain the grammar from a large collection of
hand-processed texts or corpus in which grammatical structure has already been
marked. Apart from the probabilistic grammar and the genetic parameters, the
input data of the algorithm are the sentence to be parsed and the dictionary from
which the lexical tags of the words can be obtained along with their frequencies.

Let us now consider each element of the algorithm.

2.1 Chromosome Representation

An important issue in designing a chromosome representation of solutions to a
problem is the implementation of constraints on solutions. There are two main
techniques to handle this question. One way is to generate potential solutions
without considering the constraints, and then to penalize them to reduce their
probability of survival. Another way to handle constraints consists in adopting
special representations which guarantee the generation of feasible solutions only,
and also in defining genetic operators which preserve the feasibility of the solu-
tions. Parsing can be formulated as the search in the set of trees constructed over
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the grammar alphabet (terminals, P, and nonterminals, N, symbols) of those
which satisfies the constraints of the grammar rules. Thus, we can consider any
of the two mentioned alternatives to handled this constraint problem.

The first alternative has been adopted in [10]. Though this method works for
simple sentences, when we consider real sentences and real grammars extracted
from a linguistic corpus, the search space of trees is too large for the GP system
to reach a solution in a reasonable amount of time. Accordingly, the algorithm
presented herein follows the second alternative.

Individuals in our system are parses of segments of the sentence, that is,
they are trees obtained by applying the probabilistic CFG to a sequence of
words of the sentence. Each individual is assigned a syntactic category: the left-
hand side of the top-level rule of the parse. The probability of this rule is also
registered. The first word of the sequence parsed by the tree, the number of
words of that sequence and the number of nodes of the tree are also registered.
Each tree is composed of a number of subtrees, each of them corresponding
to the required syntactic category of the right-hand side of the rule. Figure 1
shows some individuals for the sentence The new promotion manager has been
employed by the company since January +, 1946 +, as a commercial artist in the
advertising department +., used as a running example, which has been extracted
from the Susanne corpus. We can see that there are individuals composed of a
single word, such as 1, while others, such as 3, are a parse tree obtained by
applying different grammar rules. For the former, the category is the chosen
lexical category of the word (a word can belong to more than one lexical class);
e.g. the category of 1 is AT1. For the latter, the category is the left hand-side of
the top level rule; e.g. the category of 3 is Ns.

Initial Population. The first step to parse a sentence is to find the possible
lexical tags of each word. They are obtained, along with their frequencies, from
a dictionary. Because parses are built in a bottom-up manner, the initial pop-
ulation is composed of individuals that are leave trees formed only by a lexical
category of the word. The system generates a different individual for each lexical
category of the word. In order to improve the performance, the initial population
also includes individuals obtained by applying a grammar rule provided that all
the categories of the right-hand side of the rule are lexical. The individual 2 of
Figure 1 is one such example.

2.2 Genetic Operators

Chromosomes in the population of subsequent generations which did not appear
in the previous one are created by means of two genetic operators: crossover
and cut. The crossover operator combines a parse with other parses present in
the population to satisfy a grammar rule; cut creates a new parse by randomly
selecting a subtree from an individual of the population.

At each generation genetic operators produce new individuals which are
added to the previous population that in this way is enlarged. The selection
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Fig. 2. Example of application of the crossover operator. Individual 1, whose syntactic
category is AT1, is randomly selected for crossover. The rule JJ NNlc P is
selected among those rules whose right-hand side begins with AT1. Finally, the popu-
lation is searched for individuals corresponding to the remaining syntactic categories
of the rule, provided its sequence of words is appropriate to compose a segment of the
sentence.

process is in charge of reducing the population size down to the size specified as
an input parameter. Selection is performed with respect to the relative fitness of
the individuals, but it also takes into account other factors to ensure the pres-
ence in the population of parses containing words that can be needed in later
generations. Elitism has also been included to accelerate the convergence of the
process. The evolutionary process continues until a maximum number of gener-
ations have passed or until the convergence criterion is reached. This criterion
requires to have reached a complete parse of the sentence which does not change
during a specific number of generations.

Crossover. The crossover operator produces a new individual by combining an
individual selected from the population with an arbitrary number of other ones.
Notice that the crossover in this case does not necessarily occurs in pairs. The
individuals to be crossed are randomly selected. This selection does not consider
the fitness of the individuals because some grammar rules may require, to be
completed, individuals of some particular syntactic category for which there are
no representatives with higher fitness.

Let us assume that the individual 1 of Figure 1 is selected. The syntactic
category (label of the root) of this individual is AT1. The next step requires
selecting among the grammar rules those whose right-hand side begins with this
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syntactic category, i.e AT1. Some examples from the grammar used in this work
are

etc. Let us assume that we choose the first of these rules. Now, the crossover
operator searches in the population for individuals whose syntactic category
matches the remaining categories at the right-hand side of the rule, and whose
sequence of words is the continuation of the words of the previous individual
(Figure 2). In the example, we look for an individual of category JJ, another
of category NN1c and a third one of category P. The sequence of words of the
individual of category JJ must begin with the word commercial, the one following
the words of individual 1. Accordingly, the individual 2 of Figure 2 is a possible
candidate (likewise, individuals 3 and 4 are also chosen for the crossover). This
process produces the individual 3 of Figure 1 whose syntactic category is the
left-hand side of the rule (Ns), and which is composed of the subtrees selected
in the previous steps. This new individual is added to the population.

With this scheme, the crossover of one individual may produce no descen-
dant at all, or may produce more than one descendant. In this latter case all
descendants are added to the population. The process of selection is in charge
of reducing the population down to the specified size.

Crossover increases the mean size of the individuals every generation. Though
this is advantageous because at the end we are interested in providing as solutions
individuals which cover the whole sentence, it may also induce some problems.
If the selection process removes small individuals which can only be combined in
later generations, the parses of these combinations will never be produced. This
situation is prevented by applying some constraints in the selection process, as
well as by introducing the cut operator.

Cut Operator.  This operator produces a new individual out of another one by
cutting off a subtree of its parse tree at random. The new individual is added to
the population.

The rate of application of the cut operator increases with the length of the
individuals. Accordingly, the application of the cut operator depends on two
parameters, per_cut and threshold_cut. Per_cut is the percentage of application
of cut, while threshold_cut is the minimum number of words of the individual
required to allow the application of cut. It is given as a percentage of the length
of the sentence being parsed.

2.3 Fitness: Chromosome Evaluation

Because the system only constructs individuals that are valid parses of the se-
quence of words considered, we do not need to include in the fitness any measure
of feasibility. Thus, the fitness function is basically a measure of the probability
of the parse. It is computed as the average probability of the grammar rules used
to construct the parse:
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where T is the tree to evaluate, each of its nodes and nn(T) is the number of
nodes. For the lexical category, the probability is the relative frequency of the
chosen tag.

Selection usually replaces some individuals of the population (preferably
those with lower fitness) by others generated by the genetic operators. How-
ever, there are two issues that make selection a bit different in our case. First at
all, our genetic operators include every new individual in the population, which
in this way grows arbitrarily and therefore needs to be reduced to a suitable size.
And secondly, if fitness were the only criterion to select the individuals to be
eliminated, individuals that are the only ones parsing a particular word of the
sentence could disappear, thus making impossible to generate a complete parse
of the sentence in later generations. Accordingly, our selection process reduces
the size of the population by erasing individuals according to their fitness but
always ensuring that each of their words is present in at least another individual.

3 Experimental Results

The GP parser, implemented on a PC in C++ language, has been applied to
a set of sentences extracted from the Susanne corpus [11], a database of En-
glish sentences manually annotated with syntactic information. The probabilis-
tic grammar for parsing has also been obtained from the Susanne corpus

 3

. Each
grammar rule is assigned a probability computed as its relative frequency with
respect other rules with the same left-hand side 4.

In order to evaluate the quality of the obtained parses, we have used the
most common measures for parsing evaluation: recall, precision and accuracy.
They are defined assuming a bracket representation of a parse tree. Precision is
given by the number of brackets in the parse to evaluate which match those in
the correct tree; recall measures how many of the brackets in the correct tree are
in the parse, and accuracy is the percentage of brackets from the parse which do
not cross over the brackets in the correct parse.

A necessary condition for a parser to produce the correct parse for a sentence
is that the required rules are present in the grammar. The Susanne corpus is
annotated with very large sets of lexical and syntactic tags, what leads to a lack
of statistic for many grammar rules, in such a way that many sentences are parsed
with rules which do not appear in any other sentence. Because we are mainly
interested in evaluating a parser, this problem can be circumvented by applying
the parser to sentences from the training corpus. Thus we have tested the parser
on a set of 17 sentences from the training corpus (the average length of the
3

4

where    is the number of occurrences of

In order to simplify the process, those sentences which make reference to elements
outside them (trace sentences) have not been used to extract the grammar
If we are considering the rule of the form  the probability of   is computed
as:
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sentences is 30 words). In order to compare the GP parser with a classic parser,
we have implemented a classic best-first chart parsing (BFCP) algorithm. It uses
a data structure called chart to store partial results of matches already done,
thus avoiding to try the same matches again and again, and explores the high-
probability components first. Table 1 shows the precision, recall, accuracy and
tagging

 5

 results obtained for grammars of different sizes (best results achieved
in ten runs). We can observe that the results of the GP parser improve those
of a classic chart parser for the first grammar. Though these results get a bit
worse when the size of the grammar is enlarged, they can be improved again
by modifying the parameters of the GP algorithm (those employed are suitable
for the grammar of 225 rules). Anyway, the Susanne corpus produces too large
grammars, inappropriate for the GP parser, so we expect to improve the results
by using a more appropriate corpus.

The most remarkable point of the obtained results is that GP is able to reach
a 100% in all three measures, while the probabilistic chart parsing does not reach
this value simply because the correct parse of some sentences is not the most
probable one. In this way the heuristic component of the GP algorithm shows
its usefulness for parsing.

3.1 Studying the GP Parameters

Some experiments have been carried out in order to determine the most appro-
priate values for parameters of the GP algorithm. Table 2(a) shows the results
obtained for different sizes of the population. A population size of 100 is the
minimum required to reach the complete parse of all the sentences in 40 gener-
ations. With this number of generations, enlarging the population worsens the
results. Table 2(b) shows that results improve with the number of generations for
a fixed population size. A number of generations smaller than 30 is insufficient
to achieve the complete parse of all sentences with the parameters chosen.

Other parameters which have been investigated are the rates of application
of the genetic operators. Table 3(a) shows the results for different rates of the
crossover operator and Table 3(b) for different rates of the cut operator. From
Table 3(a) we can observe that the results improve with the crossover rate until
a certain rate (40%). Enlarging the crossover rate beyond this value slightly
5 Rate of words which have been assigned the correct lexical tag
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spoils the results, because higher crossover rates require larger populations, as
the last row of the table shows. Results also improve with the rate of the cut
operator as Table 3(b) shows. Another parameter which has been investigated is
the threshold value of the length of the sequence of words parsed by an individual
to allow the application of the cut operator to it. The best results are obtained
when cut is only applied to individuals which parse a sequence of words longer
than a third of the sentence length. Notice that for all the parameters studied,
there is at least a value for which precision, recall and accuracy are 100%. This
strongly scores for the GP as compared to classical methods.

4 Conclusions

This paper describes a genetic programming scheme for natural language pars-
ing. This parser uses statistical information to select the most appropriate in-
terpretation of an input sentence. This information is given by a probabilistic
grammar as well as by the frequencies of the lexical categories corresponding to
each word. Because this information is automatically obtained from a linguistic
corpus, the parser is language independent.
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The described parser has been applied to a number of sentences, some of
which present some lexical or grammatical ambiguity which can originate multi-
ple parses. In this situation the GP parser has been able to improve the results
of the classical parsers.

The population of the GP parser is composed of partial parses, i.e. parses of
sentence segments, which are always valid. In this approach the size of the trees
generated is limited by the length of the sentence. In this way, the size of the
search space, determined by the size of the sentence to parse, by the number of
valid lexical tags for each words and specially by the size of the grammar, is also
limited. Because the system is devoted to bottom-up parsing, which builds the
parse starting from the words of the sentence, the initial population is composed
only of leave trees, corresponding to the assignment of lexical tags to words. In
this way, the initialization step does no represent a bottleneck. This incremental
approach to build the trees can be applied to other problems in which the size
and composition of the programs to be generated by the GP system are limited.

Future experiments are planned to improve the behaviour of the system in-
cluding the introduction of other genetic operators and the study of other fitness
functions, as well as a possible combination of the parsing problem and the tag-
ging problem of assignment of lexical tags to the words of a text.
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Abstract. In this paper we conduct a comparative study between hy-
brid methods to optimize multilayer perceptrons: a model that optimizes
the architecture and initial weights of multilayer perceptrons; a parallel
approach to optimize the architecture and initial weights of multilayer
perceptrons; a method that searches for the parameters of the training
algorithm, and an approach for cooperative co-evolutionary optimization
of multilayer perceptrons.
Obtained results show that a co-evolutionary model obtains similar or
better results than specialized approaches, needing much less training
epochs and thus using much less simulation time.

1 Introduction

Using artificial neural networks (ANN) requires establishing the structure in
layers and connections between them, the parameters (such as initial weights)
and a set of learning constants. This is followed by a training method, which is
usually an iterative gradient descent algorithm (QuickProp (QP) [7] or RPROP
[22]). When using gradient descent methods the convergence tends to be ex-
tremely slow, not guaranteed, and depends on the learning constants and other
parameters (that must be found heuristically).

Premature convergence and parameter setting problems, have been ap-
proached using several optimization procedures, which can be divided into two
groups: incremental / decremental [1] or evolutionary algorithms [26]. The main
problem with incremental/decremental methods is that they are gradient de-
scent optimization methods, so they suffer the problem that they may reach the
local minimum closest to the search space point where the method started.

Evolutionary neural networks are a more efficient way of searching, how-
ever, the main problem with these approaches is that they usually concentrate
on optimizing only the architecture and the weights, disregarding the learning
constants (number of training epochs and learning parameter), in spite of their
importance.

On the one hand, a low value of the training parameter could make the
convergence too slow and the gradient based algorithm could be trapped in a
local minimum, whereas a high value could make the training algorithm miss
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the global optimum. Several authors propose values for this constant that makes
the algorithm work properly in a wide range of problems [23].

On the other hand, a low number of training epochs (number of times the
training set is presented to the ANN) could not be sufficient to learn the training
data, and conversely a high value could lead to overfitting (the network learns
the training patterns, losing generalization ability).

The generalization ability can vary during the training phase, more over,
the generalization error could reach an optimum and later it grows [11] as the
network is learning certain characteristics not representative of the training set.
Overfitting can be avoided by pursuing the generalization error and stopping the
training phase when a minimum is reached.

Prechelt [21] uses cross-validation to detect overfitting, obtaining small im-
provements on the generalization error. In [25,6] a method to calculate the net-
work generalization ability after the training is proposed, using previously not
presented data. An advantage of this technique is its speed. Early-stopping can
be very effective, nevertheless it is necessary to decide when to stop the training.
A way to carry out this technique is by training the network until it overfits and
then keep the best set of weights found in the training phase.

An efficient way to solve these problems is using evolutionary algorithms
(EA) [26], although in many cases only the network architecture is optimized,
to the detriment of the learning constants. Keesing and Stork’s experiments [12]
show the importance of these parameters, since in an ANN population, training
the networks too little or too much implies very slow evolution, whereas an
intermediate amount usually is optimal. ANN evolution uses a single population
of candidate solutions that encodes all the network parameters.

Several methods [15,18] encode the weights of an individual and learning
parameters (having fixed the number of neurons and connectivity). In both cases,
the representation has the disadvantage of the lack of precision. The method
presented in [14] tries to avoid overfitting coding the number of training times
as a bit string in the individual. Another proposal uses simulated annealing for
searching for the network learning parameters [2].

These methods focus on the optimization part of the network, since the pa-
rameters coded in an individual makes the search space too large. Other authors
propose using co-evolution [17], where several populations evolve separately, and
obtain the individuals fitness by combining several individuals of the other pop-
ulations. This kinds of algorithms [10] can solve optimization problems in a more
efficient way than classic EAs. In addition, the cooperative model is more ad-
equate when the problem can be decomposed into interrelated subcomponents
[19].

Systems proposed by Smalz and Conrad [24] and Moriarty and Miikkulainen
[16] carry out the evolution of two populations: a population of nodes, and
another of networks. Networks are formed by combining neurons of the first
population.

Zhao [27] proposes to decompose a recognition pattern problem in several
functions (one per class) and to assign a module (specialized network) to each
function. The classifier consists of N specialized networks designed by means of
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evolution using several EAs. [28] focus on the problem of evaluation of different
individual populations, applying a co-evolutionary model to the design of radial
basis neural networks.

Garcia-Pedrajas et al. [9] developed SYMBIONT, a model to design sub-
networks (modules), that are combined forming complete networks to solve the
problem.

These methods focus on the search of the architecture and initial weights of
the network, in spite of the importance of the learning constants optimization
[12,5].

This paper continues the research on evolutionary optimization of multilayer
perceptrons (MLPs) (G-Prop method) presented in [3,5], comparing several hy-
brid systems to optimize MLPs. The G-Prop method leverages the capabilities
of two classes of algorithms: the ability of EA to find a solution close to the
global optimum, and the ability of the back-propagation algorithm (BP) to tune
a solution and reach the nearest local minimum by means of local search from
the solution found by the EA.

We propose a co-evolutionary system in which a population of QPs evolve in
parallel with a population of MLPs; thus both the network architecture (network
structure and weights) and the training parameters (number of training epochs
and learning coefficient) are optimized.

The remainder is structured as follows: Section 2 describes the hybrid mod-
els proposed in this study. Section 3 describes the experiments, and Section 4
presents the results obtained, followed by a brief conclusion in Section 5.

2 Proposed Hybrid Models

In this work, we are interested in studying four hybrid systems to optimize ANN,
that search for the network architecture and the training algorithm parameters,
due to the fact that both determine the classification ability and simulation time.

Different models are presented in Figures 1a - 1d, and fully described as
follows:

2.1 Sequential Model to Optimize MLPs

In this first model (Figure 1a), an EA evolves a MLP population, searching for
the best architecture (structure and network initial weights) for a given problem,
trying to optimize the network classification ability.

Usually, an EA needs the individuals to be coded in the chromosomes to be
handled by the genetic operators of the EA. Nevertheless, proposed models do
not use binary nor another coding; but rather initial network parameters (initial
weights and learning rate) are evolved using specific genetic operators (mutation,
crossover, addition of neurons to a hidden layer, elimination of neurons of a
hidden layer, and training the MLP by means of the application of the QP
algorithm).
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Fig. 1. a) Sequential model to optimize MLPs; an EA evolves a MLP population
to search for the architecture and initial weights. b) Parallel EA to optimize MLPs;
several processors evolve (in parallel) MLP populations to search for the architecture
and initial weights. c) Proposed model to optimize the QP training constants; an EA
evolves a QP population to search for the training epoch number and the learning
constant. d) Proposed co-evolutive model to optimize MLPs and QPs; two processors
evolve (in parallel) a MLP population and another population of QPs, that cooperate
to design the MLP and to set the learning parameters.

The fitness calculation takes into account the classification ability and the
network size (small networks that generalize well are searched).

Finally, the training algorithm (QP) parameter values along with the EA
running parameters (generation number, population size, operator application
rates, etc) were set using statistical methods [5].

2.2 Parallel Model to Optimize MLPs

This model (Figure 1b) is based on a parallel system in which the population is
distributed between several EAs (run in several processors).

Each EA conforms to the sequential model described in the previous section
(see Figure 1a). Several processors work in parallel searching for the solution,
sending/receiving population individuals after a certain number of generations
following a ring migration scheme (see [4] for details).
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2.3 Sequential Model to Optimize QPs

In this case (Figure 1c) we propose to study the evolution of the QP algorithm
parameters, trying to minimize the number of training epochs (the fitness cal-
culation time will be smaller, and thus the simulation time too).

Therefore, the EA evolves a population of individuals that encodes the num-
ber of training epochs and the learning constant used to apply the QP algorithm.

Each individual-QP can be mutated (increasing or decreasing the number of
training epochs and/or the learning constant) and can be crossed with others.

In order to calculate fitness, the model randomly generates several MLPs.
Each individual-QP is used to train those MLPs. The fitness value will have
as first criteria the average classification ability on those MLPs, and as second
criteria the number of training epochs.

2.4 Co-evolutive Model to Optimize MLPs and QPs

We propose a system where two species evolve in a co-operative way (Figure 1d):

A population of QPs algorithms evolve to optimize the parameters of the
training algorithm. Each individual encodes, using real number vectors, the
QP parameters (number of training epochs and learning constant), and can
be mutated (increasing or decreasing some of those parameters) and be
crossed with others. This QP, using the specified parameters, is used to
train several MLPs: each generation, the EA that evolves the networks will
evaluate new MLPs; then, a non evaluated individual-QP is sent to train
those MLPs, obtaining the fitness value for those networks and for itself.
The fitness function uses as first criteria the average classification ability
with those MLPs and as second criteria, the number of training epochs (to
minimize simulation time).
A population of MLPs evolve to optimize the architecture and initial weights
of the network. The EA optimizes the MLP classification ability and at the
time it searches for the network architecture (number of hidden units) and
the initial set of weights. This algorithm is identical to the sequential model
to optimize MLPs (see subsection 2.1), although to calculate the MLP fitness,
a QP (taken from the other population) to train the network is used.

Parallel and co-evolutive models were implemented using the SOAP::Lite
module [13] and Perl. SOAP is a standard protocol, proposed by the W3C, that
extends the remote call procedures, to allow the remote access to objects. The
EAs were implemented using the Algorithm::Evolutionary module , available
at http://opeal.sourceforge.net and http://search.cpan.org/author/JMERELO/

Experiments were carried out using up to four processors, whose speeds range
between 500 and 800 Mhz, connected using a 10Mbits Ethernet network.
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3 Experiments

The tests used to assess the accuracy of a method must be chosen carefully,
because some of them (toy problems) are not suitable for certain capacities of
the BP algorithm, such as generalization [8].

In these experiments, the Glass problem was used (taken from PROBEN1
benchmark proposed by Prechelt [20]). This problem consists of the classifica-
tion of glass types. The results of a chemical analysis of glass splinters (percent
content of 8 different elements) plus the refractive index are used to classify
the sample. This dataset was created based on the glass problem dataset from
the UCI repository of machine learning databases. The data set contains 214
instances. Each sample has 9 attributes plus the class attribute.

The main data set was divided into three disjoint parts, for training, vali-
dating and testing. In order to obtain the fitness of an individual, the MLP is
trained with the training set and its fitness is established from the classification
error with the validating set. Once the EA is finished (when it reaches the limit
of generations), the classification error with the testing set is calculated: this is
the result shown.

In order to compare results between models, the sequential EA was executed
using a number of generations and with population size so that the number of
individuals (MLPs) evaluated in each simulation was equivalent to the number
of individuals evaluated in the parallel model.

Thus, whereas the parallel model was run using 1 to 4 populations (EA in a
processor) of 100 individuals, and 100 generations, the sequential versions were
run using 100 to 400 generations and population size of 100 individuals.

The remaining parameter values (population size, selection rate, operator ap-
plication rates, number of training epochs, etc) were found by means of statistical
methods (see [5] for details).

In the 1st (sequential EA to optimize MLPs) and 3rd (parallel EAs to opti-
mize MLPs) models, 300 training epochs were used and 0,1 as learning constant,
whereas in the 2nd (sequential EA to optimize QPs) and 4th (co-evolutionary),
these parameters are optimized by the EA.

Average and deviation values shown in tables of results have been obtained
after 30 simulations for each case.

4 Obtained Results

Obtained results using the EA for MLP optimization are shown in Table 1. We
can see how the classification ability improves and the simulation time grows
as the generations number is increased. This model was presented and used
in previous papers to solve patern classification problems [3], having obtained
better results than other methods.

Obtained results using the parallel model are shown in Table 2. The behavior
is similar to the previous model as far as classification ability is concerned,
although simulation time does not grow. Figure 2 shows the speedup obtained
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Fig. 2. Speedup obtained using the parallel model.

in these simulations. We can see that classification ability and simulation time
can be improved dividing the problem between several processors that work in
parallel.

Obtained results using the sequential model for QP optimization are shown
in Table 3. The classification ability is worse than in previous cases, because in
this one, no architecture or initial weights optimization is carried out (this model
focus on the optimization of the training algorithm learning parameters). As we
can see, the number of training epochs is reduced and thus the simulation time.

Results obtained using the co-evolutive model can be shown in Table 4. The
obtained classification ability is similar to that obtained using other models
(MLP optimization is carried out by the EA). At the time, simulation time is
lower (as in the sequential EA that optimizes QPs) due to the optimization of
the number of training epochs. As can be seen in the last column of the table,
better results (errors) are obtained using a learning constant close to 0.03
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The obtained classification ability using these methods is similar, but for the
sequential EA that optimizes QPs, because no network architecture optimiza-
tion is carried out. On the other hand, simulation time in the co-evolutionary
approach is lower due to the fact that optimizing the number of training epochs
makes the fitness calculation less expensive on average. It can be seen that the
co-evolutionary model obtains MLPs with classification ability similar to others
where the main target is the network optimization.

5 Conclusions and Work in Progress

A comparative study between several hybrid models for MLP optimization (ar-
chitecture, initial weights and learning parameters) has been presented.

We can see the validity of the results obtained with each model:

The sequential model to optimize the MLP architecture and weights obtains
good classification error. Simulation time is slightly higher than in other
models since the training parameters are not optimized.
The parallel version (presented in [4]) obtains similar results to the first
model, however, it needs less simulation time.
The model to optimize the training algorithm parameters improves the sim-
ulation time, obtaining worse classification error since it does not optimize
the network architecture or weights.
The co-evolutionary model minimizes the number of training epochs; this
makes the MLP training phase faster and the simulation time reduces. At
the same time that the QP are optimized, the classification ability improves
due to the MLP optimization.
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It should be interesting to develop and study the behavior of a distributed
co-evolutionary system where a population of QPs and several populations of
MLPs evolve in parallel. This way the space search could be explored efficiently
due to the advantages of the proposed parallel model. At the same time, the
number of training epochs and learning coefficient could be optimized.

We have seen that it is possible to optimize the number of training epochs
avoiding network overfitting. At the same time, simulation time was reduced,
since the fitness calculation is carried out using less epochs.
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Abstract. In this paper, a procedure for system decompositon is de-
veloped for decentralized multivariable systems. Optimal input-output
pairing techniques are used to rearrange a large multivariable system
into a structure that is closer to the block-diagonal decentralized form.
The problem is transformed into a block assignment problem. An evolu-
tionary algorithm is developed to solve this hard IP problem. The result
shows that the proposed algorithm is simple to implement and efficient
to find the reasonable solution.

1 Introduction

Input-output pairing is an effective and simple pre-design technique in improving
inter-channel interactions for multivariable systems. In industrial processes, it
is common to apply input-output permutations in order to associate output
variables to those most effective control variables [4] [15]. The Bristol relative
gain array [2] was one of these examples which based on the open-loop dc-gain
to determine the best pairing for a closed-loop system. Since then many other
interaction measures were proposed to cover wider frequency ranges, such as the
relative interaction array [23], the relative dynamic gains [19], the generalized
relative dynamic gains [11], dominance measures [4] [17] etc.

Various gain array or dominance types interaction measures are frequency
dependent. Therefore the measures are dependent on the individual problem
and the selected frequency range of interest. The gramians based measures are
better alternatives that can be free from the mentioned problems. In [6], the
input-state-output interaction measure matrix W is chosen to be

where P, Q are the controllability and observability grammians of a system with
the state space realization S(A,B,C,0), where

Here the system is assumed to be proper, and satisfying the
following Lyapunov functions:
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where and are the column of the matrix B and respectively. In [21],
the interaction matrix is chosen to be:

However, gramians based measures only covers impulse type input signals.
For other type of control signals, different measures are needed. In this paper,

is a measure on the influence of the to the The matrix
W, that contains the information of the controllability and the observability
of the system, is used to identify those subsystems which are strongly coupled
from those weakly coupled. The objective is to find an optimal input-output
permutations so that we can identify the optimal number of strongly bounded
sub-systems and to re-group the system matrix into a block decentralized form.
If this large system is block diagonal dominant, it can be decomposed into many
smaller sub-systems and a simple block diagonal controller can be employed.
This decomposed structure is useful in many industrial processes when a true
pesudo-decoupled structure are needed. With the newly paired decentralized
system matrix, we can use it to design sub-controllers. In the following sections
of this paper, it is shown that how the pairing problem can be transformed into
a general block assignment problem.

For small multivariable systems, one can often identify the best pairing from
various gain arrays by observation. However, for large multivariable systems, it
is no longer obvious. Fulkerson et al [10] suggested that this kind of problem
could be solved by integer programming because it has far fewer variables than
numerous solved problems in the literature. However, experience shows that they
are not only hard to compute and verify but also complicated for an engineer
without a deep mathematical background. Recent research results showed that
evolutionary algorithms were more and more widely used in solving the various
of assignment problems [1] [9][13][18][22]. Chu and Beasley [1] indicated that
the evolutionary algorithm could be applied successfully to a problem that had
traditionally been associated with the operations research. In this paper, an
evolutionary algorithm is developed for solving the block assignment problems.

2 Input-Output Block Assignment Problem

If the system consists of a number of strongly bounded subsystems while cou-
plings between these subsystems are weak, such special structural properties
can be exploited. If the system is block-diagonal dominant, a large system can
be considered as many independent sub-systems. The decentralized controllers
yielded from such an approach can be smaller in dimension. In addition, these
controllers can be fine tuned independently provided that the dominance condi-
tion is maintained. This special properties is important in many process control
environments when on-line tuning is essential. Permuting rows/columns of W
is equivalent to rearranging output/input variables of the system. This rear-
rangement problem, consists of permuting and partitioning the W matrix, is an
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input-output block assignment problem. Let be the permuted input-output
interaction matrix

where and is the column (input) and the row (output) permutation ma-
trices respectively. Both are 2-dimensional binary matrices with a “1”
in each column/row. can be split into two parts after the partitioning infor-
mation is given;

where and V are the block-diagonal and the off-block-diagonal part of re-
spectively. With this partitions and permutations, the inter-subsystems coupling
can be measured by a dominance measure [20]:

The optimal block assignment problem can now be stated as follows:-

where is the input permutation matrix, is the output permutation matrix,
is the number of row partitions, is the number of column partitions,

is the position of the row partitions and is the position of column partitions.
If the block diagonal matrix is degenerated into a simple diagonal form, the
problem is reduced to a general assignment problem, which is much easier to
solve.[18] [22].        is a hard integer programming problem [10], however, it can
be solved by the evolutionary algorithm. In the following section, an evolutionary
algorithm is developed for solving this problem.

3 Block Assignment Evolutionary Algorithm

3.1 Chromosome Representation

The first step in designing an evolutionary algorithm for a particular problem is
to devise a suitable chromosome representation. In this particular problem, the
representation of a chromosome consists of four genes; i.e.:

i.

ii.

iii.

iv.

Input permutation gene represents the column permutation of the input-
output interaction matrix
Output permutation gene represents the row permutation of the input-
output interaction matrix
Input partition gene represents the number of row partition and the
position of row partition
Output partition gene represents the number of column partition and
the position of column partition
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Fig. 1. The chromosome structure of the input/output interaction matrix

Figure 1 shows the chromosome representation for permuting and partition-
ing the input-output interaction matrix W.

The length of the chromosome depends on the dimension of the input-output
interaction matrix W. For a W matrix with a dimension of both the input
and output partition genes are bits. They are binary strings in which
the value “1” defines a partition at its location. As illustrated in Figure 1, the
value “1” is on the second bit of both of the input and output partition genes.
Thus the partitions are located between the second and the third row/column
of the matrix W. Input and output permutation genes consist of the integer
numbers from 1 to with each number occurring exactly once in the gene.
The integer number in the input and output genes define the row and column
permutation of the matrix W respectively. As illustrated in Figure 1, the row
and column permutation can be represented as and

respectively.

3.2 Fitness Function

The fitness function is a measure of goodness of a solution to the cost function.
In our algorithm, the fitness of each chromosome is related to the cost function

in (6). The dominance measure in (6) involving eigenvalues computation is
time-consuming for large matrices. Hence, its associated measure is proposed to

1 Permutation matrix can be represented as a one-to-one map where I and
J are set of natural numbers without identical elements [14].
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use as the fitness function. The goal of the fitness function can be achieved by
satisfing three objectives:

objective: Maximize the total sum of the elements inside the block-
diagonal matrix

objective: Minimize the total sum of the elements inside the off-block-
diagonal matrix V

objective: Maximize the total number of partitions and

where is the dimension of the input-output interaction matrix W. To achieve
these three objectives, A Parato-based ranking technique [8] is used to evaluate
the fitness of the chromosomes.

3.3 Crossover Operation

For the input and output partition genes, one point-crossover operator is applied.
However, this operator cannot be applied on the input and output permutation
genes, otherwise the matching2 may not be kept. Thus, for the input and output
permutation genes, cycle crossover [16] is applied so as to keep the matching.
This operator is very common in the evolutionary algorithm for the matching
set problem.

3.4 Mutation Operation

For the input and output partition genes, the bit-by-bit mutation operator for
binary string [7] is applied by mutating the gene from “0” to “1” or from “1”
to “0”. For the input and output permutation genes, the mutation operator can
be performed by reordering some region of the gene [12]. For example, consider
a gene where two reordering sites position 3 and position 6, are chosen:

then the newcomer becomes:

2 The bi-graph has a node set V  and a branch set B. The index means
there are n pairs of nodes in the bi-graph. A matching of the graph is a
set of branches such that no two branches of this matching coincide with the same
node and each node has a branch connected to it. Therefore a matching is a minimal
set of branches to form a cover; some of the nodes will be isolated if any branch of
a matching is removed.
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3.5 Evolutionary Algorithm for the Block Assignment Problem

In this paper, an evolutionary algorithm for solving the input-output block as-
signment problem is proposed. We called it as Block Assignment Evolutionary
Algorithm (BEA). Assume that we know the input-output interaction matrix
W, BEA can find the optimal solution of the input/output block assignment
problem as follows:

where is the block-diagonal matrix and V is the off-block-diagonal matrix.
The proposed BEA carries out the following five steps.

Algorithm of BEA: Block Assignment Evolutionary Algorithm
Begin
Step 1: Initialization

Generate a population of chromosomes discussed in Section 3.1
Step 2: Evaluation

Evaluate the fitness on each chromosome based on the fitness
function discussed in section 3.2.

Step 3: Selection
Give more reproductive chances to the population members with
better fitness by performing the roulette wheel selection [12].

Step 4: Reproduction
Reproduction process includes the crossover operations
(discussed in Section 3.3) and the mutation operation
(discussed in Section 3.4).

Step 5: Termination
Stop if a satisfactory solution is reached, otherwise go to Step 2.

End

4 Examples of Block Assignment Problem for MIMO
Systems

Example 1
Let us consider a 5 × 5 input-output interaction matrix

In the proposed BEA, the crossover rate is set at 0.75 and the mutation rate
is set at 0.002. Since the matrix is not too large, the population size is set at 20.
By using BEA, the optimal block diagonal matrix and the off-block diagonal
matrix are found.
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Example 2
Then we consider a a 10 × 10 input-output interaction matrix.

In this example, the population size of BEA is set at 100. By using BEA,
the block diagonal regions which a four-by-four and two three-by-three block
diagonal matrices can be found.
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5 Conclusion

The input-output interaction matrix W has inherited the information of control-
lability and observability of the system, and it is considered as an inter-channel
coupling measure of a multivariable system. Such kind of property is disposed to
solve the block assignment problem which is exploited to decompose a large scale
system into many weakly coupled subsystems. The row and column permuta-
tions on the input-output interaction matrix W are equivalent to rearranging the
output and input variables of the multivariable system respectively. Hence the
inter-channel coupling of the multivariables in the system could be deduced after
permuting the input-output interaction matrix W. Furthermore, a proper parti-
tion of W enables to identify the strongly and weakly coupled sub-systems. Thus
a large multivariable control system can be decomposed into many weakly cou-
pled sub-systems. In this paper, a NP-hard combinatorial procedure for a large
multivariable system is developed. A specified evolutionary algorithm (BEA) is
developed for solving this problem. BEA can perform two tasks, i.e., to find the
optimal partition and permutation simultaneously. The result shows that BEA
is simple to implement and able to find the reasonable solution.
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Abstract. This work addresses the common problem of modeling fitness
functions for Interactive Evolutionary Systems. Such systems are neces-
sarily slow because they need human interaction for the fundamental task
of fitness allocation. The research presented here demonstrates that Ge-
netic Programming can be used to learn subjective fitness functions from
human subjects, using historical data from an Interactive Evolutionary
system for producing pleasing drum patterns. The results indicate that
GP is capable of performing symbolic regression even when the number
of training cases is substantially less than the number of inputs.

1 Introduction

Interactive Evolutionary Algorithms (IEAs) are given their name because of
their need for a user-supplied fitness function. They have found application in
design [1], music [2], art [3,4], and even coffee optimisation problems [5], amongst
others. All IE As that rely solely on a user’s fitness function suffer from what
Biles describes as a “fitness bottleneck” [2]: unlike conventional evolutionary
optimisation systems where the fitness function is known and can be automated
speedily on a computer, IEAs need to have every solution evaluated by a human,
which is a very slow process in comparison.

Attempts to address this issue have been made with varying degrees of suc-
cess, both Biles [6] and Johanson & Poli [7] used neural networks to try to learn
fitness functions in an effort to automate their IEAs for music creation. Other
efforts (specific to the musical domain) have included Towsey’s [8] identification
of musical features that can be objectively defined as a basis for fitness functions
for a GA, and later, Truong [9] used a combination of such features and user
ratings for his system. A more comprehensive overview of the use of evolutionary
techniques for music creation can be found in [10].

This work is a new attempt at the discovery of subjective fitness functions
through the use of an IEA for creating pleasing drum rhythms. A fast Genetic
Programming system for symbolic regression is run on data collected from sev-
eral user-runs of the IEA, with results indicating that GP methods may be of
considerable merit when it comes to modeling human fitness functions.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 259–268, 2004.
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The remainder of this paper is organised as follows; section 2 introduces
the IEA, section 3 gives details about the experiments carried out, both on the
human evaluators and on their data, section 4 discusses the results obtained and
finally, some concluding remarks are made in section 5.

2 Interactive Drumming

In order to investigate whether evolutionary techniques (specifically GP) can
be used for learning user-fitness functions, a suitable problem was chosen: the
evolution of pleasing drum rhythms. Simple rhythms are relatively easy to rep-
resent using a Genetic Algorithm, yet there can also exist a large amount of
diversity (and thus quality) in the sounds produced. The Interactive Drumming
Evolutionary Algorithm (IDEA) was built for this purpose.

The IDEA breeds a population of simple drum patterns towards fitter states
through the use of a human-guided fitness function. An initial population of 12
drum patterns is created and presented to the user, who in turn listens to each
pattern and allocates a score, particular to his or her taste. Once all individuals
have been rated, the user proceeds to the next generation and repeats the process
with an evolved set of patterns. This process continues until the user is satisfied
with the quality of the patterns created.

2.1 Representation and Initialisation

The mechanism behind the IDEA is a simple genetic algorithm [11] using fit-
ness proportionate selection, 1-point crossover and bitwise mutation. Each drum
pattern is represented as an 80 bit binary string, which is transformed into a
sequence of MIDI events [12] that can be sounded using a drum machine or soft-
ware synthesizer1. An example drum pattern created from a bitstring is shown
in Figure 1; each of the five 16-bit segments making up an individual are trans-
formed into 16 “ticks” of a drum pattern for a specific instrument. Each set of
16 ticks can be thought of as a bar in musical terms; by default, four bars of
each pattern are played back to the user for evaluation.

The initialisation process imposes a certain degree of order on each member
of the population. In the initial generation, each pattern has:

either ride cymbals or closed hi-hats on every tick or every second tick
open hi-hat cymbals only sounding before snare drum sounds
all other events randomly created

With most drum patterns across virtually all styles of music, the defining char-
acteristics tend to centre on the placement of the snare, bass drum and (to a
lesser extent) open hi-hat sounds, while the closed hi-hat and ride cymbals are
usually used to give patterns a continuous feel. The purpose of the initialisation
used here is to jump-start the evolutionary process so that all patterns start

1 The synthesizers used here were the deluxe soundbank provided with the Java Run-
time Environment, and a Roland TD8 Sound Percussion Module.
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Fig. 1. Individuals are broken into five 16-bit segments and transformed to midi events
that can be sounded by the synthesizer. The lower part of the figure shows a “piano-
roll” representation of a simple drum pattern. Users of the IDEA have the option to
introduce their own changes to evolving patterns through a piano-roll interface.

out with this continuous feel built in. It can also be viewed as a time saving
measure; with all events created at random, it can take a significantly larger
number of evaluations to get patterns to sound like actual drum beats. With hu-
man users acting as fitness functions, “fatigued distraction” becomes an issue,
where the users quickly tire and their reactions become increasingly inconsistent
in a surprisingly short period of time. This meant that time was very costly and
had to be kept to a minimum. After initialisation, however, evolution is free to
take patterns in any direction, guided by the user, so if irregular patterns are
preferred, they can easily come about.

2.2 Clone Replacement

Early experiments with the IDEA settings indicated that the system was suf-
fering from premature convergence, as the population quickly became saturated
with a single pattern, or a set of almost identical patterns. In an effort to deter
this from happening, and to give users more freedom to explore the space of
possible patterns, the IDEA was extended to incorporate a clone-replacement
strategy. After selection, crossover and mutation, each pattern in the population
is assigned a checksum value based on the positions and counts of the events it
contains. Individuals with identical checksums are then tested for equality and
clones removed, for example if a group of identical individuals is found within
the population, of these are replaced with freshly created patterns (using
the initialisation rules) before being presented to the user as part of the next
generation.

2.3 Data Collection

As users proceed from one generation to the next, a record of the genetic makeup
of each pattern and the score allocated to it is kept in a history file. Later we
will see how the history data from users is used as input to a GP system for
symbolic regression.
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3 Experimental Setup

This section describes how data from user runs of the IDEA was collected from
human evaluators and subsequently analysed using GP.

3.1 Obtaining the Data

Unlike many experiments involving evolutionary algorithms where a batch of
runs can be set off on a computer and left unsupervised until they are completed
with the results neatly tabulated, the experiments carried out here relied on the
input of human evaluators. Since no well established dataset for this type of
study was publicly available, it was necessary to gather our own dataset for
experimental purposes. Nineteen subjects2 were each given one hour in which
to carry out three tasks: complete a questionnaire, perform an “odd-one-out”
test and finally, perform the IDEA run. Note that in many studies involving
human subjects and computers, typical figures for the number of participants are
quite low and it is often acceptable to use four or five subjects for experimental
purposes [13].

The questionnaire asked for the following details from the subjects:

age and gender
if they would consider their hearing to be normal
if they are musicians, if so, what level (novice, intermediate, expert)
level of knowledge of music theory (on a scale of 1–5)
favourite radio station
preferred style of music

The purpose of the odd-one-out (or Triangle3) test was to establish each
subject’s ability to tell the difference between similar patterns. For each trial
of the test, the subject listened to three drum patterns, two identical and one
slightly different and was then asked to choose the odd-one-out. The odd-one-
out in each trial of this test differs to the other two by one bit in each 16-bit
segment. All subjects were given the same set of patterns for this test, although
the location of the odd-one-out was different for each user to prevent subjects
from collaborating on the answers. Subjects were given approximately 10 minutes
to carry out a maximum of ten trials.

With the remaining time in the session, subjects were then presented with the
IDEA and asked to perform one run of as many generations as was comfortably
possible. A summary of the data collected from the above experiments is given
in Table 1. It is worth noting that working with human subjects almost always
means that something unforseen will happen. For example, it was hoped that all
subjects would carry out the odd-one-out test, and evaluate fifteen generations
2 All subjects were graduate students from either a Music Technology or Interactive

Media course, and paid for their time rather than the quantity and/or quality of
data they produced.

3 Similar to that carried out in [9]
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worth of drum patterns at the very least, but, unfortunately, two subjects were
either unable or unwilling to do the test, and very few managed to get past
fifteen generations.

3.2 Analysing the Data

The results from the odd-one-out test were used to split the subjects into four
groups as follows:

Those that performed 6 or more evaluations and acheived a score greater
than 0.75 (Group 1)
Those that performed 6 or more evaluations and scored between 0.55 and
0.75 (Group 2)
Those whose results from the odd-one-out test were unknown (Group 3)
Others, who either scored less than 0.55 or performed less than 6 evaluations
(Group 4)

The following experiments will only deal with members of groups 1 and 2
as these are the subjects that we feel are most likely to give consistent results.
Furthermore, we know the least about groups 3 and 4, making it difficult to
draw conslusions about how GP fares ar learning their functions.

Analysis of the history data gathered from each subject focused on the last
four generations; of these, three generations were used for training with the
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final generation used for testing. Tests were performed on both raw and filtered
history data.

The raw data was created by taking each boolean value from the 80 bit
segment representing a pattern and converting each bit into a numerical value
(0.0 or 1.0). For training, 36 cases of 80 variables and 1 target were used. Testing
data (the final generation) consisted of 12 cases.

Domain-specific filters were designed and applied to the history files to reduce
the number of input variables to 7 using:

Average distance between closed hi-hat events
Average distance between ride cymbal events
Number of bass drum events
Distance between first and last bass drum events
Number of snare drum events
Distance between first and last snare drum events
Proportion of “correct” open hi-hat events4

Variables and are used to give an indication of the level of continuity within
a pattern, while variables through focus the bass and snare drum events,
which we regard as the defining characteristics of the patterns. The number of
such events coupled with the distance between first and last events helps to give
an idea of the level of clutter within each pattern. The last variable gives a
measure of correctness of the open hi-hat cymbal events; in general these events
immediately precede snare drum events across a variety of music styles.

As with the raw data, filtered training data consisted of 36 cases with 12
cases used for testing5.

Symbolic Regression. The experiments carried out used a fast GP system for
symbolic regression that uses interval arithmetic and linear scaling [14]. The sys-
tem employs a steady state algorithm, tournament selection, subtree crossover
and node and branch mutation. Replacement is carried out via an inverse tour-
nament. For each dataset, 30 runs were carried out using varying numbers of gen-
erations from 10 to 200. Training performance is calculated using Mean Squared
Error:

Where and are vectors of actual targets and predicted values respectively.

Testing Performance. After each run on the training data, best of run is
applied to the testing data. The actual fitness score, is classified, as either bad

okay or good as is the predicted score,
4 a correct open hi-hat event is judged (by this function) to be one which occurs one

tick before a snare drum event, as is commonly found in most drum patterns.
5 All data files are available at http://bds.ul.ie/danc_egp04/
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The performance measure, S, is then calculated as the proportion of successful
classifications.

For each data set, two variations of parametric settings were applied. The
first used a restricted function set consisting of only, and the second
used a larger set of functions,
Crossover was applied at a rate 100% and children created always undergo either
node or branch mutation.

4 Results

Results from the symbolic regression experiments on the raw data are shown
in Tables 2 and 3, while Tables 4 and 5 show the corresponding results from
experiments on the filtered data.

Overall, we can see that GP does have the capability to learn the fitness
functions, although there is room for improvement in certain cases. Recall that
members of group 1 are those that scored highest in the odd-one-out test, and
are more likely to be able to distinguish between patterns good, bad and okay.
In 3 out of 4 cases, a higher group average is achieved for group 1, indicating a
dependency between GP’s ability to learn the functions and the subjects’ ability
to tell patterns apart.

Results from both datasets (raw and filtered) using the larger function set
show a slight improvement when using the raw data, indicating that a combina-
tion of the summary information provided by the filters and an increased set of
functions may hinder fitness function discovery. Furthermore, results for group
1 using the reduced function set show a higher group average using the filtered
dataset, which supports this assertion.

5 Conclusions and Future Work

This paper has introduced the use of GP as a new method for discovering subjec-
tive fitness functions from an Interactive Evolutionary Algorithm. Results have
indicated that GP can be successful at performing this task, although we suspect
that the degree of this success depends greatly on the quality and consistency
of the data generated by human evaluators.

There are a number of potential future directions for this research, the first
of which will involve the derivation of more useful filters from a more focused
study of the successful functions produced from the raw history data. Secondly,
it is hoped to build a more complex IEA comprising a larger set of instruments
(not limited to percussion) that involves on-the-fly learning of fitness functions
using GP during the course of the IEA run.

The fact that GP was capable of performing meaningful symbolic regression
on real and extremely noisy data is pleasing, if somewhat surprising. Future
work will examine other non-linear learning systems, such as a Support Vector
Machine [15], to see how it performs on this data.
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Abstract. Recently, a new technique that allows Genetic Programming
to save computing resources has been proposed. This technique was pre-
sented as a new operator acting on the population, and was called plague.
By removing some individuals every generation, plague aims at compen-
sating for the increase in size of individuals, thus saving computing time
when looking for solutions. By means of some test problems, we show
that the technique is also useful when employing a parallel version of
GP, such as that based on the island model.

1 Introduction

Evolutionary Algorithms (EAs) have been applied to solving optimization prob-
lems for several decades. This kind of stochastic techniques are usually em-
ployed when the search space features a large size, so that enumerative methods
and other classical search techniques are not helpful. Despite their success, re-
searchers know that computational resources required for solving difficult prob-
lems, is sometimes prohibitive. This has led to applying efforts to both studying
the nature of the algorithms -and the way they work- and also developing new
techniques for reducing the computational effort that is required when looking
for solutions to problems. If we focus on Genetic Programming (GP), researchers
have had to face the problem of bloat. This problem has been deeply studied ([4]),
and basically consists of the growing of individuals as generations are computed.
The consequence is that computational effort required for evaluating individu-
als progressively grows as new solutions are generated. Different authors have
described and evaluated different reasons that give rise to this effect ([9], [10]).
Nevertheless, the problem is not only present in GP, but also in any other EA
in which variable size chromosomes are employed.

Researchers have offered during the last few years several proposals aimed at
preventing such an inordinate growth ([4]), including the application of multiob-
jective techniques to GP, in such a way that both size of individuals and fitness
are balanced [8]. Nevertheless all of these solutions focus on individuals’ size and
none of them consider the global problem of population growth as a whole.

During the last year, a new proposal for saving computing resources in GP
has been proposed. The idea consist of removing some individuals as generations

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 269–278, 2004.
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are computed, so that, even in the presence of bloat, computational resources
that are required remains constant. This proposal was first presented in [13]
and was later described in [2] and [11]. Similar proposals were also described by
Monsieurs [15] and Luke [16].

In this paper we try to apply this proposal to a well-known parallel version
of Genetic Programming, Parallel GP based on the Island Model. The idea is
to test whether it can also save computing effort when using this model. The
Island Model -as well as other parallel models- has been proved to be effective
for finding better fitness values than the panmictic version of the GP algorithm
[12]. The idea now is to maintain the quality of solutions, while at the same time
we reduce the required effort for obtaining them.

This paper is structured as follows: section 2 presents the plague operator
and also some arguments supporting its usefulness. Section 3 describes some
results obtained using plagues and Parallel GP, and section 4, studies how the
systematic suppression of individuals from the population affects phenotypic and
genotypic diversity. Finally we offer our conclusions in section 5.

2 The Plague Operator

Individuals are usually encoded by means of trees in GP. Although there are
other possibilities, Koza’s influential work has favoured the use of this structures
[7]. Individuals tend to vary in size and complexity when they are generated using
genetic operators and variable-size structures -such as trees. There are some
reasons that cause large individuals in GP to survive with higher probability
than smaller ones [9], [10]. The result is that individuals tend to increase their
size as they are evolved, and this is known as the bloat phenomenon. GP is thus
affected by the bloat problem.

In previous research, we found that a possibility for fighting bloat at the
population level -instead of establishing some kind of control at individual level-
was to use the plague operator in the population. Plagues work as follows: Some
individuals are cyclically removed from the population after a number of gener-
ations. Several policies could be employed for selecting individuals to be deleted,
although the simplest one chooses bad individuals, according to some criteria,
such as their fitness value or size. Our starting point was the panmictic model,
and the plague was thus applied to only one population [2].

We are trying now to extend the operator to a parallel version of GP: the
island model. We want to know if the operator is also useful when using that
model.

The search for solutions by means of Evolutionary Algorithms usually con-
sists of two different operations, exploration and exploitation. While the first
one usually requires a large number of individuals -if the search space is not a
plateau- the second one can be conveniently performed using a smaller one [17].

The idea behind plagues is to adjust the size of the population as the two steps
are performed, so that the process begins with a large number of individuals, and
this is progressively reduced by means of the plague. Given that the size of the
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population is reduced at a linear rate we are also fighting the bloat problem; as
said before, this can simply be done by removing a fixed number of individuals
from the population each generation, by means of the plague.

3 Experimental Results

In the set of experiments that we are presenting, we compute effort as it was
first described in [5], as the total number of nodes required for finding a given
level of quality in solutions. We compute the effort of computation at a given
generation as the total number of nodes that have been evaluated so far i.e.,
from generation 1 to generation This measure is related to that employed by
Poli in [14], although he computed the effort required for obtaining a solution
for a problem with a given probability, and the effort was also measured as the
total number of nodes computed.

The method described in [5] for measuring results is somehow different be-
cause it doesn’t take into account probability of success. It just measures the
average of the best fitness value obtained in a set of runs, and the effort -number
of nodes evaluated- required for obtaining each of the fitness values. This mea-
sure possesses several advantages when compared with other commonly used
ones [6] and has been recently used by other researchers (see for instance [8]).

The idea is to check whether the plague operator can help to reduce effort
when using Parallel GP. In order to do so, we have chosen a couple of representa-
tive GP problems: the even parity 5 problem and the ant problem, as described
in Koza [7].All the curves presented are the average values obtained over 60 dif-
ferent runs. We use one of the simplest elimination policies: the worst individuals
from the fitness point of view are removed at each generation, i.e. we don’t take
into account the genetic material making up individuals. All of the experiments
employ generational GP, tournament selection, 10 individuals per tournament,
1 percent mutation probability, 95 percent crossover probability and elitism.

3.1 Panmictic Model

We present first results that were obtained applying plagues to the Panmictic
Model in GP. A more detailed description of results is included in [11].

The Even Parity 5 Problem. Figure 1 (right) was obtained when working
with the Even Parity 5 problem. It shows results obtained when comparing a
population with 5000 individuals and the same population undergoing plagues:
we remove 99 individuals per generation. Standard deviation bars provide statis-
tical significance of these results. We notice that plagues are actually helping to
save computational effort when obtaining a given fitness level quality. The same
is also true for figure 1 (right), which presents results for a population made up of
10000 individuals. Nevertheless, notice that given that all the curves have been
computed for the same number of generations in figure 1 (right), the final fitness
value is slightly worse when using plagues. However, the final value has been
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Fig. 1. Even Parity 5 problem. Mean population fitness against computational effort.
Black curve: standard GP. Gray and dashed curves: populations undergoing various
plagues. The second number in the box is the number of individuals that are suppressed
at each generation. Standard deviations are shown as error bars in (a).

obtained using much less effort than the one that has been spent to obtain the
same fitness value when population is not affected by plague.

The Ant Problem. Similar experiments have been performed using the ant
problem. Figure 2 (left) shows results for the ant problem when using 5000
individuals and several plagues, while Figure 2 (right) shows similar results
but now using 10000 individuals. Differences are not so important here, and
according to standard deviation measures (not shown in the figure to avoid
cluttering it) we cannot state that plague is beneficial, but we can neither say
that they are negative events.

The idea under discussion here and results obtained are in agreement with
latest research on the size of populations and the way they explore the search
space: large population may perform a better exploration phase while small
population are best suited for the exploitation step [17]. Depending on the kind
of search space, one of the model may be preferred. In the experiments shown
above, we have used a large population at the beginning of the search process,

Fig. 2. Left: Ant 5000 individuals. Right: Ant 10000 individuals.
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when we try to explore an area of the landscape as large as possible, and we
reduce progressively the size of the population, when the exploitation step is
performed. Results show that the panmictic model can benefit from the use of
plagues.

3.2 The Island Model

We have extended the set of experiments in order to test whether plagues are also
useful when parallel models are employed. Even when we only check the Island
Model, we think that results presented in this section are useful to have an
idea about the general behaviour of parallel models under the effect of plagues.
Basically the Island Model distributes the population into several island that
exchange individuals at specific generations. A more detailed description of this
model can be obtained in [12]

All the experiments presented in this section, employ the same parameters
described above, and the following ones related to the parallel model: 10 in-
dividuals migrating each 10 generations from each population. The individuals
selected for migration are the best ones. The individuals that arrive to a popula-
tion replace the 10 worst ones. Experiments described in the paper employ 2 and
4 populations, although other number and population sizes have been employed
obtaining similar results.

Even Parity 5 problem. Figure 3 (left) shows results obtained using 2 pop-
ulations with 2500 individuals each. We notice that when plague is applied -
removing 48 individuals per generation - we obtain better fitness values for sim-
ilar effort levels. Curves present some small jumps this time, because migration
steps helps to improve fitness values at some generations. Similar conclusions
can be reached when observing Figure 3 (right): now we employ 4 populations
with 1250 individuals each, and two different settings. Removing 24 individuals
per generation per population allows us to obtain better fitness values for similar
effort levels.

Fig. 3. Evenp 5 problem. Left: 2 populations with 2500 individuals each. Right: 4
populations with 1250 individuals each. Blue dotted line for fixed size populations.
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Fig. 4. Ant problem. Left: 2 populations with 5000 individuals each. Right: 4 popula-
tions with 2500 individuals each. Blue dotted line for fixed size populations.

The Ant Problem. Similar experiments have been performed using the Island
Model for the Ant problem.

Figure 4 (left) presents results obtained when employing 2 populations with
5000 individuals each. We have performed experiments with and without plagues,
and again, the best results are obtained with plagues (see 5000-400).

On the other hand, figure 4 (right) shows results obtained using 4 popula-
tions with an initial size of 2500 individuals each. The best results are obtained
using a plague consisting in removing 100 individual from each population every
generation.

4 Diversity Measures

Even when plagues help to save computing time, it is always interesting to study
some properties of the evolutionary process that populations undergo when new
operators are applied. Researchers are usually interested in monitoring some
measures that helps them to know when evolution is progressing or stagnating.
For this proposal, several diversity measures have been described and employed.

In this section we try to empirically analyse the evolution of diversity when
plagues are employed in Parallel GP, using the Island Model. This kind of ex-
periments will help in the future to even improve the technique presented here.

A rather complete survey of diversity measures in panmictic GP has been
presented in [1]. The diversity measures that we use in this paper are based on
the concept of entropy of a population P, defined as follows:

If we are considering phenotypic entropy, we define as the fraction of
individuals in P having a certain fitness where N is the total number of fitness
values in P. If we are considering genotypic entropy, we employ the distance as
defined by Ekárt’s and Németh’s definition [3]. A wider description may also be
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found in [11]. In the following experiments, the empy tree will be chosen as the
origin for measuring purposes.

In previous research, and in agreement with the results of [1], we observed
that phenotypic diversity in fixed size populations, after an initial increase, nor-
mally tends to decrease with time, while genotypic diversity tends to increase at
the beginning of the evolution and to stay constant later in the run. However,
as described in [2] and [11], when the population sizes decrease steadily - be-
cause of the plague - phenotypic and genotypic population diversities are more
correlated, both are decreasing more or less at the same rate when using the
panmictic model.

This behaviour indicated that the high genotypic diversity still present at
the end of the run in fixed size populations does not help much in finding better
solutions. This can be due to bloat and, in general, to the presence of neutral
networks of solutions, although the phenomenon should be further investigated.
On the other hand, the loss of phenotypic and genotypic diversity for populations
undergoing plagues didn’t seem to have a negative influence on performance, at
least for the problems studied.

4.1 Diversity in Parallel GP Affected by Plagues

This section presents a study of evolution of diversity in Parallel GP when
plagues are applied. Figures 5 to 7 shows genotypic and phenotypic entropy
obtained for the ant and the evenp problem when plagues have been applied to
Parallel GP.

The same trends that were observed with plagues in the panmictic model (see
[11]) are found again in the parallel model. Genotypic and phenotypic diversity
decrease with time, and this is stressed by the systematic removal of individuals.

In [2] and [11] some proposals to prevent this behaviour were proposed and
studied for the panmictic model. Basically, the idea was to carefully select which
individuals must be removed for maintaining the diversity as high as possible,

Fig. 5. Left: Evolution of diversity for the ant problem with plagues. 2 population
with 5000 individuals each. Right: Evolution of diversity in the ant problem using, 4
population with 2500 individuals each.
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Fig. 6. Left: Evolution of entropy for the ant problem using 4 populations with 2500
individuals. Plagues are applied within each population. Right: Evolution of entropy
for the ant problem using 4 populations with 2500 individuals.

Fig. 7. Evolution of genotypic and phenotypic diversity for the evenp problem using 2
populations with 2500 individuals. Plagues are applied within each population

even when plagues act. In future research we will also try to study and apply
several policies to reach a similar goal in Parallel GP, thus allowing to continue
improving fitness quality when a low number of individuals are available in the
population.

5 Conclusions

In this paper we have applied the concept of plague to Parallel GP. Plagues act
by removing a fixed number of individuals each generation, usually the worst
ones. We have experimented on two different problems, and we have found evi-
dence that plagues, when applied to Parallel GP, allow to save computing effort.
Although removing different number of individuals each generation produce dif-
ferent results, we have seen that the general behaviour is that plagues allows
to save computing resources. This technique is only useful if the quality of the
solutions found is at least comparable to that of the constant size population
GP, which has been the case for the test problems studied here. Results obtained
using Parallel GP are completely in agreement with those previously obtained
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using panmictic GP. We have also found that plagues affect diversity in popula-
tions: both genotypic and phenotypic diversity measures decreases as individuals
are removed.

We plan to study different elimination techniques for Parallel GP further in
the future, in order to avoid diversity to deteriorate.
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Abstract. This paper examines the sampling of unique structures and
behaviours in genetic programming. A novel description of behaviour is
used to better understand the solutions visited during genetic program-
ming search. Results provide new insight about deception that can be
used to improve the algorithm and demonstrate the capability of ge-
netic programming to sample different large tree structures during the
evolutionary process.

1 Introduction

Genetic programming searches for solutions to a given objective using program-
like representations. However, the task of evolving both a solution’s structure
and content is complex and difficult to understand [1,2,3]. Our previous research
has focused on understanding the relationship between diversity and search, par-
ticularly on the kind and level of diversity that encourages good performance
[4,5]. Recently, we showed how increased diversity negatively and positively ef-
fects performance on several problems [6]. A metaphor of hill-climbing search
helped explain the results, where deception appeared to be a cause of poor per-
formance. To further understand diversity and search, particularly with respect
to deception introduced by the problem and representation, we are interested in
the type of structures and behaviours that genetic programming samples during
the evolutionary process.

Research into code growth and operator biases can be used to understand
the type of structures sampled by genetic programming. Subtree crossover and
the representation predispose solutions toward code growth and bloat [7,8,9,10,
11,12,13]. While programs continue to grow, they tend to grow toward deeper
and less-bushier structures. Also, the space of tree shapes visited during genetic
programming search has been studied [7,11,14,15], showing that there are types
of shapes that are more easily sampled than others. If a problem’s solution is
not within the more easily sampled structures, the problem will be difficult for
genetic programming [16].

With respect to the growth of solutions, the subtree crossover operator is
shown to be a more “local” operator, where the upper-portion of trees become
fixed and variations mainly occur near the leaves [17,18,19,20]. Diversity research
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also demonstrates the effects of the convergence of structures [4,5,21]. However,
it is also the content of trees (functions and terminals) that provide a solution
to a given problem. By using stochastic sampling techniques, the proportion of
solutions of increasing size was shown not to increase beyond a certain threshold
[14,22]. That is, the space of increasingly larger solutions did not yield a higher
proportion of solutions.

As the fitness function is typically a very coarse description of behaviour, it is
more difficult to understand the type of solutions sampled by genetic program-
ming. However, comparisons between genetic programming and hill-climbing
methods using similar representations and operators can be helpful [22,23,24,
25]. While genetic programming performed better and worse on various prob-
lem domains, comparisons emphasised the domains in which more hill-climbing
or explorative search is beneficial. These results were particularly useful in ex-
plaining the effects of increased genetic diversity [6]. In any case, much of the
solutions’ behaviour remains hidden behind the fitness function value.

To better understand the sampling of structures and behaviours during
search, this paper examines the number of unique structures (genotypes without
node content) and behaviours (an enriched definition of fitness) sampled. The
structure aspect of the following study provides additional views of the search
process, while the coarseness of fitness function values is addressed with problem-
specific behaviour descriptions that reflect fitness but elucidate the behaviour of
the solutions better.

2 Problems and Methods

We use three problem domains that are frequently used to understand genetic
programming: The Artificial Ant problem on the Sante Fe Trail, the Even-5-
Parity problem and a regression problem using the Binomial-3 function [1]. Each
domain causes genetic programming to behave differently and thus experiments
spanning all three domains provide a good basis for understanding. The Ant
problem attempts to pick up 89 food pellets on a grid with the functions {if-
food-ahead, prog2n} and the terminals {left, right, move}. The Parity problem
attempts to classify all combinations of 5-bit length strings of {1,0} with the
functions {and, or, nand} and five boolean terminals. The Binomial-3 regression
problem attempts to approximate the function using the termi-
nals ephemeral random constants in the range of [–10,10], and the functions

where division is protected and returns 1.0 if the denominator is
extremely small. All problems are minimisation of errors; the number of missed
food pellets in the ant problem, the mean squared error in regression of the
Binomial-3 function and the number of misclassified bit-strings in the parity
problem.

In an evolutionary algorithm, a scalar value is typically used to define a
solution’s behaviour (although multiobjective methods may use a vector). This
value, defined by a fitness function, must be able to distinguish different degrees
of solution quality. This coarseness often leads to deception, as in the Artificial
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Ant problem [22], or fails to identify solutions that are relatively good in the
current population but extremely poor to continue a search with, as in the case
of very small solutions in regression problems. Thus, measuring the sampling of
behaviours during a run using only the fitness value may not be as informative
as one would like, and so we define problem specific definitions of behaviour as
follows:

Ant: we label each food item uniquely and create a vector representing the
order in which the food is collected,
Parity: a vector of integer values, where the size is the total classified cor-
rectly and the contents indicate which of the test cases were correctly
classified,
Regression: a vector of integer values represents the angles between test
points (from the horizontal) taken by a solution.

These definitions capture more information than their typical scalar value fitness
would, but are still a reduction of the complete behaviour of a solution. The ant
behaviour represents the unique sequence of food collection, where the largest
sequence is 89 and the smallest is 0. The parity behaviour describes which specific
instances are correctly classified. The definition of behaviour for the regression
domain describes the change in angle from the horizontal between each function
point in the candidate solution. By casting these angles as integers, when two
successive angles in the vector are identical, only the first is kept. Thus, the size
of the vector alludes to the complexity of the solution (the number of “bends”
in the graph of that function), but not directly to the fitness value as the target
function is not considered.

In this paper, the tracking of sampled structures is performed by considering
the binary tree structures regardless of tree content. We count the number of
unique structures of each size that are sampled during the run of the algorithm.
Note that there are many unique tree structures of equal size and depth.

A canonical genetic programming system is run for 51 generations, using
a generational algorithm with a population size of 500. Initial tree creation is
carried out using ramped half-n-half with tree sizes between depths 2 and 4.
Subtree crossover, with internal node selection set at 90% probability and max-
imum depth of 10, is used for recombination – no mutation or duplication is
used. There are 30 random runs collected for each problem domain.

The results for each problem domain are depicted in two graphs showing the
average number of unique structures sampled and unique behaviours sampled
of a given size. Each line represents the cumulative total of unique structures
(or behaviours) in each generation during a run. Each successive ten generations
are highlighted with symbols. Thus, the space between two lines represents the
number of new unique structures (or behaviours) of a given size that were sam-
pled in a generation. The larger the space, the more effort genetic programming
spends on searching unique structures (or behaviours) of that size.
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Fig. 1. Ant results, cumulative sampling of unique structures and behaviours.

3 Results

Figure 1 shows the structure and behavioural sampling for the ant problem.
There is a distinct trend of the highest number of unique structures sampled
toward sizes of 45. The bottom graph in Figure 1 shows the sampled behaviours
of each size for the ant problem. Note that the number of unique behaviours
sampled of all sizes in each generation is greatly reduced after approximately 10
generations. Also, after two unusual peaks at behaviours of size 20 and 24, the
number of unique sampled behaviours greatly decreases for behaviours of large
size (which represent more “fit” solutions).

The sampling of structures for the parity problem is shown in the top graph
of Figure 2. This problem samples fewer unique structures but at larger sizes.
The number of unique behaviours sampled in the parity problem are shown in
the bottom graph of Figure 2. A behaviour has a maximum length of 32, which
represents all correct classifications. However, there are possible unique
behaviours for a length of For the expected random strategy classification of
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Fig. 2. Parity results, cumulative sampling of unique structures and behaviours.

size 16, nearly 2500 unique behaviours are sampled over the course of a run. Ge-
netic programming spends a large amount of effort searching neutral behaviours
equivalent to a random strategy, with slight peaks at fitness 18 and 20. Symmetry
in the parity bit-string instances probably rewards the solving of an additional
instance with another symmetrical instance also solved correctly, explaining why
fitness is concentrated on the random (16) strategy initially, followed by one in-
stance additionally solved (17+1=18) and then another (19+1=20).

The regression problem’s sampling of structures is shown in the top graph of
Figure 3. A distinct trend is seen toward sampling unique structures of sizes near
40. Fewer unique structures of larger sizes are sampled. The number of unique
behaviours sampled in the regression problem, depicted in the bottom graph of
Figure 3, shows a strong attraction toward behaviours of size 12. All generations
during the run sample unique behaviours of this size. As behaviour does not
directly reflect the fitness, these behaviours may or may not have neutral fitness.
However, the Binomial-3 fitness function contains 50 equidistant values that
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Fig. 3. Regression results, cumulative sampling of unique structures and behaviours.

generate the target values for testing an individual. The angle gradient between
successive values is nearly always greater than 1. Thus, for our behaviour
measure, if a behaviour is to represent the function ideally, it will need close to
50 angle changes between points.

The 95% confidence bars for each of the average distributions from Figures
1 to 3 are shown in Figure 4. From left to right, the ant, parity and regres-
sion structures are shown on the top row, and behaviours on the bottom row.
The sampling between the 30 runs is fairly uniform with the greatest variations
occurring near the peaks in the regression problem.

4 Discussion

How does one search for computer programs, and how do we know if one pro-
gram is better than the other? The intuitive broad sampling of a complex so-
lution space by a population in genetic programming is one reason why the
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algorithm may be considered useful. Early work by Cramer [26] and Koza [27]
laid the foundations for this procedural representation, where the use of single-
value scalars as fitness combined and complex representations were already in
use in other evolutionary algorithm domains. While it may have been straightfor-
ward to apply these methods to program evolution for genetic programming, the
conflicts arising in this representation are well documented [1,2,16,28]. The re-
sults presented here, based on the sampling of unique tree structures and unique
behaviours, further describe genetic programming’s ability to sample a complex
solution space.

The behaviour definition used here enriched the description of the sampling
of solutions by genetic programming. In the ant problem, the geographic distri-
bution of food pellets on the ant trail may allow for many ant behaviours that
are able to collect 20 to 24 pellets, but unable to easily collect more. In this
problem, the standard definition of fitness creates deception [22] that has al-
ready been shown to negatively impair fitness improvement. However, the more
gradual decrease in the ability to sample different behaviours of higher fitness
explains why genetic programming often outperforms hill-climbing methods that
hill-climb with poor solutions. The peaks of behaviours sampled at size 20 and
24 may represent local optima that trap search. The behaviour distribution for
the parity problem is particularly interesting as it shows the ability of genetic
programming to sample may different near-random type behaviours. Sampling
such high numbers of different behaviours is promising but a likely cause of de-
ception and negative contextual shifts of subtrees, explaining why hill-climbing
and elitist strategies are more effective on this problem [23,25].

While the regression problem used a behaviour that did not directly reflect
its fitness value, the behaviour did reflect the complexity of solutions. The prefer-
ence toward sampling behaviours of a small size and complexity could be caused

Fig. 4. 95% confidence bars for the average cumulative structure and behaviour sam-
pling distributions. From left to right is the ant, parity and regression problems with
structure on top and behaviour below.
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by neutrality in the fitness values or the result of a biased structure sampling. In
the latter case, the inability to increase structure size is hypothesized to be pos-
itively correlated with the inability to increase the complexity of solutions. This
hypothesis seems plausible for the regression domain, considering that subtree
crossover typically functions near the leaves (terminals).

With respect to the sampling of unique structures of various sizes, all prob-
lems showed that while genetic programming is predisposed to code growth (and
bloat), unique tree structures of large sizes are sampled less. That is, a fewer
number of big tree structures are sampled. The different structures of the same
size that are sampled more frequently would appear to be attractive to genetic
programming for one reason or another. The depth limit imposed here is one
possible cause.

These results also suggest several possibilities to improve performance. The
sizes of behaviours that were sampled in high numbers may represent areas of
deception in the fitness space. This deception may be reduced by pressuring
the search away from areas of neutral fitness. Previous research showing a posi-
tive correlation between high fitness-based diversity with good fitness could be
the result of avoided deception leading to better fitness. Thus, when a popu-
lation contains many different but equal in fitness behaviours, we may wish to
move the search toward a less deceptive region of the search space. Leading
the ant to follow a specific food trail reduced deception and improved fitness
[22]. For the regression domain, using a component of complexity in the fitness
function may also improve the performance of genetic programming. Similarly,
the parity fitness function could be amended to reflect which instances a solu-
tion solves correctly to reduce deception. Of course, exploration (global search)
and exploitation (local search) ability will be affected when such methods are
employed to reduce deception.

5 Conclusions

This paper examined the sampling of unique tree structures and unique
behaviours in genetic programming. An enriched definition of behaviour
provided more information about solutions than typical fitness functions. As the
genetic programming algorithm requires the search of structure and content,
it is important to understand issues such as deception and the effort the
algorithm spends on searching different types of behaviours and structures. The
behaviour sampling results showed sampling trends that help explain previous
diversity research and suggests new ways to improve search. The structure
sampling results showed that while bloat and code growth occur, fewer different
unique structures of these large sizes are sampled. Problems which require
specific structures at these large sizes are likely to be more difficult for genetic
programming.
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Abstract. Despite considerable progress in GP over the past 10 years,
there are many outstanding challenges that need to be addressed before
it will be widely deployed for developing useful software. In this paper
we suggest a method for the automatic creation of concurrent control
software using Linear Genetic Programming (LGP) and a ‘divide and
conquer’ approach. The method involves decomposing the whole problem
into a multi-task solution with multiple inputs and multiple outputs –
similar to the process used to implement embedded control solutions. We
describe the necessary architecture of typical embedded control systems
and their relevance to this work, the software evolution scheme used and
lastly demonstrate the technique for an embedded software problem,
namely a washing machine controller.

1 Introduction

Despite considerable research effort globally towards refining the existing GP
techniques, and the development of variants like Grammatical Evolution [8], the
ability to create useful, complex and problem-specific programs has remained
elusive. Perhaps this is not surprising given that creating computer programs by
GP at the individual level, can be seen as a Markov process1 and, as such, the
longer the program is (and so the greater the complexity) then the probability of
its discovery will decrease exponentially. The need to search for simpler programs
has been identified by other research groups, e.g. Leung et al. [7] in their work
evolving parallel code.

In this paper we note that the necessary steps required to implement em-
bedded control solutions effectively divide the overall problem into a number of
simpler problems. We argue that a similar problem decomposition process can
enable EC to automatically generate useful programs for a certain class of prob-
lems. This approach is a departure from the original aspirations for GP made
by Koza[4] where he suggested that GP can find not only the solution but also

1 A Markov process is a discrete random process whereby the probability of moving
onto another state depends solely on the current state of the process and not on any
history or other stored information. Thus the choice of the next statement in the
construction of a GP tree / string can be viewed as an independent and undirected
event. This model has been used to construct analyses of GP operation [6].

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 289–298, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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the shape of that solution. Perhaps this is unrealistic for anything beyond trivial
problems?

Instead we propose a system that requires the problem shape to be defined
in terms of the required program outputs. Thus the target user group for this
method of software evolution would include product designers / engineers who
wish to add embedded control to their product but who don’t have the time,
money or interest to write their own software. Instead the contribution made
by these users would be the definition of embedded control system inputs and
outputs, and the required relationship between these items in operation. Conse-
quently, the primary contribution of this paper is an exploration of the feasibility
of a divide and conquer approach to evolving programs for embedded systems
and not an exhaustive exploration of different crossover and mutation regimes.

The method described here will only be applicable to a certain class of prob-
lems. Suitable targets are defined as non safety-critical, not demanding high
precision or guaranteed response timing or reliability. All such targets would
still need to be relatively simple, or capable of being decomposed into a solution
with such a profile. Hence suitable applications could include fridges, TV remote
controls, building environment management systems, dishwashers, etc.

The rest of this paper is organised as follows: Section 2 describes typical
characteristics of embedded control systems and how these are relevant; Section
3 outlines the problem decomposition and the EC system used to evolve the so-
lution, Section 4 describes a washing machine controller as an example problem.
Section 5 describes the results obtained from tackling this problem, and finally
Section 6 draws conclusions from this research, the example problem and ideas
for future research.

2 Embedded Control Systems

An embedded control system will typically comprise of dedicated hardware host-
ing dedicated embedded software or firmware (i.e. between hardware and soft-
ware). Usually the hardware and software will be optimised or minimised solely
to perform the task at hand; there is not usually a requirement for flexibility or
expansion. Many embedded applications must guarantee response and execution
timing which is possible since the application does not share the hardware and
because execution prioritisation is achieved through the use of exception pro-
cessing i.e. in response to timer or external events. Here, execution will transfer
to the code necessary to respond to that event (unless interrupted again by a
higher priority event). In effect, structuring the code in this way, segments much
of the entire application into a number of execution ‘channels’ initiated by an
event, and linking input to output via the channel code. Since the structure
of the problem is inherent within the specification we exploit this outside the
search as opposed to allowing the evolutionary search to expend many cycles
discovering what is already known.

Another distinct feature of many embedded control applications is the use
of multiple inputs and outputs, for example, a robot in a car plant may have
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inputs for object position, belt speed, object orientation in two dimensions etc.,
and outputs for tool position in three different planes etc. This is in contrast to
PC type applications that might typically only deal with keyboard input and
screen output.

Indirectly then, this separation of overall application output into a number of
separate outputs, and the demand for temporal as well as structural hierarchies
in the code to guarantee response timing, have the effect of decomposing the
entire problem into a number of smaller problems, each using a separate channel
through execution time and space.

These considerations lead to the approach adopted in this work whereby the
overall problem is viewed as a number of smaller code segments each feeding a
separate output, such that each isolated code channel is simple enough to evolve
automatically using EC techniques.

3 Automatic Software Evolution Method

We obtain a problem decomposition by evolving separate GP code for each
channel so that each channel will contribute data for one system output. The
channel code is evolved using an isolated population and ultimately the evolved
code is intended to be run as a separate concurrent task and synchronised by a
multi-tasking OS or implemented on a multi-processor platform.

The goal of this research was to create and evaluate a general purpose soft-
ware evolution method that could be applied to a range of applications without
specific tuning. Consequently relatively little effort has been expended in opti-
mising the performance of the evolutionary method or parameters used, although
it turned out that system performance is relatively insensitive to different pa-
rameter values within the ranges we studied (see Section 5).

A form of Linear Genetic Programming [1] was chosen because of the rela-
tive ease of implementation and inherent problems such as bloat2 are reduced.
Consistent with the desire to build a system with general applicability, the evo-
lutionary language set used was kept simple and general. Effectively, this could
be seen as a RISC-type3 approach, which led to very efficient use of computing

2 Program bloat is mainly a phenomenon manifested in tree-based GP whereby
crossover can create trees of excessive size, through the combination of large sub-
trees. This will often result in an excessive and possibly inefficient use of computing
resources. The bloat, however, can be seen as important in evolutionary terms be-
cause the introns (unused code) – that can form the bulk of the bloat – will serve
to protect the executed code from mutation. Bloat is often tackled by combining a
fitness award for brevity with the existing fitness function.

3 RISC processors use what is perhaps a counterintuitive approach whereby the
machine-level instruction set is limited to simple instructions (Add, OR etc.) and
more complex instructions that will perform complex, compound operations are
omitted. Generally, this will result in longer machine code programs after compila-
tion because more instructions will be required to accomplish the same task, however,
the hardware design of the processor chip becomes simpler. This simplification al-
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resources i.e. simple instructions that can be compiled to a single machine code
instruction.

As a variant to the standard LGP where execution flow is linear and con-
tiguous, we have implemented a branch instruction to allow the formation of
iteration in the evolved code strings if required. The functions available for each
language statement are the mathematical operators the logical oper-
ators (AND, OR, XOR, NOT) and the relational operators (<, >). In addition,
a conditional branch instruction is included.

The system can use two data types: continuous and logical. Continuous data
type can be positive or negative floating point numbers; the logical data type
will only be either ‘1’ or ‘0’. Here, the same storage class is used for both types
and the type to which the stored values are applied is interpreted in context to
the instruction at hand. For instance, the logical instructions above will interpret
all arguments as unclamped logical values, thus, zero is interpreted as FALSE
and everything else as TRUE. These instructions will only produce logical re-
sults, storing ‘0’ for FALSE. Similarly, the continuous functions will interpret all
arguments as continuous values, and produce continuous results.

The relational operators are a hybrid in that these will treat the arguments
as continuous numbers but produce logical results. The conditional branch (IF)
statement will interpret the condition as TRUE (take the branch) if the condition
evaluates as non-zero. Upon taking the branch, execution will continue at the
absolute line number supplied as an argument to this instruction.

By implementing both data types, the system can efficiently cover the input /
output requirements of a typical embedded control application. The continuous
data types can be used for reading numeric values from various sources e.g. to
sample a continuous value such as temperature, position or time. The Boolean
type input / output can be used for logic level type sensing e,g, control switches,
limit sensors, etc.

The LGP program strings are of variable length (up to a preset maximum)
and consist of atomic statements. With the exception of the IF branch instruc-
tion, each statement has one or two inputs and an output term. An input source
maybe connected to an input terminal, a numbered memory, a constant or a
subtotal accumulator. The output term maybe connected to a program out-
put terminal, a numbered memory or to the subtotal accumulator register. The
subtotal accumulator was included to facilitate the direct flow and construc-
tion of information up through the program i.e. the separate memory registers
available are indexed.

Beyond the string length and population size variations, the mechanisms
of EC used were basic and were not investigated with a view to optimisation.
Evolutionary selection here creates a generational population of constant size. All
candidates for the next generation are selected from the current generation by use

lows the processor to run faster such that even with a greater number of instructions
to process, the overall execution time will usually be reduced.

4 Note that the divide operator is protected by returning 1 upon attempts to divide
by zero.
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of a tournament of size two. The developed evolutionary system does, however,
allow for the use of different population sizes, and mutation and crossover rates,
for each population (task) in case the ability to adjust the evolution process for
each output / function became necessary.

To avoid a possibly unhelpful saturation of the population by a single can-
didate, a maximum fitness ‘ceiling’ value was employed5. This clamp value was
used as a candidate’s fitness score when the error for the training vector case fell
below 0.002. This value was found to be appropriate for the problem at hand by
experiment. The tolerance of this value did not seem to be too critical, but the
choice for such a value must depend upon both the type of function sought.

One immediate side effect of clamping the maximum fitness score in this way,
was to create a ‘dead zone’. Within this region, solutions could not be improved
upon because the feedback path that leads solutions to improvement through
evolution is broken. This potential limit on solution accuracy could be seen as
acceptable because of the stated problem class targeted here.

The adopted fitness assessment method used attempts to find useful ‘root’
solutions that can be improved by evolution. These root solutions will be rela-
tively close to the required solution - but require some refinement. Such solutions
can be identified because they produce a minimum, threshold level of fitness in
all training vector cases. The size of this threshold will determine how close these
candidate solutions will need to be to an ideal solution, in order to be classed as
a ‘root’ solution. This threshold level then, will create a ‘capture range’ around
the ideal solution, within which root solutions can be identified and selected for
evolution. This capture range will need to be as large as possible to increase
the chances of search success; Simultaneously, the threshold should not be so
low (and so the capture range so large) that, for instance, output constants are
identified as root solutions.

Crossover action on LGP systems had limited impact. It made little difference
(in most cases) in which order unrelated program statements were executed, thus,
the action of exchanging the top and bottom halves of two strings, in a converged
population contributed little. However, this ordering was certainly more critical
in the case of the Output statement. In this case, the sequential execution of the
program strings (unless branching occurs) created a situation whereby only the
final Output statement executed (and the code that built the data for this) was
important. Perhaps not unexpectedly then, the level of crossover used had little
impact on the level of success attained. The crossover rate used was 25%.

Subsequent to the initial population, the only way of introducing diversity
into the population was through the action of mutation. Mutation becomes es-
pecially important then as the population starts to converge – especially if that
convergence is upon a sub-optimal solution.

Various methods of mutation were investigated, along with the replacement
of the least fit individuals in the population with an equal number of randomly

5 An alternative strategy to obviate population saturation (and loss of diversity) has
been suggested by Keijzer [3] Here linear scaling / regression is used to determine
the magnitude of the solution first.



294 J. Hart and M. Shepperd

created strings. The most effective method used in the experiments was a hybrid
approach. The maximum evolutionary time allowed is 20000 generations (inter-
rupted upon success) and this time was divided into four epochs, with the level
or type of mutation applied changed according to the current epoch:

Epoch 0 (the first 40% of evolution time): one single statement is chosen
randomly from the string selected for mutation and the entire statement
replaced.
Epoch 1 (40% to 70% of evolutionary time): only one part of the selected
statement is altered (either the operation type, the output channel type or
one of the two input channels).
Epoch 2 (70 to 90% of evolution time): only input constants are modified
in the chosen statement – if used, the current constant value is retained
but adjusted with the addition of a bipolar random number chosen from a
Gaussian distribution with a mean of 0, and a standard deviation of 2.
Epoch 3 (final 10% of evolutionary time): as per epoch 2, but using a stan-
dard deviation of 1.

The intention of this approach was to focus down on the solution by using
less aggressive mutation over time and concentrating any adaptation only on
constants towards the end. Thus, by incrementally adapting the current constant
value the solution is slowly improved. A reward for parsimony was not used
because program bloat was not a problem.

At just sixteen cases per output, the size of the training set used in the
experiments was unusually small for EC. However, because the fitness function
adopted required a threshold fitness score in all cases, then the candidate function
promoted was most likely to be a useful root function which could map all
training cases to some extent. By this process then, a relatively small training
set was capable of unambiguously describing the target function (or it’s near
equivalent) in the example tried.

Table 1 summarises the various parameter values, or ranges of values, that
we employed. Relatively little effort was made to optimise them, however, as the
next section demonstrates we were able to obtain usable results which did not
seem to be particularly sensitive to changes within the ranges we explored.
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4 Washing Machine Controller Problem

This case study followed on from a previous pilot (based on a simple fridge
controller) that demonstrated the feasibility of our approach. It targeted a more
complex problem with 14 inputs and seven threads plus it introduced temporal
sequencing rather than continuous operation.

System inputs
Timer inputs, TS0 ... TS6 timing sequence inputs, provided by the OS.
Target temperature the desired wash temperature.
Water temperature the current water temperature
Drum Full signals washing drum full of water.
System outputs
Heat drive for the water heater. This output is to be zero if the current

water temperature exceeds the chosen temperature.
Hot, Cold Boolean signals to open the respective water fill valves.
Slow, Fast Boolean signals to select drum rotation speed.
Drain Boolean signal to enable the water drain pump.

Table 2 outlines the required functional relationship between the inputs and
outputs for the complete operational cycle of the washing machine. Note that
not all time periods (TS0 ... TS6) are necessarily equal in duration.

5 Problem Solution Results

The main problem encountered in the solution of this problem centred on the
Heat output because the evolution of the code for this output required that
the desired continuous function relating the temperature error and heat drive
be found, consequently the results focus upon this aspect of the problem. In
addition, the output had to be clamped to zero in the event that the water was
too hot or if the current operational time period was not Wash. This overall
output required the evolution of a combined continuous and logical function and
this proved to be unachievable when tried. The solution adopted was to make the
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overall Heat output the composite of two evolved tasks: one continuous and one
logical. In this way, the fitness landscape of the boolean function did not obscure
that for the continuous function. In order to keep the whole system general, we
suggest that all continuous outputs functions have an associated logical gating
function – whether used or not. This gating would be performed by the OS. For
example, the combined Heat function here could be formed using the functions:

Evolving the washing machine controller problem proved to be relatively
straightforward with the evolution of the continuous heat function proving to be
the most difficult thread. In order to determine the nature of the relationship be-
tween the population size, string length and evolvability, some 900 experiments
were performed.

Using longer strings to construct an initial population, one would expect,
would generally result in a more diverse population leading to more effective
search. However, the results in Table 3 indicate the opposite result. There would
seem to be two possible explanations for this unexpected result. First, the evolved
program strings were executed sequentially forwards (with the exception that
the Branch instruction might cause some instructions to be skipped) and so
the contents of the output register would be overwritten by successive output
operations. Note that the registersare only sampled at the end of processing. As
a consequence, only the code and data directly contributing to the final output
operation was relevant, therefore, the overall string length cannot be simply
viewed as an indicator of potential. Second, the effect of mutation (and effective
search) were diluted in direct proportion to the string length. This is because
the probability of selecting the critical instruction for a constructive mutation
diminished as the string length increased. These two factors can explain why
the counterintuitive observation that string length is negatively proportional to
success.

Similarly and, perhaps, even more surprisingly, the experiments also failed to
demonstrate any useful pro rata advantage in operating with larger population
sizes (refer to table 4). Again, the greater diversity afforded by a larger initial
population might be expected to increase the probability that a useable root
solution will appear in the initial random population. However, it has been shown
that, beyond a given threshold, the functional diversity of a random population
will tend to a limit irrespective of size [5], but perhaps the dominant factor here
is the subsequent loss of diversity.
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Due to the fitness assessment measure used the vast majority – or sometimes
all – of the candidate solutions in the initial population were scored at zero
fitness. As a result, approximately half of the diversity can be lost on selection,
and this process will continue with the population starting to converge upon any
solution with some fitness.

Unfortunately, premature convergence on any sub-optimal solution in this
manner, will effectively block the development of any potentially ideal solution
(uncovered by mutation or crossover) unless the fitness of this root solution is
sufficiently high. This unexpected indifference to population size (and sometimes
other genetic parameters) in some situations, was also noted and investigated by
Fuchs [2] in a study where GP and hill climbing (HC) algorithms were compared.
Fuchs’ conclusion was that this indifference is more an artefact of the particular
problem rather than the technique (i.e. another example of the No Free Lunch
theorem [9]). Fuchs suggests that in such a situation, the fitness landscape might
be flat and (initial) solutions could only be found by ‘accident’. In such a situ-
ation, a GP search with a population size of one, could be seen as a basic HC
search (where the HC can restart at a random point if no progress is made). The
conclusion then, is that GP population size can be irrelevant in some situations.

6 Conclusions

In this paper we have identified embedded control programs as a fruitful applica-
tion domain for GP. We have suggested an approach for using GP to create such
programs automatically that differs from other work in that we use the structure
inherent in this class of problem to allow a divide and conquer strategy to be ef-
fective. The approach has been demonstrated with a relatively complex problem
of a washing machine controller involving seven outputs and fourteen inputs.
Here the worst thread was soluble about one in every eighteen runs and this
took only around half an hour on a three year old PC. The proposed approach
proved to be relatively insensitive to variations in the EC parameters used dur-
ing evolution which we believe to be a positive result for a system aimed at wide
application i.e. little or no tuning is required.

There are a number of avenues for future work. Widening the application
scope for this system would involve increasing the trustworthiness of such a
non-human system. Measures to improve reliability such as schemes whereby an
output is the consensus of several (possibly dissimilar) contributors: run time
bounds checking of variables (triggering pre-written exception processing within
the general OS) and the use of watchdog timers might all be considered. Simi-
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larly, automated testing will enhance confidence in this technique. A ‘front-end’
tool is also needed to capture the problem from the target users so that training
and test files may be generated for the EC system. Output could also include pa-
rameters values for use during evolution. This could involve graphical, formulaic,
algorithmic or truth-table entry of the problem to be tackled.
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Abstract. Genr8 is a surface design tool for architects. It uses a
grammar-based generative growth model that produces surfaces with
an organic quality. Grammatical Evolution is used to help the designer
search the universe of possible surfaces. We describe how we have ex-
tended Grammatical Evolution, in a general manner, in order to handle
the grammar used by Genr8.

1 Genr8: The Evolution of Digital Surfaces

We have built a software tool for architects named Genr8. Genr8 ‘grows’ dig-
ital surfaces within the modeling environment of the CAD tool Maya. One of
Genr8’s digital surfaces, is shown on the left of Figure 1. Beside it, is a real
(i.e. physical) surface that was evolved first in Genr8 then subsequently fabri-
cated and assembled. A surface in Genr8 starts as an axiomatic closed polygon. It
grows generatively via simultaneous, multidimensional rewriting. During growth,
a surface’s definition is also influenced by the simulated physics of a user defined
‘environment’ that has attractors, repellors and boundaries as its features. This
integration of simulated physics and tropic influences produces surfaces with an
organic appearance.

In order to automate the specification, exploration and adaptation of Genr8’s
digital surfaces, an extended version of Grammatical Evolution (GE) [7] has been
developed. The purpose of this contribution is to describe how and why we used
and extended GE. We proceed as follows: In Section 2 we explain how Genr8
creates a surface via a generative process. A surface, because of this generative
process, is difficult to design by hand and the search space of possible surfaces is
vast. In Section 3 we give the reasons why evolutionary computation is ideally
suited to address this problem. We also explain why GE, with several extensions,
conveniently resolves the issues of representation and mapping we face when
using EC. Following, we show some design results and summarize.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 299–308, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Fig. 1. Left hand side, a Genr8 surface grown in an environment where it has been
pulled down by gravity on top of a spherical boundary. Right, a physical model made
by Jordi Truco at the Architectural Association in London. The design process started
with Genr8 and the evolved digital surface was subsequently exported so that a physical
model could be manufactured.

2 Digital Surface Growth

Genr8 simulates organic growth and creates digital surfaces. Its growth process
is reactive: it takes place in a simulated physical environment. Surface growth is
generated by a HEMLS - a Hemberg Extended Map L-System. A HEMLS is a
more complex version of the widely known Lindenmayer System (or L-system)
[8]. An L-system is a grammar, consisting of a seed (or axiom) and a set of
production rules, plus a rewrite process in which productions rules are applied
to the seed and its successive states.

An L-system generates strings of symbols and is computer language ori-
ented. It can be transformed into a visual representation by interpreting the
seed and rewrite process graphically. The graphical interpretation is based on
the metaphor of the seed being drawn in 3D space by a turtle subsequently
moving through 3D space according to directions specified by the production
rules and (re)drawing lines as it goes along. The turtle’s directional movement
is based on a set of instructions that are presented in Table 1. An example of a
graphical L-system is given in Figure 2. Realistic images of plants, flowers and
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Fig. 2. An example of how a graphical L-system grows from [9]. The top image shows
the seed, consisting of three segments. During each growth step, each segment is re-
placed by the original three segments of the seed. Growth steps 2, 3 and 8 are shown.
The rewrite rule is symbolically expressed as F->F[ + F ]F. The F to the left of
the arrow is the predecessor, i.e., the symbol that will be replaced in the growth step.
The sequence to the right is the successor; the symbols that will replace the the prede-
cessor. The Fs are segments and the + indicates that the turtle should turn at an angle
of             (the numerical value is given as a parameter to the system). The [ pushes
the current state (ie position) of the turtle on to a stack. When the pop symbol, ] is
encountered, a state is popped from the stack and the turtle attains that state. This
push-pop mechanism enables the branching structure of L-Systems.

trees have been generated as a generated sequence line segments by specially
designed L-systems [8].

A Map L-system models 2D cellular structures such as leaves via planar
graphs, in contrast to the 3D linear segmented structures of an L-system. All
rewrite rules are applied simultaneously to the planar graph (which has an inter-
nal representation as a graph) and then any unconnected new edges are either
joined or eliminated. An example Map L-system is shown in Figure 3.

Since our goal was creative, responsive surface design, we extended a Map L-
system to a HEMLS. The most important feature incorporated into a HEMLS is
how the physics of our simulated environment is factored into the rewriting of an
edge. The designation of the vertices of the new edge is altered in accordance with
how the edge would be pulled by an attractor, pushed by a repellor or deflected
by a boundary in the simulated physical environment. With this additional set
of environmental factors, the surface growth mimics tropism, the response of an
organism to external stimuli. Figure 4 shows how a HEMLS surface’s growth
steps in response to five repellors.

There are additional features in a HEMLS. These include the capacity for the
grammar to be context sensitive (e.g. the left hand side of a production rule can
express multiple symbols in a specific order), the option of randomly choosing
among multiple production rules applying to the same symbol, and rewrite rules
that change between time steps.
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Fig. 3. An example of a Map L-System from [8]. The rewrite rules are shown to the
left in symbolic and graphical form. Next, the seed (a square) is shown and the rewrite
rules are subsequently applied to it.

Fig. 4. A time series capturing 7 growth steps of a HEMLS surface in an environment
with five repellors (here drawn as cylinders). The smallest surface is the axiom. The
largest surface is the final growth step.



Extending Grammatical Evolution to Evolve Digital Surfaces with Genr8 303

3 Evolutionary Computation in Genr8

Genr8’s means of growing a digital surface implies using any HEMLS within
a huge universe. Constructing interesting and useful grammars by hand is a
formidable task and is unrealistic to expect of an architect. The EA component
of Genr8 serves three purposes related to this need for automation:

It automatically generates a HEMLS with correct syntax.
It adaptively explores some of the universe of surfaces following preferred
surfaces yet yielding creatively different ones.
It can be used to explicitize a surface an architect has in mind by allowing
its search process to be influenced by the architect.

These reasons are compelling to use EC but they leave open how a HEMLS
should be represented within an evolutionary algorithm. Clearly the phenotype,
i.e. the outcome, of the EC component is the digital surface. However, should
a direct representation of a HEMLS function as the genotype, i.e., the genetic
material subject to blind variation, as in [4] and [5]? This is an awkward choice
because a HEMLS is a grammar. Blind variation on a direct grammar repre-
sentation would have to be either contrived to adhere to syntax constraints or
it would result in offspring genotypes that have to be syntactically repaired or
culled afterwards. An alternative is to exploit a powerful approach used in vari-
ous genetic programming examples such as cellular encoding [1] and embryonic
circuit development [6]. In particular, we employ Grammatical Evolution [7] and
provide simple effective extensions to it.

3.1 Genr8 Extends Grammatical Evolution

GE provides a means of mapping a fixed length bit string or integer sequence
(which is its genotype and thus blindly crossed over or mutated) into a pro-
gram via the use of a programming language specification given in Backus-Naur
Form (BNF). This implies that the genotypic search space is simpler in terms
of representation. Also, it implies that GE is a general means of using genetic
programming to generate an executable ‘program’ in an arbitrary language. In
our case the ‘programming language’ is the language that describes any HEMLS.
The ‘program’ is a HEMLS. In Genr8’s BNF specification of the HEMLS lan-
guage we express both syntactic and semantic constraints for a HEMLS. These
are implicitly respected as the BNF is used to derive a HEMLS from the geno-
type. An example of a syntactic constraint is that a <RewriteRule> must have
a <Predecessor>, followed by a arrow towards the right that is followed by a
<Successor>. Semantic constraints are more powerful. One example, seen in
Figure 5, is a heuristic for symmetry that is expressed in the <Modifier> non-
terminal: a turn in one direction along one axis must be subsequently followed
by a reciprocal turn on the same axis.

In typical GE systems, the program resulting from mapping the genotype
with the BNF is executed and its outputs are compared to desired outputs. In
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Genr8 the HEMLS is rewritten via graphical interpretation as a planar graph (in
a particular kind of execution) and a set of particular qualities of the resulting
digital surface are assessed according to derive a fitness value. Thus, Genr8
has two levels of mappings. Interestingly, each mapping is essentially similar
in terms of being generative. A generative system has a simple starting point
and the procedural means of becoming increasingly complex. The GE mapping
from a gentoype to a HEMLS allows a standard genetic algorithm to search in
a space of integer strings. This is simpler and more convenient with respect to
withstanding the random effects of blind variation than operating directly in the
grammar space. The use of GE preserves semantic and syntactic constraints in
the more complex representation space of a HEMLS. The HEMLS to surface
mapping supports ‘growth’ and produces a digital representation that is visual.

All Genr8 BNFs have <L-System> as their seed. The <L-system> symbol
is rewritten as an <Axiom>, one or more <RewriteRule>’s and, then, some pa-
rameters for the turtle. An example HEMLS derived via this BNF is shown in
Table 2.

The first line expresses the <Axiom>, i.e., an initial surface of 4 edges each
with a different label (e.g. zero through three). The next four lines are the
<RewriteRule>s, one for each edge, and the three last rows contain parameters
for the turtle. A more detailed description of the derivation and interpretation
of the grammar can be found in [2].

The BNFs used in Genr8 use two interpretations of the genome that have
not been used in previous implementations of GE. First, if there are many non-
terminals in the BNF’s production rules, an expanded (or derived) HEMLS is
likely to be very large. For instance, in the BNF of Figure 5, six of the nine
productions of the non-terminal <Modifier> themselves expand to <Modifier>.
Thus, there is a  probability of another expansion being required. In Genr8
such very complex rewrite rules in a HEMLS are generally undesirable because
they tend to produce less interesting surfaces. The conventional way in GE to
prevent this excessive expansion is to restrict the number of times the genome is
allowed to wrap around during its decoding. Once the wrapping limit is reached,
the individual is assigned the worst fitness fitness possible to make sure that
it does not survive the selection process. In Genr8, the problem is addressed
differently. A parameter called max_depth limits the maximum depth of the
expanded syntax tree rather than limiting the mapping of the genotype. When
the maximum depth is one short of being reached, only BNF production rules
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Fig. 5. A HEMLS language expressed in Backus Naur Form (BNF). Any derivation of
this BNF produces a HEMLS (i.e. a grammar). One derivation is shown in Table 2.

that use terminals are used to rewrite a non-terminal. This scheme still ensures
that a HEMLS will not expand indefinitely while it also puts a less abrupt
consequence to long expansion.

Second, in a BNF, the symbols {. . .} and [. . .] indicate that whatever sym-
bols (terminals or non-terminals) appears between them is to be written zero or
more times or one or more times, respectively. For example, in the BNF of Fig-
ure 5, <Successor> is rewritten as zero or more <Modifier>’s then an <Edge>.
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Because of the importance of genetic inheritance (and the propogation of genetic
characteristics) in a GE system, it is important that this optional quantity stay
consistent through all decodings of a genotype (i.e., from one generation to the
next or within multiple copies of the genotype in the population). The ideal way
to achieve this consistency is to use the genotype itself to determine how many
times a symbol is written when it is optional. This is accomplished in Genr8 via
a simple algorithm that, when a { is encountered, initializes a counter to zero.
Next, the following genes on the genome are used, instead of a random number
generator, to determine how many times the symbol between the {.. .} should
be written. The algorithm loops and writes the symbol as long as the next gene
has a value at least two less than the counter (which itself increments each time
through the loop). This leads to a symbol being written again with decreasing
probability as it is written more and more, yet there is no fixed upper limit
on the quantity. This scheme is deterministic and ensures that the genome will
produce the same HEMLS every time it is interpreted.

The <Edge> terminal in a HEMLS BNF is also special in the sense that it
requires a label. For convenience a numerical labeling is used in Genr8. Whenever
an <Edge> is derived for a HEMLS, the label must be determined. Either an
existing label must be used or a new label must be generated. As in the case
of optional quantities of symbols, label assignment requires consistency in terms
of genotype decoding. The scheme used in Genr8 is similar to the one used
for multiple nodes described above. There is a counter that keeps track of the
current number of edge labels. The probability of introducing a new edge label
decreases with the number of edge labels already existing.

Finally, the BNFs of Genr8 are extended in one way to ensure that branches
of a HEMLS will connect. A semantic heuristic enforces the same edge being
used in different places in a production rule’s successor. For example:

Here, the <EdgeX> terminal is used instead of the <Edge> in order to imply (and
enforce) that the edges designated by <EdgeX> need to both have the same label.
As the <Modif ier> non-terminal is expanded, the first <EdgeX> is assigned a la-
bel as described previously. All subsequent <EdgeX> terminals in the production
will automatically get the same label as the first one. This informal ‘binding’ is
reminiscent of free variable binding in logic programming.

4 Genr8’s Digital and Physical Results

In the case of surface exploration a picture is sometimes worth a thousand words.
Genr8 has now been used for two years in a design course within the Emergent
Design & Technologies graduate program at the Architectural Association (AA)
in London. Figure 7 and 6 is the final example of Genr8 that space permits.
Additional images are available on the world wide web at
http://www.ai.mit.edu/projects/emergentDesign/genr8.
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Fig. 6. A physical model, fabricated via CNC milling, based on a Genr8 surface. By
Linus Saavedra, AA, London, UK, 2003.

Fig. 7. A rendered image of a design for a pneumatic strawberry/champagne bar. This
is Genr8’s largest design that has been physically actualized. By Achim Menges, AA,
London, UK, 2003.

5 Summary

We have described how evolutionary computation, and in particular, extensions
of grammatical evolution, empower a digital surface exploration tool named
Genr8. Because of its responsive growth and evolutionary algorithm, Genr8’s
results are attractive, spontaneous and organic in appearance.
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Genr8 also demonstrates how a creative design tool based on evolutionary
computation can be effective in three other major respects that are elaborated
upon elsewhere (see [2,3]: Genr8’s Interrupt, Intervene and Resume (IIR) capa-
bility facilitates partner-based design between itself and its human user. Second,
the parameterized fitness function allows the user to decide what features of the
surface should be selected for. Third, Genr8 is efficiently integrated into a larger
design process so that the designer can use its results in subsequent explorations
that include, for example, physical model construction.
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Abstract. We describe a method for using Genetic Programming (GP) to
evolve document classifiers. GP’s create regular expression type specifications
consisting of particular sequences and patterns of N-Grams (character strings)
and acquire fitness by producing expressions, which match documents in a
particular category but do not match documents in any other category. Libraries
of N-Gram patterns have been evolved against sets of pre-categorised training
documents and are used to discriminate between new texts. We describe a basic
set of functions and terminals and provide results from a categorisation task
using the 20 Newsgroup data.

Keywords: Text categorisation, N-Gram, Genetic Programming

1 Introduction

Automatic text categorization is the activity of assigning pre-defined category labels
to natural language texts based on information found in a training set of labelled
documents. Text categorization can be viewed as a special case of the more general
problem of identifying a category in a space of high dimensions so as to define a
given set of points in that space. Quite sophisticated geometric systems for
categorization have been devised [1]. In recent years it has been recognized as an
increasingly important tool for handling the exponential growth in available online
texts and we have seen the development of many techniques aimed at the extraction
of features from a set of training documents, which may then be used for
categorisation purposes.

Classifiers built on the frequency of particular words in a document (sometimes called
bag of words) are based on two empirical observations regarding text:

1.

2.

the more times a word occurs in a document, the more relevant it is to the topic
of the document
the more times the word occurs throughout the documents in the collection the
more poorly it discriminates between documents.

A well known approach for computing word weights is the inverse document
frequency (tf-idf) weighting [2] which assigns the weight to a word in a document in
proportion to the number of occurrences of the word in the document and in inverse
proportion to the number of documents in the collection for which the word occurs at
least once, i.e.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 309–317, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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where a is the weight of word i in document k, is the frequency of word i in
document k, N the number of documents in the collection and equal to the number
of documents in which occurs at least once. A standard approach to text
categorization makes use of the classical text representation technique [2] that maps a
document to a high dimensional feature vector, where each entry of the vector
represents the presence or absence of a feature [3]. This approach loses all the word
order information only retaining the frequency of the terms in the document. This is
usually accompanied by the removal of non-informative words (stop words) and by
the replacing of words by their stems, so losing inflection information. Such sparse
vectors can then be used in conjunction with many learning algorithms [4].

There are a number of alternative strategies to the reliance on pure word comparison,
which can provide additional information for feature extraction. In particular, N-
Grams (sequences of N characters) and sequences of contiguous and non-contiguous
words (phrases) have also been used for classification [5], [6]. In this paper we
describe a method to identify a set of features in the form of N-Gram patterns using
Genetic Programming (GP) [7] with fitness based on the tf-idf principle. Although
GP has been used in the area of text mining before [8] we are unaware of other
implementations that have used GP’s to evolve classifiers based on GP created N-
Gram patterns. In the next section, we review previous work with N-Grams and with
phrases. We then provide information concerning the implementation of our
application and the initial results we have obtained on a classification task.

1.1 N-Grams

A character N-Gram is an N-character slice of a longer string so for example the word
INFORM can be represented by the 5-grams _INFO, INFOR, NFORM, FORM_
where the underscore represents a blank. If we count N-Grams that are common to
two strings, we get a measure of their similarity that is resistant to a wide variety of
grammatical and typographical errors. N-Grams have proven a robust alternative to
word stemming, having the further advantage of requiring no linguistic preparations
[5], [9], [10]. A further useful property of N-Grams is that the lexicon obtained from
the analysis of a text in terms of N-Grams of characters cannot grow larger than the
size of the alphabet to the power of N. Furthermore, because most of the possible
sequences of N characters rarely or never occur in practice for N>2, a table of the N-
Grams occurring in a given text tends to be sparse, with the majority of possible N-
Grams having a frequency of zero even for very large amounts of texts. Tauritz [11]
and later Langdon [12] used this property to build an: adaptive information filtering
system based on weighted trigram analysis in which genetic algorithms were used to
determine weight vectors. An interesting modification of N-Grams is to generalise N-
Grams to substrings which need not be contiguous [13].
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1.2 Phrases

The notion of N-Grams of words (i.e. sequences of N words, with N typically equals
to 2, 3, 4 or 5) has produced good results both in language identification, speech
analysis and in several areas of knowledge extraction from text [14]. Pickens and
Croft [6] make the distinction between ‘adjacent phrases’ where the phrase words
must be adjacent and Boolean phrases where the phrase words are present anywhere
in the document. They found that adjacent phrases tended to be better than Boolean
phrases in terms or retrieval relevance but not in all cases. Restricting a search to
adjacent phrases means that some retrieval information is lost.

2 Implementation

Our approach aims to identify sets of both adjacent and non-adjacent sequences of N-
Grams found in a text environment that may be useful as classifiers. We use the
symbolic capability of GP to combine sequences with functions such as OR, and
NAND to provide a set of complex features which may be used as a subtle and
sophisticated mechanism for discriminating between documents.

The basic unit (or phrase unit) we use is an N-Gram (sequence of N characters).
An N-Gram is said to match a word in a document if it is the same character
string as the word or is a substring of the word. We do not include space
characters in the N-Grams.
Sequences of N-Grams can be produced by GP’s and evaluate to true or false for
a particular document depending on whether a match for the sequence exists in
the text of that document.
Special symbols can be included in the specification produced by the GP’s for
example a ‘+’ symbol indicates that the two N-Grams which follow must be
found in adjacent words in a document i.e. an adjacent phrase in the terminology
of Pickens and Croft [6].
A GP produces N-Gram based schemas which evaluate to true or false (i.e.
match or do not match) in any document in the same way as which we can say a
particular word occurs or does not occur in a document.
GP’s can also combine schemas using Boolean functions.
Classifiers must be evolved for each category c of the dataset. Fitness is then
accrued for GPs producing Boolean N-Gram schemas which are true for training
documents in c but are not true for documents outside c in an tf-idf manner.
Thus the documents in the training set represent the fitness cases.

The task involved categorising documents selected from the 20 Newsgroup dataset.

2.1 The 20 Newsgroup Dataset

The 20 Newsgroup corpus collected by Lang [15] contains about 20 000 documents
evenly distributed among 20 UseNet discussion groups. This natural language corpus
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is employed for evaluating text classification techniques [16], [17], [18]. Many of
these groups have similar topics (e.g. five groups discuss different issues concerning
computers). In addition many of the documents in this corpus are present in more than
one group (since people tend to post articles to multiple newsgroups). Therefore, the
classification task is typically hard, and suffers from inherent noise, while trying to
estimate the relevant probabilities [18].

2.2 Pre-processing

Before the evolution of classifiers a number of pre-processing steps are made.

All the text in the document collection is placed in lower case.
Numbers are replaced by a special character and non-alphanumeric characters
are replaced by a second special character.
All the documents in the training data are searched for unique N-Grams which
are then stored in sets for size of N=2 to N=max_size. The size of these sets can
be reduced by requiring that an N-Gram occur at least times (e.g. 2 or more
instances of the N-Gram) or that the N-Gram occur in at least documents.

1.
2.

3.

Note that the use of N-Grams as features makes word stemming unnecessary and that
a stop list is not required because of the natural screening process provided by the
fitness test (see below).

2.3 Fitness

GPs are set the task of assembling single letters into N-Gram strings and then forming
a Boolean schema of N-Gram patterns. The schema is then evaluated against a set of
documents from each category of the training set. An N-Gram matches a word in a
document if it is the same as that word or is a substring of that word. Where a schema
is simply a sequence of N-Grams it is said to match a document if each element of the
schema matches a word in the document and each subsequent element of the schema
matches a word further along the document text. The function returns a Boolean
value indicating whether the entire sequence has a match in a document. GP’s may
combine N-Gram sequences with Boolean functions. A library of highly fit Boolean
schemas must be evolved for each category of the dataset. For a particular category
the GP’s are searching for patterns which occur in a number of documents within the
category but occur infrequently or not at all in any other document in any other
category. A simple fitness measure is summarized by the pseudo code below (where
the lower the fitness the better the individual).
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We generally used a high penalty (e.g. 20) for matching documents not in the topic
category and an occurrence around 3 requiring that the N-Gram pattern occur in more
than 3 documents to achieve a fitness value below 1. It may also be useful to penalise
GP’s producing schemas including N-Grams of size 1 as a method of reducing
redundant entries in a library.

2.4 GP Types

We use a strongly typed tree based GP system with the following types:

Each GP will output a Boolean N-Gram schema. Any schema output by a GP can be
evaluated against a document and the document can be said to match the schema or
not match the schema.

2.5 GP Terminals

26 lower case alphabetic characters (a-z).
# meaning any number.
~ meaning any non-alphanumeric character.

2.6 GP Functions

The GP’s are provided with a variety of protected string handling functions for
combining characters into N-Gram strings, concatenating N-Grams, and adding N-
Grams to a sequence of N-Grams. Most combinations of letters above an N-Gram size
of 2 are unlikely to occur in any text, for example where N-Gram size =6 only
0.001% of possible N-Grams are found in the 20 Newsgroup data. We therefore guide
the GP’s through the vast search space of possible N-Gram patterns by the provision
of special ‘Expand’ function. The following function initially forms a new N-Gram by
combining two N-Grams (N-Gra1 and N-Gram2). A new N-Gram NewN-Gram is
formed by appending N-Gram2 to N-Gram1. If the NewN-Gram is of length l the
expand function checks if the NewN-Gram is in the set of N-Grams of size l
originally extracted from all the text in the all the training documents used. If it is
found in this set NewN-Gram is returned. If not the nearest occurring N-Gram in the
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set is returned. If the set is empty the original N-Gram N-Gram1 is returned. Note that
the ‘Expand’ function will not return an N-Gram consisting of a sequence of
characters which never occurs in the training data. The function is summarised by the
following pseudo code

The size of the N-Gram sets can be reduced by extracting them only from the text of
documents belonging to the category for which the library is being evolved. This will
greatly reduce the search space of the GP’s but some discriminating ability will be
lost where a Boolean NOT function is included in the GP function set.

2.7 Measures

We use the following performance measures to test the effectiveness of the evolved
classifiers.

where:
a = the number of documents correctly assigned to the category
b = the number of documents incorrectly assigned to the category
c = the number of documents incorrectly rejected from the category
p = precision
r = recall

For evaluation we used the F1 performance measure given by

Note that then F1 measure gives equal weighting to both precision and recall [19].
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2.8 Library Building

When a frequent pattern is found to have a preset minimum fitness (e.g. less than 1)
the regular expression is stored in a library. Once a pattern is stored in the library any
GP producing such a pattern will accrue a fitness penalty (normally +1). The purpose
of this mechanism is to keep the GP population continuously searching for new
patterns whilst leaving the GP producing the discovered pattern a good chance of
remaining in the population and thus potentially contributing to the evolution of new
useful patterns through genetic operators. The graph in Fig. 1. shows a typical pattern
of evolution.

Fig. 1. Evolution of a classifier

Once the GP population has built a library for a particular topic the library can be
used for document categorisation purposes. We suggest that a document from the test
set which matches patterns stored in the library for a particular category is more likely
to be in that category.

3 Experiment

We used a strongly typed, tree based GP system with a population of 800 GP’s. The
system was run for 4 GP runs of 40 generations for each category. We used 10
categories from the 20 News Group corpus and selected 200 documents per category
for training purposes. A library of schemas was evolved for each of the 10 categories
with an average size of approximately 300 schemas. Every document from the test set
was then assigned to a category based on the number of schemas matching that
document from each of the libraries.

Although this is only a subset of the entire corpus (10 out of 20 categories) and
cross-method comparison is often problematic [20] the results above would seem to
compare favourably with other methods used to categorise this data set [18]. We
intend to perform an in-depth comparison with other methods using the complete data
set, to identify exactly where the GP system is outperforming other methods and
where it may be used to complement other methods of categorization.
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4 Future Work

The regular occurrence of synonyms (different words with the same meaning) and
homonyms (words with the same spelling but with distinct meanings) are key
problems in the analysis of text data. We are currently trying to assess the usefulness
of the Boolean functions OR, AND and NOT to the task of discriminating between
texts. We suggest that the OR function may be able to detect synonyms and the AND
and NAND functions may be able to detect homonyms by identifying associated
words in two N-Gram sequences. We are currently developing the system with the
intention of analyzing the use of synonyms and homonyms. We are also investigating
the usefulness of new GP functions to insert symbols of the regular expression within
the N-Grams, for example a “*” character to mean any sequence of letters. Lastly we
are developing a modified fitness test based on the F1 measure.

5 Conclusion

We have produced a system capable of discovering patterns of N-Gram co-occurrence
in text and storing specifications for those patterns. We have been able to perform a
document categorisation task using these specifications and we believe that there may
be many other areas within automatic text analysis where the basic technology
described here may be of use.
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Automatic Synthesis of Instruction Decode Logic by
Genetic Programming
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Abstract On many modern computers, the processor control unit is
microprogrammed rather than built directly in hardware. One of the tasks of the
microcode is to decode machine-level instructions: for each such instruction, it
must be ensured that control-flow is directed to the appropriate microprogram
for emulating it. We have investigated the use of genetic programming for
evolving this instruction decode logic. Success is highly dependent on the
number of opcodes in the instruction set and their relationship to the conditional
branch and shift instructions offered on the microarchitecture, but experimental
results are promising.

1 Introduction

On conventional uniprocessor computers, instruction processing can be viewed as
taking place within a fetch-decode-execute cycle that looks something like the
following:

In designing a CPU that may have a couple of hundred opcodes in its instruction set,
together with large numbers of complex addressing modes and instruction formats, it
is readily appreciated that converting this algorithmic view of the instruction cycle
into functioning hardware can be a huge undertaking. It is for this reason that
manufacturers often choose to implement the cycle by programming means, rather
than building it directly in hardware. The ability to do this requires the introduction of
an extra layer of architecture lying just above the hardware level but below the
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assembly-level programmer’s view of the machine. This additional layer is known as
the microarchitecture, and the low-level code it executes is known as microcode, or
firmware. Microarchitecture and microprogramming are topics dealt with in detail in
most modern texts on computer organization [1].

For those interested in genetic programming, it is worth pointing out how close GP
has approached from both sides of the microarchitectural divide, but never quite
entered that twilight world. From below, much research has been done on evolving
computer hardware logic, both at the analog and digital levels [2-6]. From above, by
far the vast majority of GP problems deal in high-level languages, but some have
strayed into the evolution of machine-code programs [7,8]. Others have delved even
lower than this; Poli and Langdon [9,10], for example, have suggested the use of what
they term ‘sub-machine-code programming’ to exploit the internal parallelism of a
processor. In all of these cases, however, the primary reason for descending to these
lower language levels is usually to increase the speed of the evolutionary process,
rather than a necessity to obtain solutions which are expressed at those levels.

Creating microcode requires an intimate knowledge of hardware details not
normally in view, including the operational characteristics of physical components
used to build the processor, the data paths and control signals between those
components, and many additional internal registers. Consideration has to be given to
the timing properties of components, and to parallelism both within and across
microinstructions. An individual microinstruction can be hugely complex, comprising
hundreds of bits specifying dozens of operations. Because microcode is highly
specific to each processor, few generic tools are available to assist the programmer,
and compilation from higher level languages is generally not an option, since the
generated code is usually not of sufficient quality. It is imperative that microcode be
both correct and efficient, as any deficiencies can have a major impact upon higher
machine levels.

It is perhaps not surprising, then, that microcode has received so little attention as a
medium for program evolution, and an interesting research question is whether
generating microcode in this way is in fact feasible. A partial answer to this is yes. In
a set of experiments, the author managed to evolve microprograms capable of
emulating a variety of machine code instructions [11]. The microprograms were
largely considered in isolation, without regard to the usual context of a fetch-decode-
execute cycle.

In this paper, we propose to complete the picture by investigating how GP might
be used to evolve the decode phase of the instruction processing cycle. In essence,
this corresponds to the switch/case statement shown in the algorithm above, but at the
level of microcode there is much more involved in ensuring that control flow is
directed to the appropriate microprogram for each machine instruction. This is
especially true of machines that do not support a jump-table approach, either because
such an approach is complicated to implement and perhaps inefficient on the given
microarchitecture, or because a suitable table would have to be huge or sparsely
populated. For these machines, the decode logic must consist of a sequence of tests
and branches to reach the desired destinations. Phrased in those terms, it may be
appreciated that the experiments which are described in the subsequent sections of
this paper have wider implications for the generation of decision logic in many
application areas and at higher programming levels.
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Fig. 1. Overview of the example microarchitecture

2 Example Microarchitecture

The microarchitecture we have used in this paper is based on the one described by
Tanenbaum [12]. Although this is a hypothetical machine, it has the virtue of
simplicity whilst exhibiting features common to many real microprogrammed
processors. A simplified view of this microarchitecture is given in Figure 1.

On each micro-cycle, the next microinstruction is loaded from the control store
into the microinstruction register (MIR). The instruction is divided into fields, or
microoperations, which control various sub-systems throughout the processor. A
complete microinstruction comprises 13 such fields, but only some of these are of
relevance to this paper; they are:
A, B: specify inputs to the ALU, usually taken from register bank
ALU: specifies one of four operations to be performed by ALU; these are

ADD,AND,COPY, INV, where COPY simply transfers the left ALU input to
the output, and INV inverts the bits of the left input

SH: controls the shifter; specifies a shift left (SHL) or right (SHR) by one place
C: optionally specifies a destination register to hold the calculated result
COND, ADDR: optionally specify a jump in the microcode; COND may be JN

(jump if negative), JZ (jump if zero), JMP (unconditional jump)
Whereas Tanenbaum used a pseudo-HLL syntax to write microcode, we have

chosen to use an assembly-level syntax which more accurately reflects the specific
microoperation values, and which is easier to generate via disassembly of evolved
microcode sequences. Hence, an example microinstruction is:
A=RA B=SP ADD C=SP JMP LAB1

This instruction selects the RA register and the stack pointer as inputs to the ALU,
instructs the ALU to add them, and writes the result back to the stack pointer register.
Following this, a jump will be made to address LAB1.
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3 Experimental Set-Up

In each of the experiments described in the next section, an initialisation phase creates
a population of individuals by randomly selecting both the program length and the
operations put together to create microinstructions. There are, however, two important
additional aspects to this initialisation stage. Firstly, it is ensured that the address field
of each microinstruction refers to a forward address. This is to prevent the accidental
creation of infinite loops in the code, and is not considered an unnatural restriction,
since most decode logic does not require iterative behaviour. Secondly, each
population member is ‘seeded’ with a set of pseudo-instructions representing the
microprograms that emulate the opcodes being decoded. These pseudo-instructions
are not regarded in the same way as the randomly created microinstructions, in that
they are not executable; they are there simply to act as destinations to which control
flow can be directed by the evolved decode logic.

In all the experiments which follow, we have adopted steady-state evolution.
Population members are chosen for reproduction, deletion, etc., using tournament
selection on a sample size of 5. The population size is 2000, and each run comprises
100 generations (generational equivalents). The evolutionary operators are the
standard ones of fitness-proportionate reproduction, recombination and mutation,
selected probabilistically. Mutation, with a probability of occurrence of 0.01, is
single-point: that is, only one field of one microinstruction is affected. For
recombination we use 2-point linear crossover. However, because a microinstruction
carries out several operations in parallel, and not all of these necessarily contribute
positively to an individual’s fitness, we introduced a form of crossover that allows
segmentation to take place within microinstructions rather than merely at instruction
boundaries [11]. 90% of the individuals in the population are generated in this way.

Since population members consist of microcode, the fitness function must take the
form of a simulator of the microarchitecture. Fitness evaluation of an individual
involves executing it multiple times within this simulation environment, and
monitoring the state changes that ensue. Because we are interested purely in evolving
decode logic, we make the assumption that the fetch phase has already taken place,
i.e. an instruction is sitting in the instruction register (IR), ready for decoding. The
format of a 16-bit instruction is that the upper 4 bits hold the opcode, and the lower
12-bits contain an operand (which may be an address).

An individual represents a solution to our decode problem if every opcode in the
instruction set causes the individual’s control flow to land at the corresponding
microprogram for that opcode. There must therefore be at least one execution of the
individual for each opcode in the set. In early experiments, however, it was
discovered that the logic of some individuals could be strongly influenced by the
arbitrary value of the operand field. To ensure that the correct logic is evolved for the
opcode, irrespective of the operand value, it is necessary to test each opcode in
conjunction with a variety of operand bit patterns. A ‘hit’ is tallied only if the correct
microprogram (represented as a pseudo-instruction) is reached for each and every
operand value. A fitness score can then be based on the number of hits obtained for all
opcodes in the instruction set.
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Fig. 2. Performance graph for 3 opcodes {0,7,15}

4 The Experiments

4.1 Three Opcodes

In this first experiment, we test the ability of our GP system to evolve decode logic
for just three opcodes. From the 16 possible opcodes that can be represented in the
high 4 bits of an instruction, our first set is chosen as {0, 7, 15}. Following Koza [13],
the graph presented in Fig. 2 summarises the success rate and the effort needed.

The thin line, plotted against the left axis, indicates the cumulative probability of
success (i.e. finding a working solution) P(M,i) for a population size M (=2000) at
generation i. The thicker line, plotted against the right axis, indicates the effort
required to achieve a solution in terms of the number of individuals processed. This is
expressed as I(M, i, z), meaning the number of individuals that are expected to be
processed to achieve a solution at generation i with probability z. Conventionally, the
value of z is set at 0.99. Below the graph we give the ‘minimum computational
effort.’ For this particular machine instruction, the value is estimated at 80,000
individuals, derived from 5 runs to generation 7.

As the graph suggests, evolving a solution for the opcode set {0, 7, 15} is not that
difficult to achieve. Indeed, 88 out of the 100 runs in the experiment produced
solutions. A sample solution is:

This solution works by firstly adding the instruction register to itself. If the opcode
held in the upper four bits is 7 (binary 0111) or 15 (binary 1111), then the result of
this addition will be negative, and our code will jump to 12. Otherwise, the opcode
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Fig. 3. Performance graph for 3 opcodes {1,2,3}

This solution works by firstly adding the instruction register to itself. If the opcode
held in the upper four bits is 7 (binary 0111) or 15 (binary 1111), then the result of
this addition will be negative, and our code will jump to I2. Otherwise, the opcode
must be zero, and the code correctly falls through to the microprogram which handles
that opcode. At I2, the instruction register (still holding its original content) is added
to zero, and again the result tested for negativity and a branch made if necessary. (The
result is also redundantly shifted right, but this has no effect on the negative status
flag, which is produced by the ALU prior to any shifting).

These initial results are encouraging, but closer scrutiny suggests that the choice of
opcodes, although made arbitrarily, may have had an impact on this. The set {0,7,15}
contains a zero value, a negative value, and a positive value; this fits in nicely with
the conditional branch operations available in the microcode, viz. jump-if-zero and
jump-if-negative. The question arises as to what might happen with an opcode set that
provides less of a match. We therefore chose to repeat the experiment with the set
{1,2,3}, which are all non-zero and non-negative. To make JZ and JN branches usable
requires several combinations of shift and test. Fig. 3 shows the resulting graph:

The probability of success curve P(M,i) hardly gets off the ground, and the
minimum computational effort is now well over 6 million individuals. In fact, only 4
runs out of 100 managed to evolve solutions which achieved the maximum of 3 hits
(i.e. the decode logic always landed at the correct microprogram for each of the 3
opcodes). Of the remaining runs, one scored 2 hits, while the other 95 runs achieved
only a single hit. An example solution is the following:
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In the first microinstruction, the IR is added to itself, shifted left, and then stored back
into IR. The GP system has therefore found a way of doing the equivalent of a double
left shift in a single instruction. The second microinstruction then inverts the bits of
IR (the B=+1 and SHR are just noise here), and jumps on the result. Only if the IR
originally contained opcode 1 will the result be negative, and we end up at the correct
place at label I5. At I2, the logic effectively performs another (single) left shift of the
IR, so that it will now be negative if it originally contained opcode 3, and positive if it
held opcode 2. Instruction I3 now repeats the actions of I1, with another inversion and
conditional branch to the appropriate destination.

4.2 Six Opcodes

In moving up to six opcodes, we decided to compare the performance of two sets:

Set A = {0,3,6,9,12,15}
Set B = {1,2,3,4,5,6}

Set A contains equally-spaced values drawn from the range of 16 possible opcodes,
and contains a mixture of zero, positive and negative values. Set B consists of
consecutive non-negative, non-zero values. Fig. 4 shows how the GP system fared for
these two sets, in terms of the number of hits achieved over the 100 runs.

The GP system successfully evolved complete solutions for Set A, but only in 2 of
the 100 runs. The best that could be managed for Set B was 5 hits out of a maximum
of 6. For Set A, a total of 64 runs managed to achieve 4 hits or more, while only 25
runs attained this level for Set B. Hence, it is again clear that the choice of opcodes
has a strong influence on the effectiveness of the approach. A solution for Set A is the
following:

The first instruction effectively splits the set into two halves, by branching on the sign
of the IR. Opcodes {9,12,15} are dealt with from 16 onwards. Meanwhile, I1
represents a neat bit of evolved code: not only does it perform a double left shift as
before, but it also manages to test the sign status produced as a result of the first of
those shifts. This is because the first shift is really an ADD, which, as has already
been mentioned, updates the status flags prior to anything done by the shifter itself.
Of the three opcodes {0,3,6}, only opcode 6 gives a negative result if shifted left
once, and I1 branches appropriately. I2 then examines the sign of the doubly-shifted
value of the instruction register (by ANDing with -1), and again branches
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Fig. 4. Hit levels for two 6-opcode sets

Fig. 5. Hit levels for all 16 opcodes

accordingly. The microcode from I6 onwards operates in a similar way. The triple
shift-test-shift action of I1 is repeated at I6, and then a single shift and test is carried
out at I8 to complete the decision-making (the SHR in I8 is noise).

4.3 Sixteen Opcodes

The results obtained from the previous experiments gave a good idea of the difficulty
that would arise in evolving decode logic for the maximum 16 possible opcodes that
can be represented in the 4-bit field of the instruction register. In this experiment,
then, we also chose to compare the performance of the GP system over 100
generations with that obtained over 400 and 800 generations. A graph of the number
of hits achieved in each case is presented in Fig. 5.

Over 100 generations as used in the earlier experiments, the maximum number of
hits that the GP system managed to evolve is 7 out of a possible 16. In other words,
the fittest individuals that emerged were capable of directing control flow correctly in
all cases for 7 of the opcodes, but not for the others. Only 5 runs managed to achieve
these 7 hits. If the number of generations is increased to 400, then 8-hit individuals



326 D. Jackson

emerge on 4 of the runs. A further increase to 800 generations leads to the production
of a 9-hit program on one of the runs.

For 100 generations, 27 of the runs evolved programs achieving 5 or more hits. For
400 generations, this increased to 49 runs capable of achieving at least 5 hits, while
800 generations gave 57 runs attaining at least 5 hits. Moreover, unlike the 100 and
400-generation cases, none of the 800-generation runs evolved a program that
achieved fewer than 3 hits.

5 Conclusions

Writing good quality decode logic at the microcode level is a complex problem even
for human programmers, and so the results of the experiments described in this paper
should be viewed as encouraging. The fact that the GP system managed to evolve
microcode that was capable of dealing with as many as 9 out of 16 opcodes is a
significant achievement, and the results appear to suggest that lengthening the
evolutionary process by increasing the number of generations has the desired effect of
elevating the hit rates. One thing that became clear very early on was that the success
rate is greatly influenced by the choice of opcode set, and in particular how well it fits
in with the conditions that branch instructions are able to test. Also encouraging was
the appearance of microcode that embodies some quite sophisticated programming
tricks, which in some cases (such as in the six-opcode example) reached a degree of
ingenuity that many human programmers might find difficult to attain.

In performing these experiments, we have adhered to the standard evolutionary
operators of fitness-proportionate reproduction, mutation and recombination. It may
be the case that the use of alternative operators could improve on the number of hits
obtained, and this forms an avenue for possible further investigation. A further
observation regarding performance is that, since decode logic contains repeated
application of shift-and-test operations, the encapsulation of these operations as single
programming entities via the introduction of Automatically Defined Functions
(ADFs) [13] could be of benefit.

Also for future work is the way in which some of the techniques described here
might be more generally applied or extended. In examining the evolution of decode
logic, we have couched the problem as a specific one at a specific programming level.
However, as we saw in the Introduction, the instruction decode problem is essentially
that of formulating the low-level equivalent of a high-level case statement. The task
of generating control flow that always gets to the right destination for any of a set of
values is an important problem at any level. Other control flow constructs such as
loops and if-statements are also not always easily expressed, especially at low
programming levels, and we wish to investigate the problems associated with their
evolution.

Finally, one of the things we have glossed over in this paper is the issue of
efficiency. Especially at the microarchitectural level it is vital that program code be
both correct and efficient. An unnecessary microinstruction in the decode logic can
mean an extra clock cycle added to the processing of every machine-code instruction.
We therefore intend to look at ways of bringing in measures of execution speed into
the fitness function so that efficiency becomes an additional factor driving the
evolutionary process.
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Alternatives in Subtree Caching for Genetic
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Abstract. This work examines a number of subtree caching mechanisms
that are capable of adapting during the course of a run while maintaining
a fixed size cache of already evaluated subtrees. A cache update and flush
mechanism is introduced as well as the benefits of vectorized evaluation
over the standard case-by-case evaluation method for interpreted genetic
programming systems are discussed. The results show large benefits for
the use of even very small subtree caches. One of the approaches stud-
ied here can be used as a simple add-on module to an existing genetic
programming system, providing an opportunity to improve the runtime
efficiency of such a system.

1 Introduction

Implementation issues of genetic programming for imperative languages such
as C/C++ have been studied in depth by Keith and Martin [1]. The main
focus of the work was on implementing a general genetic programming system,
generalized over a large set of possible combinations of functions and terminals.
This led to the choice for a prefix jump-table approach as the implementation
of choice which combines flexibility and runtime efficiency.

In this work the issue of implementation is revisited for a constrained set of
genetic programming problems: those that involve functions without side-effects,
evaluated on a fixed set of training data. The prototypical application for this
type of genetic programming is symbolic regression. It will be shown that for
this domain it is possible to use vectorized evaluation to — for all practical pur-
poses — remove the overhead of a genome interpreter. The additional memory
overhead of a system employing vectorized evaluation is a number of arrays the
size of the data that needs not exceed the maximal depth of the parse trees.

Because the domain is constrained, it is however possible to extend and
outperform this approach. This paper will present a caching approach, where
a cache of subtrees and their evaluations is maintained to look up previously
evaluated subtrees in order to avoid recalculating commonly occurring subtrees.
In contrast with approaches that cache all subtrees in a population [2], the
current approach will use a cache of a fixed — predetermined — size, which can
be set at the beginning of a run. It will be shown that the use of such a cache
inside the evaluation routine can greatly speedup a symbolic regression run, even
with a limited size of the cache. The results in this paper strongly suggest that
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the use of caching together with vectorized evaluation is faster than any system
that does not employ caching for this delimited set of problems: in particular it
is claimed that this does not in principle exclude genetic programming systems
that evolve and execute programs in assembler.

2 Vectorized Evaluation for Symbolic Regression

Symbolic regression is taken to be the search for a symbolic formula that tries
to predict some target output given a finite set of input vectors x. The size
of this dataset is considered to be fixed, and the set of functions applied to the
inputs are arithmetic, possibly augmented with other primitive mathematical
functions, and possibly conditionals.

The results presented in this paper do not depend on its use in symbolic
regression: they apply to any purely functional language that does not have
side-effects in the evaluation step, and where there is a notion of independence
in the fitness cases: the evaluation of one case does not depend on the evaluation
of other cases. Although this limits the applicability of the approach studied
here, it is still wide enough to be of practical interest: for instance, regression
and classification problems fall into this class.

In most implementations of genetic programming to date, evaluation is done
on a case by case basis, where the parse tree is traversed and interpreted for each
fitness case separately. The overhead of the genome interpreter is then incurred
for each node and each case separately.

Thus, given an individual consisting of M nodes, evaluated over N fitness
cases, the number of interpretation steps is M × N. As a fully interpreted genetic
programming employs a switch or jump-table to figure out which function to call,
the overhead of the switch or lookup and subsequent function call is incurred
for each node and each function call. No matter how optimized this step is, it
grows with both the size of the population and the number of fitness cases.

When however the loop is reordered such that the the evaluation works on
the full array of fitness cases for each node, it is possible to reduce the number
of interpretation steps to M. With such a vectorized evaluation all functions
are defined as a simple loop over all fitness cases. By reducing the number of
interpretation steps by a factor N, the runtime of a genetic programming system
can be massively reduced. In effect, when performing vectorized evaluation, the
overhead of the interpreter is independent of the number of fitness cases.

This simple trick, where an outer loop over the interpreter is replaced by a
(compiled) inner loop over the sub-calculations is known as vectorized evaluation.
Interpreted languages such as Matlab and numeric extensions of the languages
Python and Perl use vectorized evaluation extensively to reduce the computa-
tional impact of the interpreter. Up to date, vectorized evaluation has not been
used in genetic programming implementations much, which is surprising given
the simplicity and expected gains of this approach. One of the reasons might
be that interpreted genetic programming systems are usually set up to be fully
general, in that they not only tackle side-effect free programs on a fixed training
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set, but also dynamic problems with or without side-effects in the training set.
For such problems, vectorized evaluation is not or only limitedly applicable.

To give an indication of the impact a non-vectorized genome interpreter has
on a system, consider a genetic programming run that evaluates 1000 individuals
of average size 200 for 500 generations on a set of 5000 fitness cases. This will
mean that the genome interpretation step is invoked a total of or 50
billion times. Even with a heavily optimized genetic programming system such
as GP Quick [3], where the overhead of the interpreter reduces to 4 operations
(table lookup, pointer dereference, pointer increment and a function call), and
furthermore (very optimistically) assuming that each of these four operations
take a single clock cycle on a 2 GHz CPU, this leads to a total overhead of
100 seconds per run for the interpreter alone. Contrast this with a vectorized
evaluation step that only needs 10 million interpretation steps, and it is clear
that with vectorized evaluation the speed of the interpreter itself is much less of
an issue. Because the inner loops are all simple loops over arrays of fitness cases,
they can run optimally fast on modern day pipelined floating point architectures.

3 Subtree Caching

Due to consistent copying of subtrees by crossover in genetic programming, it is
unavoidable that many subtrees will occur multiple times in the population [4].
New individuals created will share many subtrees with their parents, and poten-
tially with many other members of the population. When evaluation is performed
in a standard way, these subtrees will be evaluated repeatedly.

It is possible to avoid this continuous re-evaluation of subtrees by storing
the entire population in a Directed Acyclic Graph (DAG), and evaluate only
those portions of new individuals that are new to the population [2,4]. However,
because the size of the population, or more importantly, the number of unique
subtrees is a dynamical consequence of the run, the size of the DAG structure
and its cached evaluations is dynamic as well. This would not only mean that
memory most likely needs to be allocated dynamically (which is another source
of overhead), but also that it is hard to limit the number of cached evaluations.
Storing all subtrees present in the population can therefore lead to an overflow
of the available RAM, and consequently, sub-optimal performance. Furthermore,
in symbolic regression type tasks, the number of fitness cases can be very large.
Using a subtree caching mechanism such as Handley’s [2] is then an all-or-nothing
approach.

Here an approach is studied where the maximum size of the subtree cache
can be set beforehand; a caching mechanism is introduced that will attempt to
exploit such a fixed size cache optimally. Therefore, the following demands are
placed on the algorithm.

The subtree cache should be of a fixed, user defined size
Evaluations are done in a vectorized manner
The number of cache hits needs to be maximized
Cache lookups should be fast, preferably (amortized) constant time

1.
2.
3.
4.
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In this paper descriptions are given of two approaches that will implement
these constraints in two different manners. One comes in the form of an add-
on module which can conceivably be added to the evaluator of any tree-based
genetic programming system. This method uses a postfix traversal of the tree,
and keeps the subtree cache local to the module without interfering with the
main representation that stores the population. This is a bottom-up approach in
the sense that for a subtree to be cached or to remain in the cache, all its children
need to be cached as well. The second method follows the DAG approach, where
inside the DAG a fixed set of evaluations are cached. The evaluation method is
top-down, which enables subtrees to remain in the cache, even when its children
are removed from the cache. Both approaches use the same least-recently-used
mechanism for updating the cache, the main difference lies in the perceived
efficiency of the approaches, the DAG approach expected to be the more efficient,
the postfix approach less intrusive.

3.1 Bottom-Up Caching Using a Postfix Representation

For the first version of the caching mechanism, a cache of subtrees will be added
to the evaluation function. If a subtree is evaluated, a check will be performed to
see if the subtree is present in the cache. If it is, the cached evaluations (an array)
will be used instead of re-evaluating the subtree. The implementation makes use
of two data-structures: a hash table to store subtrees and cached evaluations,
and a linked list to enable a least recently used algorithm for cache additions
and removals.

The subtree cache itself is implemented as a DAG stored in a hash table.
In the case the subtree is a terminal, it will simply store the identifier and a
pointer to the array that contains its values. In the case of an ephemeral random
constant it will point simply to the constant value. For functions: an identifier
is kept, plus pointers to the children subtrees. Next to the hash table, a linked
list is used that stores pointers to the elements in the hash table.

The hash table will thus consist of: (a) the token identifying the function or
terminal (or constant), (b) pointers to the arguments (c) a pointer to an array
of evaluations, and (d) a pointer to the corresponding element in the list. If
we know the locations in the hash table of the children for a certain subtree, a
lookup to see if the subtree is contained in the hash table is an O(1) algorithm.
Once a hashed subtree is found, its evaluations can be retrieved and the node
does not need to be evaluated.

The Update Mechanism. With a caching approach that will maintain a finite
cache of evaluations, some mechanism needs to be defined that will select when
subtrees should enter the cache, and which subtrees should make place for these.
The replacement algorithm chosen here is the fast O(1) least recently used (LRU)
mechanism: whenever a subtree needs to enter the cache, the least recently used
subtree will be removed. This algorithm can be conveniently implemented using
a linked list with pointers to the elements in the cache. Terminals will not enter
the LRU mechanism, to make sure that they are never deleted. Although more
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effective algorithms than the LRU algorithm are known, none of them have con-
stant lookup time. As the mechanism is used inside the evaluator loop, anything
above constant time will have a significant impact on the speed of the system.

The cache selection algorithm deserves some more thorough consideration
however. If any subtree that is evaluated will enter the cache, many very large
subtrees that are not likely to be present multiple times will enter the cache and
fill it up to capacity quickly. Although caching large trees can represent large
savings, these savings can only be collected when the trees occur frequently. The
cache insertion algorithm introduced here will add a subtree to the cache only if
all its children are in the cache, and none of these cached children have entered
the cache in the current evaluation. In this way, a large tree will only enter the
cache when it is encountered many times. Small trees — necessarily occurring
more frequently — will enter the cache more rapidly. In this way a balance is
struck between the large gains expected of finding a large subtree in the cache
and the waste of effort of having only rarely occurring elements in the cache.

For the implementation of this caching mechanism, an individual is traversed
in a postfix manner. This enables a stack based implementation. In the descrip-
tion below, a flag is used that signals that an element of the stack is cached. This
flag is used for clarity, in an implementation it can easily be replaced by a pointer
to the element in the hash table (with zero signalling that it is not cached). Ele-
ments on the stack thus contain an array of evaluations, and a pointer to a hash
table entry (here represented as a flag).

As an example, consider a postfix representation of a tree:

First the terminals x and y are pushed on the stack and by definition, these are
cached, so the flag variable is set to one.

Then the multiplication operator is processed. Two arguments are popped
from the stack, the flags are checked and because both arguments are cached,
a check is performed if the subtree y*x is cached as well. As it is not, but both
its children are cached, the subtree is added to the cache. Even though after
this operation, the subtree is now present in the cache, the flag is set to zero to
ensure that any subtrees using this tree will not enter the cache at this time.
The stack now contains

where the symbolic description y*x is used instead of the array of evaluations
that is used in the implementation. Subsequently, the terminal z is pushed on
the stack

Then the addition operator is processed. It pops the two arguments, and,
because the flag is unset for the second argument, it will evaluate the addition,
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and pushes the result on the stack. After this operation, the stack will contain
a single uncached element:

Subsequently, the two terminals are pushed on the stack:

Now the multiplication operator is checked for a second time. As both its
children are cached, and it occurs in the cache itself, its cached evaluations will
be retrieved and the flag will be set. After pushing the variable on the stack,
the situation is as follows:

The addition operator that follows will be added to the cache, and after
evaluating the root multiplication operator, evaluation is done. This particular
evaluation sequence saved one single evaluation by a lookup. By refraining from
adding all subtrees, the mechanism gradually builds up a cache of subtrees: large
subtrees will be added only when they have occurred many times.

3.2 The LRU-Mechanism

The linked list that stores the cached evaluations is used to implement the LRU
mechanism. Whenever a subtree is found in the cache, the element will be moved
to the top of the list. When a new element is added, the element from the bottom
of the list is taken, and its values are re-used. This new element is again stored
at the top of the list. By using this process, the bottom element of the list is
always the least recently used element. Because the list elements are directly
accessible (as a pointer to it is kept in the hash table of subtrees), and unlinking
and relinking elements from a list can be done in constant time, the overall
complexity of the update mechanism is O(1). As the subtree lookup routine
itself employs a hash table, the overall caching approach described here is O(1)
for each cache lookup.

3.3 Top-Down Caching

A second method for caching is to have the population stored as a DAG itself,
such that every distinct subtree occurs only once. Evaluation of an individual in
such a DAG can be done by a standard recursive evaluation function. Because
of the use of vectorized evaluation there is no need to provide an exceptionally
fast genome interpreter. A DAG can be conveniently stored in a hash table for
O(1) access [5]. A similar mechanism as above is employed for caching, albeit it
works in a top-down fashion. When recursively evaluating an individual, first it
is checked if the root node is cached. If it is, the cached evaluations are returned
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(while at the same time the position of this root node’s cached evaluations in the
linked list will become the top of the list). Then a recursive routine is entered
where for any node, it is checked if all the children are cached (as a side-effect
any of these children that are cached will become the top of the linked list). If
all children are cached, the node is evaluated using the cached evaluations of the
children, and the evaluations are stored at the top of the linked list. If any of
the children are not cached, the routine will enter the recursion. This node will
then not enter the cache.

The differences between the top-down and bottom-up approach are twofold.
Top-down caching is intrusive, in that the elements of the DAG representation
need to hold pointers to the linked list. It also presupposes a particular imple-
mentation for the population as a DAG. The bottom-up approach only keeps a
DAG of the subtrees that are currently cached, and is thus of constant size. The
bottom-up approach can conceivably be plugged into the evaluation function
oblivious of the actual implementation that is used to store the entire popula-
tion: be it postfix, prefix or a pointer tree, as long as the representation can be
traversed in a postfix manner.

A second difference between the two approaches can be found in the subtrees
that can be found inside the cache. In the bottom-up approach, only subtrees
whose children are cached can remain cached. Whenever a subtree gets deleted
from the cache all the trees that contain it can no longer be accessed and will
be flushed. The top-down mechanism works quite different. Whenever a cached
subtree is found, it will become the top of the LRU list. However, its subtrees
will not be accessed and will therefore remain where they were in the LRU-list.
Whenever such a child subtree is removed from the cache, the cached subtree is
still accessible, and can be used again. This enables the cache to only contain
those subtrees that are (i) large and (ii) occur frequently. In particular, this
means that when a subtree only occurs in the context of another subtree, no
cache-entry is wasted in storing this subtree, as it will always be the larger tree
that will be accessed first. It was expected that this will outperform the bottom-
up caching approach. To what extent it does or does not do this is investigated
in the experimental section below.

4 Experimental Results

Experiments are performed in order to asses three things: (i) if the caching
approach is effective in reducing the number of evaluations, (ii) the impact of
the size of the cache on the effectiveness, and (iii) which caching mechanism
(top-down or bottom-up) produces best results. To quantify the efficiency of
the caching mechanism the ratio of the number of function evaluations per-
formed versus the number of functions that would be needed to evaluated with-
out caching is used. This effectively skips the terminals as in both approaches
they will not enter the cache. To perform the experiments, the DAG implemen-
tation, including top-down caching, was used as the main representation for the
GP runs, while the bottom-up postfix representation was used as an add-on
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module. The results reported here are thus performed using the same system,
which enables a fair comparison. Furthermore, an upper bound on the number
of cache hits is calculated by examining the DAG structure and calculating how
many new nodes are added to the population after each variation event. This
is used to simulate the effort needed for a straightforward DAG implementation
where all subtrees are cached at all times and only new subtrees need to be
evaluated.

The genetic algorithm that is uses a population of 500 individuals evolving
under a regime with 50% crossover and 50% node mutation where selection
pressure is implemented using a tournament selection of size three where the
worst individual in the tournament is replaced by the offspring of the best two.
Note that this setup ensures a fairly diverse run due to the high mutation rate,
and caching is thus not expected to be optimally useful.

Fig. 1. Caching statistics after 100 generations over 150 runs. Cache sizes ranges from
20 to 5000 subtrees. The average DAG size is 3400 nodes.

Regression of Figure 1 shows the effi-
ciency of the different caching mechanisms for a moderately difficult regression
function on a single variable. For small cache sizes the top-down method outper-
forms the bottom-up method by a significant margin. This indicates the ability
of the top-down method to retain large common subtrees in the cache while the
bottom-up method flushes them quickly because of space constraints. Already
with a cache size of 20 subtrees, the top-down method is capable of saving more
than 50% of function evaluations. When the cache size grows, the bottom-up
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method starts to outperform the top-down method. Because the only difference
between the two methods is the treatment of subtrees of cached subtrees, the
cause of this must be sought there. In the top-down method, such subtrees are
not reinforced and can thus be flushed from the cache, while in the bottom-up
method they are reinforced. A frequently occurring subtree with many supertrees
in the cache will thus be flushed quickly by the top-down method. Crossover,
being frequency driven, samples such a subtree often and will put it in new,
uncached, contexts.

Fig. 2. Caching statistics after 100 generations over 150 runs. The average DAG size
is 6500 nodes.

Regression of an 8 variable function. The second test was performed on a
8 variable function that was generated through a hydraulic numerical model for
which no closed form solution is known. To give good performance all 8 variables
need to be used, which reduces the possibility of extensive subtree sharing. As
such, this function is a better representative of regression problems than the
single variable function used above. This difference is already reflected in the
number of distinct subtrees that are present in the population (6500 versus 3400).
The same pattern as above appears: top-down caching is more efficient for small
cache sizes while bottom-up caching is the most efficient for large cache sizes.
For the smallest cache size tested here, the efficiency of the top-down method
was 40%, which signifies already a significant speedup. Also here the benefits of
subtree caching are clear.
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5 Conclusion

Subtree caching can provide significant benefits, even when memory constraints
are present. In this work it was shown that a subtree caching mechanism can
provide speedups of up to 50% even when the size of the cache is kept at a very
low value of 20 cached subtrees using top-down caching. For moderate values of
500 to 1000 cached subtrees, speedups can rise to levels close to 90%, representing
an order of magnitude speedup on vectorized evaluation.

When memory constraints are such that there is space for thousands of cached
evaluations, it seems that the caching method proposed by Handley provides
the most benefit, however, the inability of this method to control the amount
of memory is a clear disadvantage. Also, with large cache sizes, the bottom-up
method approaches the efficiency of this optimum within a few percent.

For moderate cache sizes between 100 and 1000 subtrees, the bottom-up
caching method seems most efficient. For more heavily memory constrained sys-
tems where only a small cache can be used, top-down caching can be preferred.
In most practical applications, bottom-up caching is the preferred method: even
when the number of fitness cases is in the order of a hundred thousand, it is still
feasible to maintain a cache of 500 subtree evaluations on most modern systems.
Such a setup would need 50 million floats or doubles, thus 200 or 400 MB of
memory for the cache. In such a setting the cache efficiency can easily exceed
70% of the function evaluations, even in diverse populations. Combined with vec-
torized evaluation, the resulting speed of the system will, although interpreted,
approach, if not beat, compiled genetic programming systems.

Bottom-up caching can easily be implemented as an add-on module for any
genetic programming representation that can be traversed in a postfix manner.
This is an important benefit of the method. Combined with the experimental
observation that it approaches the optimal caching efficiency with larger cache
sizes makes it the winner in this comparison.
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Abstract. Inducing decision trees is a popular method in machine learn-
ing. The information gain computed for each attribute and its threshold
helps finding a small number of rules for data classification. However,
there has been little research on how many rules are appropriate for a
given set of data. In this paper, an evolutionary multi-objective opti-
mization approach with genetic programming will be applied to the data
classification problem in order to find the minimum error rate for each
size of decision trees. Following structural risk minimization suggested by
Vapnik, we can determine a desirable number of rules with the best gen-
eralization performance. A hierarchy of decision trees for classification
performance can be provided and it is compared with C4.5 application.

1 Introduction

The recognition of patterns and the discovery of decision rules from data exam-
ples is one of the challenging problems in machine learning. When data points
with numerical attributes are involved, the continuous-valued attributes should
be discretized with threshold values. Decision tree induction algorithms such as
C4.5 build decision trees by recursively partitioning the input attribute space
[14]. Thus, a conjunctive rule is obtained by following the tree traversal from the
root node to each leaf node. Each internal node in the decision tree has a split-
ting criterion or threshold for continuous-valued attributes to partition a part of
the input space, and each leaf represents a class depending on the conditions of
its parent nodes.

The creation of decision trees often relies on the heuristic information such
as information gain measurement. How many nodes are appropriate for classifi-
cation has been an open question. Mitchell [13] showed the curve of the accuracy
rate of decision trees with respect to the number of nodes over the independent
test examples. There exists a peak point of the accuracy rate in a certain size of
decision trees; larger size of decision trees can increase its classification perfor-
mance on the training samples but reduces the accuracy over the test samples
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which have not been seen before. This problem is related to the overfitting prob-
lem to increase the generalization error 1. Many techniques such as tree growing
with stopping criterion, tree pruning or bagging [15,12,14,4] have been studied
to reduce the generalization error. However, the methods are dependent upon a
heuristic information or measure to estimate the generalization error, and they
do not explore every size of trees.

An evolutionary approach to decision trees has been studied to obtain op-
timal classification performance [9,8,3], since the decision tree is not optimal
in structure and performance. Freitas et al. [8] have shown evolutionary multi-
objective optimization to obtain both the minimum error rate and minimum
size of trees. Their method was based on the information gain measurement;
it followed the C4.5 splitting method and selected the attributes with genetic
algorithms. They were able to reduce the size of decision trees, but had higher
test error rates than C4.5 in some data sets. Recently a genetic programming
approach with evolutionary multi-objective optimization (EMO) was applied to
decision trees [3,2]. A new representation of decision trees for genetic program-
ming was introduced [2], where the structure of decision trees is similar to linear
regression trees [5]. Two objectives, tree size and accuracy rate in data clas-
sification, were considered in the method. The method succeeded in reducing
both error rates and size of decision trees in some data sets. However, the best
structure of decision trees has not been considered in their works.

It has been shown that EMO is very effective for optimization of multi-
objectives or constraints in continuous range [17]. Also EMO is a useful tool
even when the best performance for each discrete genotype or structure should
be determined [11]. There has been no study so far to find what is the best
structure of decision trees to have the minimal generalization error, though the
EMO approach was used to minimize the training error and the tree size [2,10].

In this paper, the EMO for two objectives, the tree size and the training
error, is first used to obtain the Pareto solutions, that is, the minimum training
error rate for each size of trees. After the preliminary stage, the structural risk
minimization suggested by Vapnik [16] will be applied to find the best structure
(tree size) with the minimum generalization error. A special elitism strategy
for discrete structures is applied to the EMO. Also an incremental evolution
from small to large structures with Pareto ranking is considered, where genetic
programming evolves decision trees with variable thresholds and attributes. From
the suggested method, we can find the accuracy rate of classification for each
size of trees as well as the best structure of decision trees. The result will be
compared with the C4.5 method.

2 Method

2.1 Structural Risk Minimization

In structural risk minimization, a hierarchical space of structures is enumerated
and then the function to minimize the empirical risk (training error) for each

1 This is also called test error in this paper.
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structure space is found. Among a collection of those functions, we can choose
the best model function to minimize the generalization error. The number of
leaf nodes (rules) in decision trees corresponds to the VC-dimension that Vapnik
mentioned in the structural risk minimization [16].

The structure of decision trees can be specified by the number of leaf nodes.
Thus, we define a set of pattern classifiers as follows:

where is a set of input-output vectors, is a pattern classifier with
parameter vector is a set of decision trees with terminal nodes and is
a set of pattern classifiers formed by decision trees with terminal nodes. Then
we have

From the method of structural risk minimization [16], we can easily set the VC
dimension into the number of leaf nodes and the VC dimension of each pat-
tern classifier is finite. In this paper, the training error for each set of pattern
classifiers, for is minimized with the EMO method and then
the generalization error for each pattern classifier is identified. The best pattern
classifier or the best structure of pattern classifiers is the one with the mini-
mum generalization error; 10-fold cross validation will be used to estimate the
generalization error.

2.2 Evolutionary Multiobjective Optimization

In the suggested evolutionary approach, a decision tree is encoded in the geno-
type chromosome; each internal node specifies one attribute for training instances
and its threshold. The terminal node defines a class, depending on the conjunc-
tive conditions of its parent nodes through the tree traversal from the root node
to the leaf node. Unlike many genetic programming approaches, the current
method encodes only a binary tree classification often observed in decision trees
(see Fig. 1(d)); the only one function set is a comparison operator for a variable
and its threshold, and the terminal set consists of classes determined by decision
rules.

The genetic pool in the evolutionary computation handles decision trees as
chromosomes. The chromosome size (tree size) is proportional to the number of
leaf nodes in a decision tree, that is, the number of rules. Thus, the number of
rules will be considered as one objective to be optimized. While an evolutionary
algorithm creates a variety of decision trees, each decision tree will be tested on a
given set of data for classification. The classification error rate will be the second
objective. The continuous-valued attributes require partitioning into a discrete
set of intervals. Here the decision tree will have a single threshold for every
internal node to partition the continuous-valued attribute into two intervals.
Thus, it is assumed that the decision tree is a binary tree.

We are interested in minimizing two objectives, classification error rate and
tree size in a single evolutionary run. In the multi-objective optimization, the
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Fig. 1. Artificial data and EMO (a) data set and C4.5 decision boundaries : class
0, × : class 1) (b) 4 rules from EMO (c) an example of EMO result (d) a part of the
best chromosomes

rank cannot be linearly ordered. The Pareto scoring in EMO approach has been
popular and it is applied to maintain a diverse population over two objectives.
A dominance rank is thus defined in the Pareto distribution.

A vector for objectives is said to dominate
(written as if and only if X is partially less than Y, that

is,

A Pareto optimal set is said to be the set of vectors that are not dominated
by any other vector.

To obtain a Pareto optimal set, a dominating rank method [7] is applied to
the tournament selection of group size four in this paper. The dominating rank
method defines the rank of a given vector in a Pareto distribution as the number
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of elements dominating the vector. The highest rank is zero, for an element which
has no dominator.

A population is initialized with a random size of tree chromosomes. In the
experiments, tournament selection of group size four is used for Pareto optimiza-
tion; a population is subdivided into a set of independent groups and members
in each group are randomly chosen among the population. In each group of
four members, the two best chromosomes2 are first selected in a group and then
they reproduce with a given mutation rate. A subtree crossover over a copy of
two best chromosomes, followed by a mutation operator, will produce two new
offspring. These new offspring replace the two worst chromosomes in a group.
The crossover operator swaps subtrees of two parent chromosomes where the
crossover point can be specified at an arbitrary branch.

The mutation has five different operators. The first operator deletes a subtree
and creates a new random subtree. The subtree to be replaced will be randomly
chosen in a decision tree. The second operator first picks up a random internal
node and then changes the attribute or its threshold. This keeps the parent tree
and modifies only one node. The third operator chooses a leaf node and then
splits it into two nodes. This will assist incremental evolution by adding one more
decision boundary. The fourth operator selects a branch of a subtree and reduces
it into a leaf node with random class. It will have the effect of removing redundant
subtrees. The fifth operator sets a random attribute in a node and chooses one
of the possible candidate thresholds randomly. The candidate thresholds can
be obtained at boundary positions3 by sorting the instances according to the
selected variable (the threshold to maximize the information gain is also located
at such a boundary position [6]). The last operator has an effect of choosing
desirable boundaries based on information gain, but the random selection of the
thresholds avoids local optimization only based on information gain. Thus, the
last mutation operator4 accelerates a fast speed of convergence in classification
and the other four operators provide a variety of trees in a population. In this
paper, crossover rate 0.6 and mutation rate 0.2 were used.

In the initialization of the population or the recombination of trees, we have a
limit for the tree size. The minimum size of leaf nodes is 2 and the maximum size
of leaf nodes is set to 35; some data set does not need the exploration of as many
nodes as 35, because a small number of leaf nodes are sufficient. If the number of
leaf nodes in a new tree exceeds the limit, a new random subtree is generated until
the limit condition is satisfied. A single run of the EMO method over training
examples will lead to the Pareto optimal solutions over classification performance
and the number of rules. Each non-dominated solution in a discrete space of tree
size represents the minimized error fitness for each number of decision rules. The

2

3

4

More than one chromosome may have tie rank scores and in this case chromosomes
will be randomly selected among multiple non-dominated individuals.
We first try to find adjacent samples which generates different classification cate-
gories and then the middle point of adjacent samples by the selected attribute is
taken as a candidate threshold.
There is a possibility of using only information gain splitting, but we use this method
instead to allow more diverse trees in structure.
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elitism strategy has been significantly effective for EMO methods [17]. In this
paper, an elitist pool is maintained, where each member is the best solution for
every size of decision trees under progress. For each generation, every member
in the elitist pool will be reproduced.

3 Experiments

3.1 Artificial Data

The EMO method was first tested for a set of artificial data with some noise as
shown in Fig. 1; we will only show an application of the EMO method to minimize
the training error, not generalization error, and the generalization error will be
covered in section 3.2. The data set contains 150 samples with two classes. When
the C4.5 tree induction program was applied, it generated 3 rules as shown in
Fig. 1(a). It produced a 29.3 % training error rate (44 errors). For reference, a
neural network (seven nodes in a hidden layer) trained with the back-propagation
algorithm achieves a 14.7 % error rate (22 example misclassifications). Evolving
decision trees with 1000 generations and a population size 200 by the EMO
approach produced a variety of Pareto trees. With only two rules allowed, 43
examples were misclassified (28.7 % error rate) as shown in Fig. 1(c), and it was
better than the C4.5 method. Moreover, six rules was sufficient to obtain the
same performance as neural networks with seven hidden nodes. As the number of
rules increases, decision boundaries are added and the training error performance
improves.

In many cases, the best boundaries evolved for a small number of rules also
belong to the classification boundaries for a large number of rules; new bound-
aries can provide better solutions in some cases. A small number of rules are
relatively easily evolved since more rules have more parameters to be evolved
and it takes longer time. More rules tend to be evolved sequentially from the
base of a small number of rules. Thus, incremental evolution from small to large
structures of decision trees is operated with the EMO approach.

3.2 Machine Learning Data

For the general case, the suggested evolutionary approach has been tested on
several sets of data (iris, wine, ionosphere, ecoli, pima, wpbc, glass, bupa) in the
UCI repository [1] and the artificial data in Fig. 1. These data sets are mostly for
machine learning experiments. Classification error rates are estimated by running
the complete 10-fold cross-validation ten times, and for significance statistics, 10
trials are repeated with the EMO approach. For each size of decision trees,
95% confidence intervals of fitness (test error rate) are measured by assuming

For each experiment, a population size of 500 with 1000 generations
was taken with tournament selection of group size four.

Evolutionary computation was able to attain a hierarchy of structure for
classification performance. There exists the best number of rules to show the
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Fig. 2. Examples of EMO result in data classification 1 (arrow: C4.5 with default
parameters, *: C4.5 with varying number of nodes, EMO result with 100 generations,

EMO result with 1000 generations) (a) artificial data (b) ionosphere data

minimum generalization error as expected from the structural risk minimization.
Fig. 2 shows that the artificial data have four decision rules as the best structure
of decision trees and that the ionosphere data have six rules. If the tree size
is larger than the best tree size, then the generalization performance degrades
or shows no improvement. More generations tend to show a better curve for
the best structure of trees. This test validation process can easily determine a
desirable number of rules. The EMO even with 100 generations is better than a
C4.5 induction tree in the test error rates for these two sets of data.

In our experiments, the EMO with 100 generations outperforms C4.5 in the
test error rate for all the data except wine and glass. The EMO with 1000
generations improves both the error rate and the number of rules, and it is better
than C4.5 in the test error rate for all the data. Table 1 and Fig. 3 show that the
EMO is significantly better than C4.5 in error rate with 95 % confidence levels
for most of the experimental data. The EMO method with wine and artificial
data have a little higher number of rules, but it is due to the fact that the EMO
finds an integer number of rules in a discrete space. The other data experiments
show that the best number of rules in decision trees by the EMO is significantly
smaller than the number of rules by C4.5 induction trees.

An interesting result is obtained for the wpbc and pima data (see Fig. 4).
Two sets of data have a bad prediction performance, regardless of the number of
rules. The performance of C4.5 is worse than or similar to that of two or three
rules evolved. Investing longer training time on wpbc and pima data does not
improve validation performance. It is presumed that more consistent data are
required for two sets of data.

In the experiments, the number of rules by C4.5, which is determined by
information gain, is mostly larger than that by the suggested approach. It con-
firms that some rules from C4.5 are redundant and thus C4.5 may suffer from
an over-specialization problem. The performance of the suggested method over
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Fig. 3. Comparison between C4.5 and EMO method (a) error rate in test data with
C4.5 and EMO (EMO 1 and EMO 2 represent the EMO running with 100 generations
and 1000 generations, respectively) (b) the number of rules with C4.5 and EMO (the
number of rules for EMO is determined by selecting the minimum error rate)

decision trees can be influenced by mutation operators. We can add a new mu-
tation operator splitting decision space by information gain in order to see how
much it influences the validation performance.

In this paper, we selected the best model for the comparison with C4.5. The
comparison can be arguable, because a variety of model complexities for C4.5 are
not provided. In fact, C4.5 can also generate varying number of rules by adjusting
parameters, for instance, by controlling the parameter of a minimum number of
objects in the branches. The performance of C4.5 with varying number of nodes
for some data sets is shown in Fig. 2; it is worse than our method in classification
performance. With the parameter control, a specific number of decision rules can
be missing. Generally it is hard to generate a consecutive number of leaf nodes or
a large size of trees with C4.5. It would be a better comparison with the suggested
approach if more sophisticated tree induction method with pruning or stopping
growing can be tested. As an alternative, other tree induction algorithms that
grow trees by one node can be tested and compared with the EMO method. We
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Fig. 4. Examples of EMO result in data classification 2 (arrow: C4.5 with default
parameter,  EMO result with 1000 generations) (a) wpbc data (b) pima data

leave the comparison between the suggested approach and other methods in the
same model complexities to future work.

The computing time of evolutionary computation requires much more time
than C4.5. For example, a single EMO run with a population size of 500 and 100
generations over pima data takes about 22 seconds while a single run of C4.5
application takes only 0.1 second (Pentium computer). A single EMO run for
iris, wine, ionosphere, ecoli, wpbc, glass, and bupa took roughly 3 seconds, 6
seconds, 28 seconds, 8 seconds, 12 seconds, 7 seconds, 8 seconds, respectively.
Generally the EMO needs much more computing time to find the best perfor-
mance for every size of trees, but it can improve the classification performance
significantly in most of the data sets.

When we wish to have a desirable set of rules over a given set of data, we do
not have a prior knowledge about what is the best number of rules to minimize
the generalization error. Thus, a two-phase algorithm with the EMO method
can be applied to general classification problems. First, we can apply the EMO
method to the whole training instances and obtain a set of rules for each size
of trees. Then the above method of finding the best structure with 10-fold cross
validation can be applied to the training instances. From this information, we
can decide the best set of rules among a collection of rule sets for the original
data set, which will prevent the overfitting problem.

4 Conclusions

The proposed EMO approach searches for the best accuracy rate of classification
for each different size of trees. By structural risk minimization, we can find a
desirable number of rules for a given error bound. The performance of the best
rule set is better than that of C4.5, although it takes more computing time. In
particular, it can reduce the size of trees dramatically. It can also help to evaluate
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how difficult it is to classify a given set of data examples. Many researchers have
used pima and wpbc in their experiments, but the distribution of error rates over
the size of trees implies that these data cannot expect prediction. In addition,
we can indirectly determine if a given set of data requires more consistent data
or whether it includes many noisy samples.

For future study, the suggested method can be compared with the bagging
method [4], which is one of the promising methods to obtain good accuracy
rates. The bagging process may also be applied to the rules obtained from the
proposed method. The decision tree evolved in this paper has the simple form of
a binary tree. The EMO approach can be extended to more complex trees such
as trees with multiple thresholds or linear regression trees. The result can also
be compared with that obtained from neural networks.
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Abstract. Internet based parallel genetic programming (GP) creates
fractal patterns like Koch’s snow flake.
Pfeiffer, http://www.cs.ucl.ac.uk/staff/W.Langdon/pfeiffer.html,
by analogy with seed/embryo development, uses Lindenmayer grammars
and LOGO style turtle graphics written in Javascript and Perl. 298 novel
pictures were produced. Images are placed in animated snow globes (com-
puterised snowstorms) by www web browsers anywhere on the planet.
We discuss artificial life (Alife) evolving autonomous agents and virtual
creatures in higher dimensions from a free format representation in the
context of neutral networks, gene duplication and the evolution of higher
order genetic operators.

1 Introduction

For two years we have been running an experiment in distributed evolution in
which small local populations within each user’s web browser communicate via
Javascript with a central server holding a variable sized global population (see
Figure 1). Pfeiffer is intended as a prototype to show the feasibility of evolving
agents on many small computers running across the Internet under the user’s
actions as a fitness measure. (A Java based model, albeit without interactive
evolution, is sketched in [Chong and Langdon, 1999].) The agents are intended
to be attractive and therefore they are animated in a snowstorm. Their form is
given by a simple deterministic Lindenmayer grammar, whose initial seed is a
Koch fractal snow flake (see Table 1).

The Biomorphs of [Dawkins, 1986] and the work of Karl Sims [Sims, 1994]
in evolving virtual creatures are well known. Christian Jacob [Jacob, 2001] used
the Mathematica language to evolve many classic Lindenmayer based virtual
plants. The Wildwood system [Mock, 1998] allows interactive evolution of static
plants, while [Hemberg et al., 2001] uses it for architectural design. More re-
cently [Ortega et al., 2003] has used a linear genetic programming system (gram-
matical encoding [O’Neill and Ryan, 2001]) to force syntactic correctness of their
Lindenmayer grammar. Note these constraints may possibly prevent massive
neutral networks from forming in the fitness landscape.

The next two sections describe the GP L-system. Section 4 describes the
two month trial. Section 5 describes the results. Section 6 is concerned with
implementation problems. (After the trial, some of these were addressed.) The

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 349–358, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Fig. 1. Overview of Pfeiffer. The user interacts via HTML and Javascript run in their
web browser (left hand side). Initial seeds (chromosomes) are either stored locally as a
cookie or down loaded via the Internet via cgi program seed running on our web server.
Seed returns a randomly chosen member of the global population. Evolution occurs in
the user’s browser. To visualise modified seeds they are passed to cgi script test.bat
which interprets them as Lindenmayer grammars driving turtle graphics. The resulting
graphic is convert to a .GIF file and returned to the user’s browser for display. Should
a user elect to save a seed, it is duplicated, stored on the user’s machine as a cookie
and added to the global population by cgi program harvest.

penultimate section (7) discusses where evolutionary agents might lead us. We
conclude, in Section 8, that worldwide interactive evolution is feasible.

2 How Pfeiffer Works

Pfeiffer (cf. Figure 1) evolves agents and displays them moving in two dimensions
across the screen of a www browser. The visual phenotype of each agent is
given by a Lindenmayer system grammar. As the agents are moved across the
screen they are subject to random encounters and changes which may effect their
grammar. Each time the grammar is changed the agent’s new shape is drawn on
the screen. The user can save pretty shapes and delete ugly ones.

2.1 User Interaction

The primary goal of the user intervention is to use the user to provide selection
pressure to drive the evolution of the agents. The user can save an agent by
clicking on it. This causes an additional copy of the agent to be stored in the
local population, overwriting a deleted agent (if any). Since the local population
cannot hold more than 25 agents, if there are no deleted agents, adding an agent
means overwriting an existing one. The agent selected by the user is stored
in its “cookie” and appended to the global population. (Cookies allow the local
population to be stored off line between sessions.) Once in the global population,
the agent can be down loaded by other users and so distributed across the world.



Global Distributed Evolution of L-Systems Fractals 351

These user initiated actions exert selection pressure on the local and global
populations.

The user can also use the cursor to “freeze” selected individuals. I.e. prevent
them moving for ten seconds. This does not prevent them crossing over. As such
it gives the user limited abilities to steer individuals towards each other and so
perform mate selection.

While apparently simple, one must bear in mind that all the agents are
updated and moved asynchronously. Thus the actual agent’s seed can be different
(for a short time) from the seed which grew into the fractal (phenotype) displayed
on the screen. Time outs are used to make it clearer which user action has been
initiated before starting a new one.

2.2 Central Server

The code running on the UCL server splits into two parts. Seed and harvest,
which read and write seeds from and to the global population and test.bat.

Javascript has very limited graphics capabilities. It is designed to display
predetermined graphics, which it down loads. Pfeiffer needs to be able to display
arbitrary Lindenmayer grammars. This cannot be done in Javascript, instead
it is done on the server and the results are down loaded. Test.bat interprets
each new seed as a Lindenmayer grammar, generating a series of drawing in-
structions, which are immediately obeyed. The resulting picture is compressed
and converted to .GIF format and passed back to the user’s browser for dis-
play. Because of the data compression, this takes only a few seconds even on
low band width connections. The delay appears to be mainly due to network
latency, rather than lack of bandwidth.

3 Genetic Programming Configuration

The (up to) 25 individuals in the local population move across the user’s web
browser display and may run into each other. When this happens and if both
individuals are mature (i.e. more than 25 seconds old) crossover occurs and the
first parent’s seed (chromosome) is replaced by that of its offspring. The new
offspring closes up to and remains with the second parent for ten seconds. The
10s delay gives time for the offspring’s .GIF to be down loaded from UCL. After
10s the child and parent randomly drift apart.

3.1 Genetic Representation

Each agent seed is a variable length linear text string. The default seed grows
into the Koch snow flake (row 6 in Table 1). It is the 56 character string
v=60&str=F++F++F & it=2 & sc =5 & rules=(’F’,’F-F++F-F’). So it is no
surprise that these characters appear often in both the local and global popula-
tions.
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Spaces and control codes are removed before each seed is passed across the
Internet to be interpreted. The string is split by & characters into parameters.
They are are processed left to right. Thus if any parameter is repeated, the
second “gene” is “dominant”. Note with more flexible genetic operations (only
a slight change to our crossover would be needed), this representation would
support “gene duplication” and “translocation” [Goldberg, 1989].

Four parameters are recognised. They are v (angle), str (start string of
grammar), it (depth of recursive expansion) and sc (side, in units of 0.2 pixels).
rules is fixed. Each substring formed by splitting the seed at the & is further
split by =. If the first part of the substring exactly matches one of the parameter
names then its value is set to the text between the first and second (if any) =. If
a parameter is missing, its default is used. The use of the defaults is effectively
the same as if the default text where inserted at the start of every seed (albeit
protected from genetic operators).

Once parameters have been decoded the Lindenmayer grammar is inter-
preted. First the start string srt Lindenmayer grammar is expanded it times.
At each step every character which matches the left hand symbol of a rule is
replaced by the corresponding right hand side. This yields a potentially very
long string. To avoid tying up our server with infinite or very long recursions an
arbitrary complexity limit of 2000 line segments steps was imposed.

The string is interpreted as a series of “turtle” drawing instructions:

F move forward sc/5 pixels
+ turn clockwise by v degrees,
- turn anti-clockwise by v degrees,

3.2 Example of Interpreting a Grammar

Suppose the initial seed is the 59 characters v=60 & str=F++F++F3t5F+r c sc=
5 & rules = (’F’, ’F-F++F-F’). After removing spaces we are left with 51
characters v=60&str=F++F++F3t5F+rcsc=5&rules=(’F’,’F-F++F-F’). This
splits (at &) into two parameters v=60 and str=F++F++F3t5F+rcsc=5. De-
faults are given for missing parameter values (it and sc), while rules is fixed.
So the grammar is v=60, str=F++F++F3t5F+rcsc,it=2,sc=5 and rules=
(’F’, ’F-F++F-F’). Note how the original value of sc had been corrupted but
is restored by the default. The start string is expanded twice (it=2) to give the
final image.
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3.3 GP Genetic Operations and Other Parameters

Only crossover was active during the two month period. However mutation had
been used extensively in the previous two years. Crossover is “homologous” in
the sense that the start of the parents’ seeds are aligned before two cut points are
randomly selected. However to allow seeds to change length, 50% of the time the
segment cut from the middle of the second parent is either one character longer or
one shorter than the segment in the first parent it replaces. If the second parent
is shorter than the second cut point, the inserted fragment must be shorter than
the segment it replaces. Leading to a bias towards creating shorter offspring.
The first parent is replaced by its offspring.

Wildwood [Mock, 1998] only allows crossover within the L-system production
rules and chooses crossover points to ensure [] brackets are matched. Our robust
interpreter ensures operation even if crossover violates syntactic rules and allows
all the parameters to evolve.

Fig. 2. Example crossover. Length of first parent 67, first cut point at 37, remove 10
characters, insert 11 characters. 68 characters in offspring.

4 How Much Has Pfeiffer Been Used

From December 2001 to November 2003, 43,681 Lindenmayer grammars were
evolved by 740 user sessions from 171 different sites. Usage of Pfeiffer has
been highly non-uniform. The length of individual sessions is approximately
log-normal. However activity also varies in time reflecting the system’s develop-
ment. E.g. usage increased after July 2003 when support for additional browsers
(Mozilla, Netscape 6 and Microsoft) was implemented.

In the two months from Wednesday 10 September 2003 to Sunday 9 Novem-
ber, 5,653 Lindenmayer grammars were evolved, interpreted and down loaded
by 87 user sessions from 69 different domains. Surprisingly “commercial” sites
dominate with only eight obviously academic sites. Usage has been truly inter-
national and covers at least 14 countries (be, ca, com edu net org, dk, it, lb, lt,
mx, nl, pl, sa, sg, uk, za). The mean number of .GIF down loaded per session
was 65. 50% of sessions down loaded 18 or more (corresponding to loading all or
nearly all of the initial population from the network). It is disappointing to note
that half user sessions last 39 seconds or less. This suggests a serious problem in
starting Pfeiffer. Possibly many users are not prepared to wait the 38 seconds on
average needed to down load the initial population and start the HTML page.
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5 What Has Pfeiffer Learnt

The global population grew roughly linearly during the two month trial. Table 1
tabulates the changes. Of the 43 new seeds, 29 can be attributed to genuine
users and 14 to web spiders. 298 totally new phenotypes were evolved by local
populations however only one was saved in the global population by a user.

Most users added none or only one seed to the global population but two users
added five each. If we group the seeds in the global population by their appear-
ance (phenotype) the new members have been allocated roughly in proportion to
the the increase in population (145/102). This suggests no clear user preference.
Perhaps this was in part due to poor user interface, leading the Javascript to
misinterpret the user’s intention.

The asynchronous nature of the update of the agent’s phenotype after
crossover leads to a lack of direct connection between the user and the sys-
tem. After the trial the user interface was improved. E.g. various measures such
as time outs and visual cues have been implemented to address the problems of
the user “clicking but nothing happens” and to overcome the inherent delay in
updating an agent’s appearance after crossover.

While there were fluctuations in program size, lengths did not change dra-
matically. This lack of bloat is also consistent with noisy or weak selection.

During the two months, 5653 seeds were interpretted and down loaded. Apart
from a few special cases, these contained the same characters as the initial global
population, in the same proportions (within 2%). Most (3279 58%) of the .GIF
images were copies of the default Koch snow flake. 1531 (27%) images where
identical to another image held in the global population. 843 (15%) new images
were down loaded. As usual there was a degree of overlaping phenotypes, with
these 843 down loads consisting of 298 totally new .GIF files. The usage of these
novel shapes was very varied. Two novel .GIF files account for 307 (36%) of
down loads but others were evolved just once.

Three .GIF are evolved much more often than their frequency in the initial
global population. These are the given in rows 6 (default, Koch, 10 × 12), 3 (in-
visible, 49 × 1) and 4 (10 × 3) of Table 1). While this may be a response to user
preference, another explanation is that crossover is finding many different Lin-
denmayer grammars with these phenotypes. E.g. by damaging the parameters,
so either the defaults are used or v is set to a small value.

14 junk seeds were inserted into the global population by software robots
or web spiders. Spider unknown.thorn.net was responsible for inserting rogue
characters <PLAINTEXT> into the global population. Similarly % managed to
slip in. Note while unwanted, Pfeiffer continues to function satisfactorily despite
these.

6 Practicalities

The server software needs greater protection against web spiders and software
agents. (This was added after the trial.)
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During the trial evolution was allowed to exploit a hole where by it generated
997 (2%) invisible agents. Crossover created these by ensuring v=0. The hole was
fixed after the trial.



356 W.B. Langdon

The evolution of large and complex fractal patterns suggest that Pfeiffer is
already pressing up against the 2000 steps limit. After the trial, this limit was
relaxed significantly without undue hardship.

We must admit to having been caught out by the significant start up delay.
This was not a feature of the original Netscape 4 implementation but arose
as a “finishing touch” during porting to other browsers. One of the original
motivations for using Javascript as opposed to using Java was that Java applets
had come with a painful start up overhead. This delay was removed after the
trial.

6.1 Real Time Performance

On average each .GIF takes 300mS to generate and occupies 66 bytes. On average
each seed takes 60 bytes. On a fast link (2Mb/S) the time to process each each
new seed should be dominated by drawing the .GIF. Even on a 9k6 baud line, the
average data transfer time should be only 140mS. Thus, ignoring processing time
in the user’s web browser and network latency, Pfeiffer should be able to process
between 2 and 3 fractal images per second. In contrast typical maximum rates
are 0.5-1.0 per second (mean 0.73). This suggests performance is dominated by
network (including server) latency and browser overhead. To some extent these
are outside our control. Together these suggest there is little performance gain
to be had within the existing system design.

Pfeiffer gathers a lot of data but some additional data might be helpful.
For example the type of computer/browser being used. Also mostly the data
gathered is about successful operation, little is said about things that failed. On
a less technical front, there is no attempt to gather user feed back. E.g. what
did they think about it? Was it difficult to use? Why did they stop? Did they
find it boring?

Surprisingly the computational power of a standard (350MHz) PC is only
just sufficient. Smoothly animating the movement of a population of 25 .GIF
images across a browsers screen can fully load it. One reason for moving to a
Java implementation would be to display the L-system directly thus removing
the network delays associated with crossover. However one could expect similar
CPU loading issues with Java animations as with Javascript animations. This
would need careful investigation.

6.2 Non-portability

It was somewhat disappointing to discover that so recent a language as Javascript
is seriously non-portable. Not between different computers. (Almost all develop-
ment was on computers of the same type, running the same or similar operating
systems) but between different browsers. So code running in one browser would
behave radically differently when run on the same machine in a different browser.

Portability was less of an issue on the server. Debugging and development
tools are problematic in both server and browser. Development of Javascript was
much the more painful.
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7 Future: Breeding “Intelligent” Agents

Our agents are very limited. We feel they need to be able to evolve to react to
their environment. They need to be able to evolve to predict their environment.
Of course this makes requirements of both the agent and the environment. Also,
perhaps crucially, it needs to be able to effect the environment, and predict
what those effects will do for it (and for others). While L-systems have been
mainly used (as we have done here) to create static structures, they can de-
scribe networks. Those networks could contain sensory and active elements, they
could contain processing elements (as in artificial neural networks [Gruau, 1994;
Hornby and Pollack, 2002], or even GP like communicating computational pro-
cesses).

There is a strand of thought in which intelligence came from a co-evolutionary
struggle between members of the same species [Ridley, 1993]. If true, can intelli-
gence arise in isolated agents? Or are interacting/communicating agents needed?

A problem with simulated worlds has been hosting sufficient complexity so
as to be challenging but still allowing agents to be able make predictions about
what will happen next and what will happen to me or to others if I do this. The
Internet hosts tides of data. This data is not random. It aught to be possible to
harness it to give a suitable virtual environment.

We have fallen for the usual trap of constructing a two dimensional world (on
the computer screen). However is there any hope of evolving artificial life (and
thereby artificial intelligence) in two dimensions? Obviously three dimensions
are sufficient but computer simulations offer many dimensions

8 Conclusions

Lindenmayer grammars can be used as the basis for a linear genetic programming
(GP) system and evolve interesting fractal like patterns. Many new patterns
have been evolved, some exploiting the L-system to produce some regularities
and re-use of motifs. It is feasible to represent individual agent’s genetic mate-
rial (seed/chromosome) with a variable length text string without defined fixed
semantic fields and using crossover at the character level. The representation
allows a huge degree of redundancy to evolve. The “fitness landscape” clearly
contains a huge degree of “neutrality” [Smith et al., 2002] and evolution is using
it. Yet, we are still only using a small part of a complete Lindenmayer grammar
(e.g. the seeds do not use branching primitives, [ or ]). This loose representation
allows the location etc. (as well as the meaning) of the L-system to evolve. Gene
duplication, translocation and other genetic operations could be supported by
such a general representation.

One of the original hopes was that “fitness” would arise intrinsically from the
simulation. As well as user actions, one could imagine selection being based on
aspects of the fractal patterns, their production or transfer across the Internet
and their interaction with other agents. However, perhaps due to poor user
interface exacerbated by the asynchronous nature of the image update system,
evolution appears to have been undirected.
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In terms of harvesting spare CPU cycles, the project confirms it can be done
using Javascript and user’s web browser but this experiment did not show it to
be worthwhile. The project does hint at some successes. World wide distributed
evolution is clearly feasible. (A single server prooved suficient but this must
represent a bottleneck for much bigger experiments.) Perhaps more importantly
one can recruit users (which are much more valuable than their CPUs) to assist
in guided evolution. Finally animated tools are an attractive way to spread
evolutionary computation.

Acknowledgements. I would like to thank Birger Nielsen for use of his perl
Lindemayer interpretter http://www.246.dk/lsystems.html, Maarten Keijzer
and the much put upon reviewers.
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Abstract. In this paper we propose an approach to Genetic Program-
ming based on code reuse and we test it in the design of combinational
logic circuits at the gate-level. The circuits evolved by our algorithm
are compared with circuits produced by human designers, by Particle
Swarm Optimization, by an GA and by Cartesian Genetic
Programming.

Keywords: Genetic programming, code reuse, logic circuit design,
evolvable hardware.

1 Introduction

In Genetic Programming (GP) [7,10] programs are expressed as syntax trees.
This form of GP has been applied successfully to a number of difficult problems
like image enhancement, magnetic resonance data classification, etc. [2]. The
reuse of code is a very important characteristic in human programming. So,
several attempts have been made to introduce the ability to reuse code in GP.

For example, one can reuse code using Automatically Defined Functions
(ADFs) [7,8]. The problem with this approach is discovering good ADFs. ADFs
behave differently in different parts of a program when they have different argu-
ments. So, in order to discover if an ADF is good, GP has to spend additional
computation to discover with which parameters the ADF can be used prop-
erly. Code reuse is also possible with Parallel Distributed Genetic Programming
(PDGP) [14,15,16]. Programs are represented in PDGP as graphs with nodes
representing program primitives and links representing the flow of control and
results. So, PDGP can be used to either evolve parallel programs or to produce
sequential programs with shared (reused) subtrees. Another technique to reuse
code is the Multiple Interacting Programs (MIPs) approach proposed in [1]. A
MIPs individual is equivalent to a neural network where the computation per-
formed in each unit is not fixed but is performed by an evolved equation. Each
unit’s equation is represented by a GP syntax tree.

The design of combinational logic circuits is generally considered an activ-
ity that requires certain human creativity and knowledge. Traditionally this has
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been performed with techniques based on Boolean algebra, for example: Kar-
naugh Maps [6,18], the Quine-McCluskey Algorithm [21,17] and ESPRESSO [3].

More recently the problem of designing combinational logic circuits has been
attacked with various evolutionary techniques, an area called Evolvable Hard-
ware [7,19,20]. Evolvable Hardware research can be sub-divided into two main
categories: intrinsic evolution, which is carried out through building and testing
electronic hardware, and extrinsic evolution, carried out through simulations.
Extrinsic evolution is the approach used in the work presented here.

Louis [12] was one of the first to use genetic algorithms for combinational logic
design. In his thesis [11], Louis uses a genetic operator called masked crossover
which adapts itself to the encoding and is able to exploit specific information
about the problem domain.

Coello et al. [4] developed an approach using a two-dimensional matrix in
which each matrix element is a gate (AND, OR, NOT, XOR, WIRE). The goal
was to produce fully functional designs which were also minimal. They tried
to achieve this by maximizing the use of WIRE gates, once feasible circuits
have been found. In this work the authors reported good result for small prob-
lems. This approach, however, is highly sensitive to the values of the parameters
adopted, namely the size of the matrix which, if not chosen properly, may prevent
the GA from converging.

Coello et al. [5] used the same circuit representation as in the work men-
tioned above but this time used Particle Swarm Optimization (PSO) to design
the circuits. Instead of using the usual PSO’s real-valued representation, they
used a binary encoding in order to facilitate representing circuits. The algorithm
produced competitive results with respect to an Genetic Algorithm
(NGA), but its performance seriously degraded when dealing with circuits with
more than one output.

When appropriate terminals, functions and fitness functions are defined, stan-
dard GP can go beyond the production of programs and can be used to evolve
circuits. The approach in [9] was, for example, to use primitives that can grow a
circuit starting from an initial embryonic circuit including only a power supply,
a load, and a modifiable wire. This approach has been mostly used to evolve
analogue circuits and controllers.

Miller et al. [13] developed a technique called Cartesian Genetic Program-
ming (CGP). In CGP a program is seen as a rectangular array of nodes. Each
node may implement any convenient programming construct. In this represen-
tation, all cells are assumed to have three inputs and one output and all cell
connections are feed-forward. With this technique, Miller et al. obtained good
results for complex problems, including the three-bit multiplier and the even-4
parity circuit. However, the approach normally requires a very high number of
fitness function evaluations.

The main purpose of the present work is to explore a new GP technique,
called Encapsulated GP (EGP), which allows the reuse of code within GP trees.
In this work we will use evolvable hardware problems to test EGP. The paper is
organized as follows. Section 2 contains a description of the algorithm used. We
provide experimental results in Section 3. We discuss these in Section 4 and we
draw some conclusions in Section 5.
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2 Encapsulation Genetic Programming

2.1 Terminal and Functional Set

The representation used in our work is a tree-like one as suggested by Koza [7].
The function set for circuits with more than one output is {AND, OR, NOT,
XOR}. For practical reasons, the functions are internally represented with num-
bers as indicated in Table 1. Boolean algebra notation (see third column in
Table 1) is instead used to compare the results found by EGP with those pro-
duced with others techniques. In this notation the absence of a symbol between
two terminals indicates the presence of an AND. Also, we use the relations A
NOR B = NOT(A OR B) and A NAND B = NOT(A AND B) to represent
NOR and NAND, respectively.

The terminal set consists of the inputs of the circuit. These are defined with
the letters The terminal set includes also a special encapsulation
terminal, which will be explained later. We use the “Grow” initialisation
method, which allows the selection of nodes from the whole primitive set until
the depth limit is reached.

Once we have defined the terminal and functional sets, we proceed to generate
the individuals in the population. For this we have used the postfix representa-
tion. We chose this representation because it is easy for the computer to execute,
using a stack-based interpreter (see Section 2.2).

2.2 Interpreter of Genomes

To evaluate each individual, it is necessary to use an expressions’ evaluator
(interpreter of genomes). Ours is based on a stack, and works in the following
way. It reads characters from left to right. If the character read is a terminal, then
its corresponding value is stored in a stack. If the character read is a function
(see Table 1), then the values for its arguments will be taken from the stack
for evaluation and the result of this evaluation will be stored on the top of the
stack (see Figure 1). This procedure is repeated until the end of the expression
is reached.
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Fig. 1. Contents of the stack at different stages of the interpretation of the program
ab2cd45.

2.3 Encapsulation Terminal

The method proposed in this paper does not only allow reusing code but it also
allows evolving graph-like structures, which could encode, for example, combi-
national logic circuits. This is the result of using the terminal symbol, which
works as follows:

Once the individuals in the population have been generated, every individual
is checked to see if it contains at the genotype level. If an individual
contains this symbol, we assign one point within the individual to which this

refers.
If the symbol points to a function symbol, the symbol effectively repre-
sents the sub-tree rooted at that function.
If the symbol points to a terminal symbol, the symbol simply represents
that node.

2.4 Genetic Operators

The genetic operators used in EGP are: tournament selection, crossover, muta-
tion and elitism.

The crossover operator works as usual: 1) two individuals are selected from
the population; 2) we randomly select a crossover point in each parent; 3) we
swap the sub-trees rooted at the crossover points. An important difference is
that, if the sub-tree swapped contained a symbol, the symbol’s pointer is
not changed (Figure 2 illustrates this behaviour).1 This means that, as a result
of crossing over, the code represented by may be in individuals different from
the one containing the symbols. Figure 3 shows the typical pattern of reuse
resulting from repeated applications of crossover.

The mutation operator works as follows: 1) an individual is selected in the
population; 2) a random node is selected; 3) the node is replaced with a different
random primitive, taken from the primitive set. In our algorithm, if the node

1 There is an exception to this rule: we prevent a symbol from referring to a sub-tree
that contains the same since this would lead to an infinite loop. We do this by
reassigning the positions to which the in question is pointing to.
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Fig. 2. Two parent trees before applying the crossover operator (a) and the children
obtained after applying the crossover operator (b).

selected contains a reference point from a symbol, then we replace first this
with the sub-tree it points to and then, we apply the mutation operator.

Elitism is in charge of guaranteeing that the best individual in the current
generation passes intact to the following generation.

2.5 Fitness Function

The fitness function that we used for circuit design works in two stages: at
the beginning of the search, the fitness of a genotype is the number of correct
output bits (raw fitness). Once the fitness has reached the maximum number of
correct outputs bits, we try to optimize the circuits by giving a higher fitness to
individuals with shorter encodings.
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Fig. 3. Example of typical pattern of code reuse in EGP. After a few generations
individuals contain numerous symbols pointing at each other’s code (a). The cor-
responding, logically-equivalent population shows a high degree of similarity between
individuals (b).

3 Experimental Results

We used several evolvable hardware problems of different complexity taken from
the literature to test EGP. Our results were compared with those obtained by
human designers, by NGA [4], by PSO [5] and by CGP [13].

After a series of preliminary experiments we decided to use a crossover rate
of 70% and a mutation rate of 30%. In all runs we kept the best individual of
each generation (elitism). For all the examples, the we performed 20 independent
runs.

3.1 Two-Bit Adder

Our first example is a two-bit adder with 4 inputs and 3 outputs.
The parameters used in this example are the following: population size =

560, maximum number of generations = 700.
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All the runs found the feasible region2. That is in all runs the program could
solve the problem. The best result found in this example contained 7 gates (3
ANDs, 3 XORs, 1 OR), and 10% of the runs found circuits with this number of
gates.

The results produced by EGP in this example were competitive w.r.t. those
produced using Karnaugh Maps, NGA and PSO (see Table 2).

3.2 Two-Bit Multiplier

Our second example is a two-bit multiplier with 4 inputs and 4 outputs.
The parameters used in this example are the following: population size =

450, maximum number of generations = 500.
Again, we obtained interesting results. All the runs performed were able to

reach the feasible region. The best result found in this example contained 7 gates
(5 ANDs, 2 XORs) and 15% of the runs found circuits with this number of gates.

The results produced by EGP in this example were compared against those
produced using Karnaugh Maps plus Boolean algebra, the NGA and CGP (see
Table 3).

3.3 Katz

Our third example is the Katz circuit with 4 inputs and 3 outputs.
The parameters used in this example are the following: population size =

880, maximum number of generations = 4,000.
In 30% of the runs EGP found the feasible zone. The best result found in

this example contained 19 gates (4 AND, 7 XORs, 4 ORs, 4 NOTs) and 5% of
the runs found circuits with this number of gates.
2 The feasible region is the area of the search space containing circuits that match all

the outputs of the problem’s truth table.
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The results produced by our system in this example were compared
against those produced using Karnaugh Maps plus Boolean algebra and Quine-
McCluskey Procedure (see Table 4).
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4 Discussion

On the test problems reported above, our algorithm has shown very competitive
results with respect to other approaches that employ other types of evolutionary
algorithms. Although results are not improved with respect to those previously
reported, our approach consistently reaches the feasible region (which does not
always happens with other methods). We believe the good performance of EGP
is largely due to its ability to reuse code (as indicated by the large number of
used in all the solutions found). In tests with larger (and more difficult) circuits,
the algorithm has shown promise, but more tests are needed in order to allow a
fair assessment of its performance.

5 Conclusions and Future Work

We have presented EGP, a new genetic programming approach to evolve pro-
grams with a high degree of code reuse. The approach has been validated using
test functions taken from the evolvable hardware literature. Comparison be-
tween EGP and other heuristics has shown that our approach can consistently
reach the feasible region of the three test problems used while converging to the
best-known solutions for two of them.

In our future work we plan to extend our algorithm in several ways. The
ideas behind our algorithm are general and, thus, EGP can be adopted in other
application domains in which code reuse (and/or graph-like representations)
may be beneficial. Also, we are interested in extending EGP by adding self-
adaptation mechanisms that would make preliminary runs and parameter tuning
unnecessary. We would also like to in incorporate multi-objective optimization
concepts to improve the search capabilities of EGP.

Acknowledgements. The first author thanks the Mexican Consejo Nacional
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University of Essex. The third author also acknowledges support from CONA-
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Abstract. Most programs currently written by humans are object-
oriented ones. Two of the greatest benefits of object oriented program-
ming are the separation of interface from implementation, and the notion
that an object may have state. This paper describes a simple system that
enables object-oriented programs to be evolved. The system exploits re-
flection to automatically discover features about the environment (the
existing classes and objects) in which it is to operate. This enables us
to evolve object-oriented programs for the given problem domain with
the minimum of effort. Currently, we are only evolving method imple-
mentations. Future work will explore how we can also evolve interfaces
and classes, which should be beneficial to the automatic generation of
structured solutions to complex problems. We demonstrate the system
with the aid of an evolutionary art example.

1 Introduction

The majority of programs currently being developed by programmers are written
in object-oriented languages such as Java, C++, C# and Smalltalk. In contrast,
the vast majority of evolved programs use an expression tree representation.
Evolving program trees was first done by Cramer [1], and later re-discovered
and popularised by Koza [2]. Koza went on to introduce automatically defined
functions (ADFs) [3], which provide a degree of program modularity, and can
significantly improve the performance of the evolutionary algorithm. Teller [4]
introduced indexed memory to allow functions to have state (making them,
mathematically speaking, not functions any more, unless we consider the memory
as an additional argument to the function).

Some applications can get by with functions that operate only on primitive
data types, such as general classes of number. Many types of program, however,
can be much more elegantly and compactly expressed by using additional data
structures, such as arrays, vectors, matrices and various collections (e.g. lists,
sets and maps for example). Strongly Typed GP (Montana, [5]) was developed
to support this, and restricts the evolved program tree to call functions with
arguments of the correct type. This can drastically reduce the size of the search
space, while still allowing all sensible solutions to be reachable. Other alterna-
tives to standard tree-based GP include Linear GP [1,6,7], where a program
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is specified as a sequence of instructions, and Cartesian GP [8], where nodes
are positioned and connected with some spatial constraints. Also of interest are
GraphGP [9], Linear Graph GP [10], and Grammatical Evolution [11], in which
trees are generated by a context-free grammar.

Of more direct relevance this paper is the work of Bruce[12,13] on object
oriented genetic programming (OOGP), and of Langdon[14] on evolving abstract
data types. Langdon and Bruce independently evolved data types such as stacks
and queues. Bruce investigated the difficulty of evolving methods that needed
to cooperate such that some shared memory would be used in a compatible
way. For example, when implementing a stack it is vital that the push and pop
methods cooperate properly. Both Bruce and Langdon, however, focused mostly
on evolving tree-type expressions to implement particular methods.

The most similar prior work to this paper is Abbott’s initial exploration of
OOGP [15]. Abbott also uses reflection to make method invocations, and men-
tions the ability to exploit existing class libraries as an advantage of the approach,
though the the parity problem he uses as an example does not demonstrate this,
and instead uses specially defined classes and methods to help solve the problem.

Abbott raises doubts regarding whether the evolution of new classes is re-
ally feasible. This is clearly a fundamental point, since without the definition of
new classes and interfaces, we are only doing a very limited form of object ori-
ented programming. Indeed, much of the difficulty of software design lies in the
identification of useful abstractions. The high level design involves identifying
appropriate classes and interfaces. When we make a good job of this, imple-
menting the methods is usually relatively straightforward. On the other hand,
if we make no attempt at the higher level design, then the method implemen-
tations tend to be complex, poorly structured, hard to maintain and offer very
little re-use.

While there are many impressive achievements reported in the recent book
of Koza et al [16], most of the evolved programs and circuits are relatively small,
typically having tens of nodes rather than hundreds or thousands. Making GP
scale up to larger systems is still a challenge, and the space in which we search
is of fundamental importance.

To quote Koza [2]:

“if we are interested in getting computers to solve problems without be-
ing explicitly programmed, the structures that we really need are COM-
PUTER PROGRAMS”

Whether we use standard GP or OOGP, we can still theoretically search
some space containing all possible computer programs. However, different repre-
sentations (and their associated operators) structure the space in different ways,
and this can have important implications for how evolvable the structures are in
that space.

There is also an important practical point. When we evolve a program in
standard GP we begin by specifying the set of functions and terminals. How we
choose these can be critical to the success of the evolutionary process. It is also
a criticism levelled at GP as a general machine learning method: that the choice
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of function set strongly biases the search. Hence, the user in making this choice
has already partially solving the problem, or in the worst case, prevented a good
solution from being found.

In practice, when a programmer writes OO software, they typically make
extensive use of existing class libraries. This paper investigates a simple but
powerful idea: the use of reflection to enable evolutionary algorithms to directly
exploit such class libraries.

2 Evolving Object-Oriented Programs

Currently, there seems to be very little work being done on OOGP. At the time of
writing, a Google search for the phrase “Object Oriented Genetic Programming”
returned only 32 pages, compared with 75,900 pages for “Genetic Programming”.
Of these 32 hits, the majority referred to object oriented implementations of
standard tree-based GP.

There are many reasons why we should explore the idea of evolving object-
oriented programs:

To directly exploit the power of existing OO class libraries.
To better model real-world problems where objects have state.
To better integrate evolved object classes with an existing project.
For a certain class of problem, OO programs might be more evolvable than
expression trees. Object classes (with fields and methods) may provide a
more appropriate unit of evolution than function-trees.
The OO paradigm seems to promote better software re-use than the func-
tional paradigm that standard GP is based on. Evolved OO programs might
include classes that can be re-used in other applications.
The OO paradigm suggests additional genetic operators based on sub-
classing existing classes, defining new interfaces.
Evolution is also possible at the object level, where the state of the objects
evolve rather than the program code.

These points surely warrant further study. Well written OO programs can be
a joy to read, understand and modify. One interesting aspect of OOGP is whether
we can evolve OO software that is similarly well designed. Also of interest here
are Object Oriented Software Metrics [17], both in aiding the objective analysis
of evolved programs, and perhaps building these metrics into the fitness function
used during evolution.

We wish to stimulate interest in this under-explored area. We will show how
easy it is to evolve object oriented programs with the aid of the Java Reflection
API. Reflection allows a program to discover at run time the class (type) of
an object, the methods that can be invoked on objects of a class, whether the
methods are class or instance methods, and the fields of an object. For each
method we can look up its return type and the types of its parameters.

Using this information it is straightforward to randomly generate a program
as a sequence of method invocations on a set of objects. This means that we can
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write an entirely generic OOGP system that will evolve method implementations
to match a specified interface. If this approach fails to converge in practice,
owing to the size of the search space, we are still free to then restrict the space
by applying prior knowledge of the problem domain by restricting the set of
existing methods to be used.

3 Our Reflection-Based OOGP Implementation

Suppose we have written an object-oriented program, but wish to evolve some
parts of it. The standard way to approach this using toolkits such as ECJ [18]
is to define a set of functions that are appropriate to the problem at hand, and
then evolve an expression-tree that uses those functions. For each function it
is necessary to write a new Java Class definition that sub-classes GPNode. This
involves some straightforward but slightly tedious manual effort for each new
class of problem to be addressed.

3.1 The Java Reflection API

An interesting alternative is to use reflection to determine directly the set of
possible methods and variables to be used. Manual intervention is still possible,
in that we can specify the set of object classes and/or methods to be considered,
but it is no longer necessary to write wrapper classes or methods to invoke these.

Reflection in an OO language is where a program is able to discover things
about itself at run time, such as the class of an object, the fields associated with
it, its superclass, the set of interfaces it implements, its set of constructors, and
the set of methods that can be invoked on it. Java has classes called Method for
each method defined for a class. By getting a reference to the Method object, we
can then invoke the corresponding method. Using reflection we can generate and
evolve the objects constructed by a program, and the methods invoked on those
objects. In languages such as Smalltalk or certain OO variants of LISP, it is
even possible to generate new classes at run-time. In Java, this is not easy to do
directly - it involves auto-generating Java source files, compiling them, and then
loading the compiled classes. However, we can even define As a minimum, all
the user of the system need do is specify which method implementations should
be evolved, the set of objects to invoke methods on, and the set of objects to
use as arguments. Then, to evolve each method implementation, the user also
specifies which objects should be used to select the possible

3.2 Evolving Method Implementations

Given a method signature (i.e. its return type and list of parameter types), we
wish evolve the code that implements the method.

We consider a method implementation to be a sequence of Instructions. Each
Instruction consists of a Method reference (the Method to be invoked), an Object
reference (the Object to invoke it on), and an array of Objects - which are the
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arguments to the method. The Object reference is ignored if the method is static
(i.e. a class method and not an instance method). The array of arguments may
be either null or zero length if the method to be invoked takes no parameters.

To avoid confusion with existing Java Reflection classes, such as Method we
call our implementation of a method aProgram. Our implementation ofProgram
allows the random generation of programs if a specified size simply by making

calls top the Instruction Generator. The use of a sequence is reminiscent
of Linear GP. We allow programs to be mutated by adding a new randomly
generated instruction or deleting an existing one - in the prototype, these events
are equally likely.

3.3 Random Instruction Generation

To assist in generating programs we implemented a class called Instruction
Generator. This takes two arguments: a set of active objects that we wish to
allow methods to be invoked on, and a set of argument objects: objects that we
wish to select the set of arguments from.

We use reflection to get the set of methods callable on each object. In Java
there are two alternative ways of doing this, with the reflection methods called
getDeclaredMethods() and getMethods(). The former gets all the methods
declared in this class i.e. public, protected and private ones, but not any inherited
methods. The latter gets all the inherited public methods. Actually, in Java
Reflection, the private and protected modifiers only express preferences, and
can be overridden. Hence, it is possible to discover the set of all methods that
can be called on an object by calling getDeclaredMethods() first on the class
of that object, then the superclass of the object and so on until we reach Object,
the root of Java’s Object hierarchy.

Using this we build up two look-up tables called methodLut and typedArgs,
both of type HashMap from Java’s Collections API. The purpose of methodLut
is to provide direct access to the set of callable methods for each active Object -
hence methodLut is keyed on the active object, and each entry in methodLut is a
collection of methods. To be considered callable, each of the method’s parameters
must have an object of an appropriate type in the argument set. In order to aid
this check, we organise the set of argument objects into the typedArgs HashMap.
The key for typedArgs is the type of parameter (i.e. an instance of Class), while
each entry in the map is a set of objects of that type. Each object may have
many entries in the type map, one for each parameter type that it can be passed
as. In other words, an Object is entered in the map for its own Class and for all
its super-classes, and for all the interfaces implemented by all those classes.

There is a slight problem with the above description: we use the set of active
objects and the set of argument objects to construct the set of instructions,
where each instruction is a method to be invoked on a particular object using
a particular set of objects as arguments. What we also need is to be able to
run the same program (sequence of instructions), but using different objects
as arguments, and different objects to invoke them on. For example, if we are
evolving a program to draw a picture, then each new version of the program
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may need to draw the picture on a different Graphics Object. There are several
possible solutions that allow this, such as storing the actors and arguments sets
in an array, and then having the instruction storing the index of the actor or
argument. Then, by changing the object stored at that index, we can achieve
the desired effect.

The solution we preferred, however, is to define an ObjectHolder class, which
has two fields: Class objectClass, and Object objectValue. This structure
provides local fine-grain control of the object classes and values.

3.4 Primitive Arguments

Methods that take primitive arguments (such as int or double have to be han-
dled specially, since Java draws a distinction between Objects and Primitives.
This distinction is made for the sake of efficiency, but means that we have to
write extra code to deal with this. When invoking a Method using reflection,
the set of arguments to the method is passed to an array of Object (i.e. of
type Object[]). However, it is not possible to place primitives in such an array
- instead we must fill the array with Object-based wrappers (such as Integer
and Double). The reflection API will then automatically extract the underly-
ing primitive values from these Objects, which in Java are immutable. Worse
still, for our purposes here, the Integer class is declared final from our point of
view, which precludes the possibility of defining our own sub-class of the wrap-
per class i.e. the Java language does not permit a class definition of the form
MyInteger extends Integer.

3.5 Timing Results

In order to judge the overheads involved in running this form of GP, we studied
the cost of computing the sum of squares of the set of integers from zero to
Each integer in the range is first cast to a double before being being multiplied by
itself. This showed that using reflection for a method invocation can be over 100
times slower than making a direct method call. Whether this is an issue depends
on the complexity of the method being called, but it is a potential problem with
our approach.

4 Example Application: Evolutionary Art

Here we choose an application where we already have a number of useful classes
defined for the problem domain. The objective is to provide an implementation of
an evolvable picture, for use in an evolutionary art application. We’ve decoupled
the picture evolution and drawing from the rest of the program (that deals with
the GUI, for example) by defining an interface for an Evolvable Picture. This is
shown in Figure 1. This takes just two method - one for producing a mutated
child, and the other for drawing itself on a Java Graphics Object.
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Fig. 1. The interface for an Evolvable Picture

Fig. 2. OOGP Implementation of the Evolvable Picture interface

Figure 2 shows most of our implementation of the Evolvable Picture interface
that exploits our OOGP system. There are a few points to note. We use an
ObjectHolder to hold a reference to the current graphics object, and also to
specify the type (class) of object that it will hold. Then, each call to draw
updates the object to be the current Graphics object.

The implementation of the getChild method is very simple - and mainly
involves calling the two-argument constructor with a mutated version of the
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Fig. 3. Sample evolved picture program

program. The other main part of our EvolvableObjectPainter is the default
constructor. Here we simply set up the ArrayLists of active objects and of
argument objects. For the argument objects, we put a handful of Double and
Integer numbers in there - we’ve omitted these for space reasons.

Our evolvable art GUI allows picture evolution by having the user click his
preferred image to breed from by mutation at each generation. Using this with
the EvolvableObjectPainter implementation described above successfully ex-
ploited the Java Graphics API, and Figure 4 shows the twelve pictures displayed
on generation 30 of one of the runs.

Note that the type-safe Instruction Generation described above is very im-
portant in cutting the size of the search space. For example, given a Graphics2D
object, there are 92 public methods that can be called, many of which take
several arguments. Given our set of constants (about 10) that we set up in the
constructor, this would lead to a huge set of possible Instructions, many of
which would lead to invocation exceptions without proper type checking in ad-
vance. A fragment of an evolved program is shown in Figure 3. Note that all the
method calls shown were generated automatically using reflection.

5 Conclusions

The set of class libraries or APIs that are associated with a language such as Java,
both those supplied as part of the language platform, and additions provided by
third parties, are the end result of a long software design process. Together, they
are based on hundreds of expert man years of effort, and provide a vast source of
knowledge useful in the construction of real-world problems. They distill much of
what the computer science community knows about writing software for practical
applications.

The main contribution of this paper has been to demonstrate how it is pos-
sible to tap into this knowledge source, and evolve interesting programs that are
able to exploit these class libraries given only the smallest and most easily pro-
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Fig. 4. Running the Evolvable Picture application. All the drawing methods used were
picked out by the evolutionary algorithm with the aid of reflection on a Java Graph-
ics2D object.

vided of clues, such as a method signature and a set of objects to use as actors
and parameters. There is a huge potential for future exploitation.

An important challenge is to evolve programs that are not only simple and ef-
ficient, but perhaps well designed in terms of developing and deploying re-usable
class libraries. What sort of environment do we need in order for something like
the Java Collections API to evolve?
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Abstract. Feature construction using genetic programming is carried
out to study the effect on the performance of a range of classification
algorithms with the inclusion of the evolved attributes. Two different fit-
ness functions are used in the genetic program, one based on information
gain and the other based on the gini index. The classification algorithms
used are three classification tree algorithms, namely C5, CART, CHAID
and an MLP neural network. The intention of the research is to ascertain
if the decision tree classification algorithms benefit more using features
constructed using a genetic programme whose fitness function incorpo-
rates the same fundamental learning mechanism as the splitting criteria
of the associated decision tree.

1 Introduction

The research presented in this paper addresses the question of whether or not a
decision tree algorithm benefits more than another classifier, with the inclusion
of an attribute evolved using a genetic program (GP) whose fitness function
is based on the splitting criterion of the decision tree. Previously, [9] evolved
attributes using a GP and compared the classification performance of C4.5 using
the original attributes with that of C4.5 using the augmented attribute set which
included a new evolved attribute. Their results were mixed, with some data sets
showing an improvement in classification accuracy using the augmented attribute
set, whilst others showed no significant difference. It is notable that the fitness
function used by the GP in [9] was based on Information Gain Ratio, the splitting
criterion used in C4.5.

This work was further explored by [7] who argued that using a GP whose
fitness function is the same as the decision tree splitting criterion might introduce
some bias in the results. They also used a GP with fitness function based on
Information Gain, but, in addition to using C5 to perform the classification,
they used two other decision tree algorithms, namely CHAID/XAID [2] and
CART [3], as well as a multi-layer perceptron neural net (MLP). Their results
show that, in general, all classification algorithms can benefit from the inclusion
of an evolved attribute but it is by no means guaranteed. The performance of
C5 was certainly improved more than the other classifiers on 2 of the 5 data
sets used, in one case attaining 100% accuracy on both training and test sets

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 379–388, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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for all 10 fold samples, but this gain was not consistent over all the data sets
considered.

The research presented in this paper extends this work by using a GP whose
fitness function is based on either Information Gain (IG), as before, or the Gini
Index (GI), the splitting criterion used in CART [3]. This allows us to test the
dependence of the potential improvement of the classifier on the actual fitness
function used.

The remainder of the paper is structured as follows: Section 2 presents a
brief review of attribute construction and the use of GP to evolve features, or
attributes. Section 3 describes the experimental methodology, the details of the
data sets used and the parameters and settings used in the GP. The results are
presented in Section 4 and a summary in Section 5.

2 Attribute Construction

When constructing classification models from data sets, the data is normally
presented as a fixed number of features, or attributes, one of which is the dis-
crete valued, dependent variable, or class. The purpose of classification is to find
a description of the class variable based on some or all of the other predicting
variables. The representation of this description varies depending on the partic-
ular induction technique used, and includes decision trees, rules, artificial neural
networks, Bayesian classifiers, and many others, see [12].

The success of any classification algorithm depends on its ability to represent
any inherent pattern in the data set, and hence depends on the set of predictive
attributes available, or its attribute vector. If the set of available attributes
does not include one or more powerfully predictive attributes, this will limit
the performance of classification algorithms that are unable to “combine” these
attributes in any way. Techniques such as tree induction typically assess the
predictive ability of attributes on a one-by-one basis. At each internal node
of the tree, each attribute is analysed in turn to measure its predictive power
in terms of the class output. Any combination of predicting attributes which
presents a much stronger prediction may therefore be missed, if the operators
available to the induction process are insufficient to identify that combination.

One approach to overcome this problem is to allow the induction process the
flexibility to identify and ‘construct’ these powerfully predictive combinations.
For instance, in [11],where the authors use a feed forward neural network to
extract knowledge from corporate accounting reports, the first hidden layer of
nodes were inclined to construct ratios of the raw data. It is widely recognised
that accounting ratios, rather than the basic accounting data, are more useful
in terms of what can be deduced about a company’s financial status. Turning to
decision trees, OC1 is an oblique tree induction technique designed for use with
continuous real-valued attributes. During the induction stage, OC1 considers
linear combinations of attributes, and partitions the data set into both oblique
and axis-parallel hyperplanes, [8].

Another approach is to construct new attributes which are combinations
of the original attributes, the objective of the construction technique being to
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identify highly predictive combinations of the original attribute set and hence,
by including such combinations as new features (attributes), to improve the
predictive power of the attribute vector, see [6]. In this paper, we restrict our
attention to the use of genetic programming [5] to evolve new attributes.

There are essentially two approaches to constructing attributes in relation
to data mining; one method is as a separate, independent pre-processing stage,
in which the new attributes are constructed before the classification algorithm
is applied to build the model [6,1]. The second approach is an integration of
construction and induction, in which new attributes are constructed within the
induction process. The latter is therefore a hybrid induction algorithm, often
referred to as interleaving [13].

In a recent study [9], Otero et al. use genetic programming as a pre-
processing, attribute construction technique. For each data set used, and for
each trial in a 10xCV (cross validation) test, a single new attribute was evolved
using a GP with Information Gain Ratio as the fitness function of the GP. Clas-
sification using C4.5 was applied to the data set, both with and without the
new attribute and the results showed a significant improvement in the perfor-
mance of C4.5 with the use of the newly evolved attribute in 2 of the 4 data
sets used. However, in this study, it is notable that the objective function of the
feature construction GP and the subsequent classification algorithm, C4.5, both
use Information Gain Ratio. Would a different classification algorithm benefit
as much?

Muharram and Smith [7] address this question by using a GP, with Infor-
mation Gain as the fitness, to construct a new attribute, and by analysing the
improvement in performance of four different classifiers, including C5, when this
new attribute was included in the attribute vector. In one of the five data sets
(Abalone), they found no significant difference in classification accuracy with the
inclusion of the newly evolved attribute for any of the classification techniques.
In 3 data sets used, the performance of all algorithms improved and only for one
data set (Wine) was C5 the only algorithm to improve on the accuracy whilst
all others suffered a deterioration in performance.

The research presented in this paper follows on from the work of [9] and [7]
by adopting two different fitness functions in the attribute construction GP, one
based on Information Gain, as before, the other based on the Gini Index, the
splitting criterion used in CART, see [3].

3 Experimental Details

3.1 Data Sets

In this paper, we are primarily addressing the performance of a decision tree
classifier when a new, potentially more powerfully predictive attribute is intro-
duced. A decision tree is typically constructed using a greedy, iterative process,
wherein, during the induction stage, each internal decision node is associated
with a test on one of the predicting attributes, the particular test being chosen
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to optimise a measure relating to the splitting criterion. Successors of the in-
ternal nodes are formed and the process is repeated at each successor node. In
C4.5, for instance, the splitting criterion is the Information Gain Ratio, see [10],
whilst in CART (Classification and Regression Trees), the splitting criterion is
the Gini index [3].

The experiments are performed on 5 data sets, all from the UCI data repos-
itory1 . Table 1 shows the number of cases, classes and attributes for each data
set. Note that our GP considers all attributes to be real-valued variables. Thus
the single Boolean attribute in the Abalone data set is considered as real-valued
for the purposes of this study.

3.2 Methodology

The main aim of this work is to ascertain if classification using a decision tree
is biased in any way by the inclusion of a constructed attribute which has been
evolved by a GP whose fitness function is based on the splitting criteria of the
decision tree. For the fitness function of the GP therefore, we use one of two
measures, namely Information Gain (GI) (the basis of the splitting criterion
used in C5) and the Gini Index (GI).

The attribute construction stage is a pre-processing stage prior to the clas-
sification stage. For the classification, we use four algorithms as in [7]:

1.

2.

3.

4.

C5, a descendant of C4.5, a decision tree algorithm whose splitting criterion
is based on Information Gain Ratio, see [10];
CART, a decision tree algorithm whose splitting criterion is based on the
Gini Index; see [3];
CHAID, a decision tree algorithm whose splitting criterion is based on
achieving a threshold level of significance in a chi-squared test, see [4].
MLP ANN.

For each data set we use 10-fold cross validation (CV) to compute the error
rate. Thus the data set is firstly partitioned into 10 subsets. For each trial, 9 of
the 10 subsets are used as the training set whilst the remaining set is used as
the test set.

1 www.ics.uci.edu/~mlearn/MLRepository.html
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The methodology is as follows: For each data set and for each 10-fold trial:

Original. Apply each classification algorithm to the training set (original at-
tributes only) and evaluate resulting models on test set.

Augmented-IG. Evolve a single, new attribute from the training set using
GP with IG as the fitness function; apply each classification algorithm on
augmented training set (original attribute set plus IG-evolved attribute).
Evaluate resulting model on the test set.

Augmented-GI. Evolve a single, new attribute from the training set using
GP with GI as the fitness function; apply each classification algorithm on
augmented training set (original attribute set plus GI-evolved attribute).
Evaluate resulting model on the test set.

For both the classification using original attributes and those using the aug-
mented sets, we then determine the average error rate over the 10 trials for each
algorithm and for each data set. These are referred to respectively as Original,
Augmented-IG and Augmented-GI in the results tables in the following section.

Note that, like [9] and [7], the attribute construction is a pre-processing
technique. Thus, in this current work, for each data set and for each classification
technique, the GP was run 20 times and the classification technique 30 times.
Note also that, for each trial, a different attribute may be evolved by the GP,
even when the same fitness function is used.

3.3 The GP

The GP is designed to construct real-valued attributes from the original (as-
sumed) real-valued attributes of the data set. Thus the terminal set consists of
all the original attributes plus the constant “1”, whilst the function set consists
of the arithmetic operators +,-,*,/.

The initial population is created using a ramped half-and-half method, and
the size is fixed at 600. The GP was run for 100 iterations.

The selection method used is tournament, with a tournament size of 7. Mu-
tation and crossover are fairly standard, with mutation replacing nodes with like
nodes, and crossover swapping subtrees. Mutation rate is 50%, whilst crossover
rate is 70%. The fitness of an evolved attribute is measured as it would be at a
branch node of the decision tree, whether IG or the GI is used.

Finally, Otero et al. [9] showed that limiting the size of the tree, and hence
the complexity of the constructed attribute, made little difference to the results.
Muharram and Smith [7] also limit the size of the constructed trees, choosing an
upper limit of 40 nodes. For the experiments reported in the following section,
no such upper limit was adopted.
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4 Results

4.1 Error Rates

In Tables 2 to 5, we present the error rates (for the test sets) averaged over the
10xCV trials. In each table, the second column shows the error rate achieved by
the induction technique using the original attribute set. The figure after the ± is
the standard deviation of the accuracies over the 10 trials. In the third column,
we show the error rates achieved by the induction technique on the augmented
attribute set, i.e. the original attributes plus the single evolved attribute using
IG as the fitness. In the final column, we show the error rates achieved when the
GI is used as the fitness. [Note that, in each of the 10 runs necessary for 10xCV,
a new attribute is evolved from scratch.]

It is clear from Table 2 that the Abalone data set continues to prove diffi-
cult. For all classification algorithms, the error rates in the test sets are signif-
icant, even with the evolved attribute. Arguably, the Augmented-IG errors are
marginally better than the Augmented-GI, but the standard deviations make
this inconclusive. In this respect, these results are in keeping with those of [9]
and [7].

On the other hand, when we look at the results for the Balance data set,
in Table 3, we see a number of interesting features. Firstly, restricting attention
to the Original column, we note that the ANN is performing significantly bet-
ter than the decision tree algorithms. This suggests that, for this data set, it is
possible to construct some powerfully predictive attributes from the original at-
tribute set. Sure enough, we observe, from the Augmented-IG and Augmented-GI
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columns in Table 3, significant improvement in performance for all decision tree
classifiers; indeed, the accuracies of all the decision tree techniques are improved
by around 23%. Furthermore, and more interestingly, we note that both C5 and
CART achieve 0% error (on all training and test sets) with the inclusion of the
evolved attribute, irrespective of which fitness function is used.

The ANN, although having a better performance than the other classifiers
with the original attributes, also improves performance with the augmented at-
tribute set, but not so dramatically, and indeed less significantly if we take the
standard deviations into account.

Table 4 shows the average error rates for the BUPA data set. Once again, all
classifiers have improved their performance with the addition of the evolved at-
tributes. However, it is notable that neither C5 nor CART appear to be benefiting
more from the addition of the attributes evolved using IG and GI respectively.
The story is much the same with the Waveform data set, see Table 5, with all
classifiers showing an improvement with the inclusion of an evolved attribute,
but with neither C5 nor CART achieving any additional enhancement.

Finally, turning attention to the Wine data set, the results in Table 6 once
again indicate the potential for any classification algorithm to benefit from the
inclusion of evolved, highly predictive variables. The ANN, despite achieving
around 96.5% accuracy with the original attribute vector, still manages to im-
prove its performance with both augmented sets, attaining 100% accuracy over
a number of the 10-fold test sets. Here the Augmented-GI set appears to giving
marginally better results than the Augmented-IG set, but the standard devia-
tions are too large to make this significant.
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The results shown in Tables 2 to 6 generally support those of [9] and [7], in
that attribute construction using genetic programming can generate improve-
ments in the performance of a classifier, sometimes significantly so, as in the
case of the Balance-scale data set.

However, we can claim here that the improvement in performance, if any,
of the classifiers is not significantly dependent on which measure is used in the
GP to evolve the attributes. If we measure the absolute improvement in per-
formance for each classifier, averaged out over all the data sets, then, using the
attributes evolved using IG, C5 manages an overall 6.26% improvement in ac-
curacy, CHAID achieves a 7.45% improvement, CART 7.15% and ANN 1.10%.
With the attribute evolved using the GI, C5 achieves a 6.16% improvement,
CHAID achieves a 7.48% improvement, CART 7.37% and ANN 1.89%. It can-
not be concluded from these results, therefore, that C5 (resp. CART) has an
advantage over the other classifiers with the inclusion of a feature evolved using
a GP with IG (resp. GI) as a fitness measure.

4.2 Tree Size

We turn our attention now to the issue of the size of the resultant decision tree
when the evolved attributes are included in the attribute set.

In Table 7, for each data set and for each tree induction algorithm, there
are three entries, one for each of the three techniques (Original, Augmented-IG,
Augmented-GI). The numbers represent the average number of nodes in the tree
over the 10 fold trials. The number in brackets is the average depth of the tree.

For the Abalone data, it is interesting to note the wide variation in the
sizes of the tree, despite there being no corresponding wide variation in the
accuracies achieved (see Table 2). Significantly, there appears to be no great
reduction in the size of the tree with the introduction of evolved attributes. The
Balance data set, however, presents a significant reduction in tree size, with both
IG and GI- augmented attribute vectors. Indeed, the GP consistently evolves
the key relationship between the four original attributes
and the resulting trees (in C5 and CART) split twice on this evolved variable,
giving 4 nodes in all, not including root. Even taking the complexity of the
evolved attribute into consideration, therefore, there is still a large reduction
in complexity. Interestingly here, CHAID trees, although equally small, do not
attain the 100% accuracy of either C5 or CART.
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CHAID trees for the BUPA data set are much smaller in comparison to the
others, especially with the augmented attribute vectors, and yet Table 4 shows
there is very little to choose between the performance of these algorithms. For
the Waveform data set, there is a less significant reduction in the size/depth of
the tree, consistent with the less significant reduction in error rate. In the case
of CHAID, in fact, the Augmented-GI technique produces thinner, deeper trees
than the Original set. A similar result is seen for the Wine data set.

As one would expect, the most significant improvements in classification cor-
respond to the largest reductions in tree size, namely for the Balance data set.
However, the peculiarities of the different algorithms outweigh any trend that
might be present in Table 7.

5 Conclusions

In this paper, we have used a GP to evolve a new attribute which is a non-linear
function of the original, real-valued attributes. This was done as a pre-processing
stage in a data mining exercise to build classification models for a number of
public domain data sets. The GP used information gain or the gini index as a
fitness function.

We compared the performance of 4 classifiers (C5, CHAID, CART and ANN)
with and without the new attribute, to ascertain if C5 or CART was in any way
benefiting from the inclusion of an attribute evolved using information gain or
gini index respectively. We have found no evidence that any algorithm has an
advantage over the other classifiers, and that, in general, all classifiers benefit
from the inclusion of an evolved attribute. Only in one data set did we notice
a dramatic improvement for C5 and CART (100% accuracy on all 10 fold test
trials) whilst the performance of the other classifiers improved less dramatically.
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Whilst this study was primarily aimed at decision tree algorithms, and their
potential to benefit from the inclusion of an attribute evolved using a GP with
information gain/gini index as a fitness function, a fuller study is underway to
investigate the effect on classifier performance when attributes are evolved using
a more generic fitness function.
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Abstract. In this paper we discuss the evolution of several components
of a traditional Evolutionary Algorithm, such as genotype to phenotype
mappings and genetic operators, presenting a formalized description of
how this can be attained. We then focus on the evolution of mapping
functions, for which we present experimental results achieved with a
meta-evolutionary scheme.

1 Introduction

In order to achieve competitive results with an Evolutionary Computation (EC)
approach, it is often required the development of problem specific operators,
representations, and fine tuning of parameters. As a result, much of the EC re-
search practice focuses on these aspects. To avoid these difficulties, researchers
have proposed the evolution of these EC components. We believe that the evolu-
tion of parameters, operators and representations may contribute to performance
improvements, give insight to the idiosyncrasies of particular problems, and al-
leviate the burden of EC researchers.

We propose the evolution of several components of an EC algorithm, and
present the results attained in the evolution of the genotype-phenotype mapping
procedure [1]. In section 2 we make a brief perusal of related research. Next, in
section 3, we study different ways of evolving EC components, presenting a
formalization. The experimental results are presented in section 4, which also
comprises their analysis. Finally, we draw some overall conclusions and give
pointers for future research.

2 Related Work

The area of Adaptive Evolutionary Computation (AEC) focuses on the evolution
of specific parameters of EC algorithms. Angeline [2] makes a formal definition
and classification of AEC, proposing three levels of adaptation: population-level,
individual-level and component-level.

There are several AEC approaches that allow the dynamic resizing of the
genotype, allowing its expansion and contraction according to environmental

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 389–398, 2004.
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requirements. Angeline and Pollack [3] propose the co-evolution of: a high-level
representational language suited to the environment; and of a dynamic GA where
the genotype size varies. Also related to genotype-phenotype mapping, is the
work of Altenberg [4] about the notion of “evolvability” - the ability of a popu-
lation to produce variants fitter than previous existing one’s. In [5,6] Altenberg
explores the concept of Genome Growth, a constructional selection method in
which the degree of freedom of the representation is increased incrementally.
This work is directly connected to the concepts presented by Dawkins in [7],
where he clearly differentiates genetics, the study of the relationships between
genotypes in successive generations, from embryology, the study of the relation-
ships between genotype and phenotype in any one generation. This leads us to
the concept of embryogeny, the process of growth that defines how a genotype
is mapped onto a phenotype, and to the work of Bentley. In [8], the use of such
growth processes within evolutionary systems is studied. Three main types of
EC embryogenies are identified and explained: external, explicit and implicit. A
comparative study between these different types, using an evolutionary design
problem, is also presented.

Another aspect that can be subject of self adaptation is the set of genetic op-
erators. The most straightforward approach is to try to select, from a pre-defined
set, the most useful operator according to the environment. A paradigmatic ex-
ample of this type of approach can be found in [9], which describes an AEC
algorithm that dynamically chooses the crossover operator to apply, and adjusts
the crossover probability. The self adaptation of crossover parameters is also de-
scribed in [10], where the adaptation of parameters governing the selection of a
crossover point, and amount of crossover operations is described.

The evolution of the genetic operators is the obvious next step. In [11], Teller
describes how genetic operators can be evolved using PADO, a graph based
GP system. In [12] GP is extended to a co-evolutionary model, allowing the
co-evolution of candidate solutions and genetic operators. The evolving genetic
operators are applied to the population of candidate solutions, and also to them-
selves. Another approach to the evolution of genetic operators is described in [13].
In this study, an additional level of recombination operators is introduced, which
performs the recombination of a pool of operators. In [14] Spector and Robinson
discuss how an autoconstructive evolutionary system can be attained using a
language called Push. In the proposed system the individuals are responsible for
the production of their own children.

3 Evolving EC Components

Historically EC is divided into four families namely: Evolution Strategies (ES);
Evolutionary Programming (EP); Genetic Algorithms (GA); and Genetic Pro-
gramming (GP). In spite of their differences they can all be seen as particular
instances of the Generic Evolutionary Algorithm (GEA) presented in figure 1.

The first step is the creation of a random set of genotypes, G(0). These
genotypes are converted to phenotypes through the application of a mapping
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Fig. 1. Generic Evolutionary Algorithm.

function (map). In most cases there isn’t a clear distinction between genotype
and phenotype, so this step is typically omitted. The next step consists on the
evaluation of the individuals. This is performed at the phenotype level using a
fitness function, eval.

The main evolutionary cycle follows. A set of parents is selected, using sel,
followed by the application of genetic operators, op, which yields a new set of
genotypes, The next steps consist in the generation of the phenotypes
and their evaluation. The evolutionary cycle continues until some termination
criterion is met.

3.1 Meta-evolution

The most obvious approach to the evolution of EC components is the use of
meta-evolution.

Let’s assume that we are interested in evolving one of the components of
EC, for instance the mapping function, and that we resort to GP to evolve
populations of these functions. Each genotype, will be an encoding of
a candidate mapping function; once expressed, via it will result in a
phenotype, We need to define: and Like
and these functions will be static. Therefore, we can use standard GP
selection, operators and replacement strategy.

We also need to evaluate the mapping functions, which implies developing a
fitnessfunction, One possibility is to use a set of rules that specify the
characteristics that are considered desirable in a mapping function, and assign
fitness based on the accordance with those rules. We propose an alternative
approach.

Since we are mainly interested in mapping functions that promote the discov-
ery of good solutions for an original problem, we run, for each mapping function
being evaluated, a lower level EC algorithm in which is used as
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mapping function. Fitness is assigned using a function similar to the one pre-
sented in figure 2. Thus, the fitness of each phenotype is the result of a lower
level EC. This result can indicate: the fitness of the best individual (at the lower
level); the time necessary to reach the optimum; the average fitness of the last
population; etc.

Fig. 2. Meta-level fitness function.

It should be more or less obvious that we can employ the exact same strat-
egy to evolve: sel, op, gen or eval. If we are evolving evaluation functions, the
lower level EC is guided by However, we are interested in a which
allows the discovery of individuals which are fit accordingly to some original
fitness function. As such, the return value of GEA should reflect its performance
according to this original function.

The main problem of the architecture presented in this section is its high
computational cost. In the next section we make a brief description of alternative
approaches, which are, potentially, less time consuming.

3.2 Other Approaches

One of the alternatives is to use a standard EC approach in which each genotype,
is composed by:

– the encoding of a candidate solution to some original problem, and
– where is a tuple; each of its elements being an encoding of one of the

following functions {map, sel, op, gen, eval}. Different elements correspond
to different functions.

Likewise, the phenotype of an individual, is composed by a candidate
solution, and by a set of functions We name this approach dual-
evolution.

Assuming that map is part of the phenotype is calculated in two steps.
First, a static mapping function is applied to yielding Then, the mapping
function associated with the individual, is applied to resulting in

Needless to say, if map is not a part of a static mapping function is
used. If op is part of the generation of descendants must be changed. This
can be done pretty much in the same way: apply conventional EC operators to

and apply to
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This approach is appropriate for operators that take as input a single geno-
type. Evolving operators for sexual reproduction is slightly more complicated.
Let’s assume that individuals and where selected for sexual reproduction,
and, without loss of generality, that this operation yields two descendants and

and are created by applying standard operators. and are
created through the calculation of and respec-
tively.

The integration of other elements can pose some problems. Since both com-
ponents, of the individual share a single fitness value, the evolution of
eval, sel or gen, can easily lead to stagnation. For example, if an individual is
responsible for its own evaluation, then all it must do to dominate the population
is assign himself a extremely high value.

One option is to consider the original fitness function as a survival fitness,
which determines the chances of reaching adult age, and thus of being a possible
candidate for reproduction (sel) or part of the next generation (gen). When
an individual is selected for mating it uses its own fitness function, to
evaluate a set of mating candidates.

This approach can also be used for sel: if is selected for mating, it uses
to select its matting partners. In this case the input to could be the

static fitness values of the other individuals; the fitness values assigns to the
other individuals (using or both. We were unable to find an elegant way
of integrating gen that doesn’t lead to stagnation.

An alternative to dual-evolution is using a co-evolutionary approach, which
can be considered as an intermediate level between dual and meta-evolution. In
a co-evolutionary approach we would have one population composed by candi-
date solutions to a given problem. Each of the remaining populations would be
composed by a specific EC component that we wish to evolve. This approach
will be analyzed in a future paper.

4 Experimental Results

To test our ideas we decided to apply meta-evolution to evolve mapping func-
tions. We use a two level meta-evolution scheme composed by a GP algorithm
and a GA. At the higher level we have the GP algorithm, which is used to evolve
the mapping functions. At the lower level we have the GA, whose task is finding
the maximum value of a mathematical function. The goal is to evolve mappings
that help the GA to accomplish its task.

The function being optimized by the GA, is defined over the interval
[0,1], and is the sum of and which are specified as follows:

creates a sine wave with repetitions in the [0,1] interval, returning
values between –1 and 1. By adding  we change the values of one of the
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repetitions, making it reach a maximum value of 1.1. In figure 3 we present a
graph of To increase the complexity of the problem, variable is set to
100, which means that the wave function repeats itself 100 times in the [0,1]
interval.

Fig. 3. Test function, peak = 0.5

By changing the value of the variable peak we can change the coordinate of
the maximum of This ability to change the maximum is fundamental. If
this value doesn’t change the GP algorithm could find programs that output a
constant x value corresponding to the maximum of This isn’t, obviously,
the desired behavior. What we aim to achieve is a GP program that transforms
the search space in a way that helps the GA to find the maximum value. Thus,
for each value of the GP programs should compute a new value, The re-
organization of the search space induced by the to transformation should
make the task of finding the optimum easier.

To ensure that it is possible to find a good mapping function we decided to
design one by hand. We were able to develop the following function:

Where frac returns the fractional part. This function has the effect of folding
the space times, and then expanding it back to [0,1]. By using this mapping
function the topology of the search space is changed, resulting in a less convo-
luted fitness landscape. In figure 4 we present a chart of this mapping function,

and of the search space resulting from its application,
To assign fitness, we run, for each GP individual, a GA. Each GA

genotype, is a binary string of size 50, encoding a value, in the [0,1]
interval. The GP individual is used as mapping function for the GA. The value

will be mapped to (thus, is then used as the
coordinate for the function being optimized by the GA,

In order to get a good estimate of the quality of the mapping functions we
perform 30 runs of the GA for each GP individual. To prevent the specialization
of the GP individuals, the value of peak is randomly chosen at the beginning of
each GA run. The fitness the GP individual is equal to the average fitness of the
best individual of the last population of the lower level GA.
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Fig. 4. On the left on the right

We use the following function and terminal sets:

where % is the protected division.
1,10,100}, where is a variable holding the value of the

GA genotype that is currently being mapped.

The settings for the GP algorithm were the following: Population size =
100; Number of generations 500; Swap-Tree crossover; Generate Random Tree
mutation; Crossover probability = 70%; Mutation probability=20%; Maximum
tree depth = 10.

The settings for the GA where the following: Population size = 100; Number
of generations = 50; Two point crossover; Swap Mutation; Crossover probability
= 70%; Mutation probability={1%,2.5%,5%}.

4.1 Analysis of the Results

The chart on figure 5 shows the evolution of the fitness of the best individual
during the evolutionary process. An overview of the results shows that the GP
algorithm is able to improve the fitness of the mapping functions. This indicates
that the GP is able to find useful mappings for

Fig. 5. Evolution of the fitness of the best individual. Averages of 30 independent runs
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The main objective of our approach is to find a mapping function that con-
sistently improves the performance of the GA algorithm. To evaluate the exper-
imental results we need some reference points. Therefore, we conducted a series
of experiments in which the mapping function was not subjected to evolution.
In these tests we used the following static mapping functions: already
described; and               with These results will be compared
with the ones obtained using as mapping functions the best individuals of each
GP run,

Table 1 shows the average fitness of the best individual of the last population
of a traditional GA (Number of generations = 100) using as mapping functions

and The results are averages of 100 runs for the static
mappings and of 3000 runs for the evolved mappings (100 runs per each evolved
mapping).

As expected using considerably improves the performance of the
algorithm, yielding averages close to the maximum attainable value, 1.1. Table
1 shows that the use of the evolved mapping functions significantly improves
the performance of the GA. However, the results attained are inferior to the
ones achieved using This difference diminishes as the mutation rate
increases.

To get a better grasp of how the use of the evolved mapping functions alter
the GA, we present, in figure 6, the evolution of the fitness of the best individual
during the GA run.

For static mappings the fitness increases abruptly in the first generations,
stagnating for the remainder of the run; with the evolved mappings the fitness
increases steadily during the entire run. An analysis of the evolution of the aver-
age fitness of the GA populations gives insight to how the evolved mappings are
improving the GA performance. As figure 7 shows, the use of evolved mappings
decreases significantly the average fitness of the populations. These results, in
combination with the ones presented in figure 6, indicate that the evolved map-
pings improve the performance of the GA by promoting phenotypic diversity,
preventing the early stagnation of the GA runs.

The evolved mappings aren’t similar to which can’t be considered
surprising. As is often the case when analyzing the results of a GP program, it
isn’t clear how the evolved mappings solve the problem of improving the GA
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Fig. 6. Evolution of the fitness of the best individual.

Fig. 7. Evolution of the average fitness of the GA populations.

performance. The charts suggest that reducing the number of GA generations
used in the GP fitness assignment procedure, thus increasing the difficulty of the
evolved mappings task, may lead to mappings closer to Additionally,
taking into account the average of the GA populations when assigning a fitness
value for the GP individuals, may also prove useful to achieve mappings closer
to

5 Conclusions and Further Work

In this paper we discussed the extension of the canonical EC algorithm, pre-
senting a formalization. The proposed changes involve the evolution of several
components of EC which are typically static. The evolution of these compo-
nents may prove useful in improving the EC performance, lessen the burden of
researchers, and provide indications about the characteristics of the problems
being solve.

The attained results are promising, and provide pointers for the improvement
of the approach. Future research will include: making a wider set of experiments;
applying the proposed approach to a different set of domains; and using dual-
evolution and co-evolution to evolve EC components.
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Abstract. This paper describes an approach to the use of gradient de-
scent search in genetic programming (GP) for object classification prob-
lems. Gradient descent search is introduced to the GP mechanism and is
embedded into the genetic beam search, which allows the evolutionary
learning process to globally follow the beam search and locally follow
the gradient descent search. Two different methods, an online gradient
descent scheme and an offline gradient descent scheme, are developed
and compared with the basic GP method on three image data sets with
object classification problems of increasing difficulty. The results sug-
gest that both the online and the offline gradient descent GP methods
outperform the basic GP method in terms of both classification accu-
racy and training efficiency and that the online scheme achieved better
performance than the offline scheme.

1 Introduction

Since the early 1990s, there has been a number of reports on applying genetic
programming techniques to object recognition problems [1,2,3,4,5,6,7]. Typically,
these GP systems used image features as the terminal set, arithmetic and con-
ditional operators as the function set, and classification accuracy, error rate or
similar measures as the fitness function. During the evolutionary process, selec-
tion, crossover and mutation operators were applied to the genetic beam search
to find good solutions. While most of these GP systems achieved reasonably
good results, they usually spent a long time on training. Accordingly, the evolu-
tionary process was often stopped when a maximum number of generations was
reached, rather than an ideal solution was found.

Gradient descent is a long term established search technique. This technique
can guarantee to find a local minima for a particular task. While the local minima
might not be the best solution, it often meets the request of that task.

The goal of this paper is to apply the gradient descent search to genetic
programming for multiclass object classification problems, and to investigate
whether this approach can perform better than the basic GP approach in terms
of training efficiency and classification performance. While the meta-search [8]
and diversity of constants [9] in GP have been investigated, we will describe a
different approach.

M. Keijzer et al. (Eds.): EuroGP 2004, LNCS 3003, pp. 399–408, 2004.
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2 GP Applied to Object Classification

In the basic GP approach, we used the tree-structure to represent genetic pro-
grams [10]. The ramped half-and-half method was used for generating programs
in the initial population and for the mutation operator [11], The proportional se-
lection mechanism and the reproduction [12], crossover and mutation operators
[13] were used in the learning and evolutionary process.

2.1 Terminals and Functions

Terminals. In this approach, we used two kinds of terminals: feature terminals
and numeric parameter terminals.

Feature terminals form the inputs from the environment. The feature termi-
nals considered in this approach are the means and variances of certain regions in
object cutout images. Two such regions were used, the entire object cutout im-
age and the central square region. This makes four feature terminals. The values
of the feature terminals would remain unchanged in the evolutionary process,
although different objects usually have different feature values.

Numeric parameter terminals are floating point numbers randomly gener-
ated using a uniform distribution at the beginning of evolution. Unlike feature
terminals, the values of this kind of terminals are the same for all object images.
In the basic GP approach, they would remain unchanged during the evolution-
ary recombination. In our gradient descent algorithm, they will be changed and
updated (see section 3).

Functions. In the function set, the four standard arithmetic and a conditional
operation were used to form the function set:

The +, –, / and    operators are addition, subtraction, multiplication and “pro-
tected” division with two arguments. The if function takes three arguments.
If the first argument is negative, the if function returns its second argument;
otherwise, it returns its third argument.

2.2 Fitness Function

We used classification accuracy on the training set as the fitness function. The
classification accuracy of a genetic program classifier refers to the number of
object images that are correctly classified by the genetic program classifier as a
proportion of the total number of object images in the training set.

In this approach, we used a variant version of the program classification
map [12] to perform object classification. This variation situates class regions
sequentially on the floating point number line. The object image will be classified
to the class of the region that the program output with the object image input
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falls into. Class region boundaries start at some negative number, and end at the
same positive number. Boundaries between the starting point and the end point
are allocated with an identical interval of 1.0. For example, a five class problem
would have the following classification map.

2.3 Parameters and Termination Criteria

The parameter values used in this approach are shown in table 1. The learning
process is terminated when one of the following conditions is met:

The classification problem has been solved on the training set, that is, all
objects of interest in the training set have been correctly classified without
any missing objects or false alarms for any class.
The accuracy on the validation set starts falling down.
The number of generations reaches the pre-defined number, max-generations.

3 Gradient Descent Applied to Genetic Programming

This section describes how to apply the gradient descent search to genetic pro-
gramming. Both the online scheme and the offline scheme were considered.

In our GP system, the parameters to be applied to the gradient descent
algorithm are the numeric parameter terminals in each individual program. We
assume that a continuous cost surface/function C can be formed from a genetic
program P for a given classification task based on a set of numeric parameter
terminals. To improve the system performance, the gradient descent search is
applied to take steps “downhill” on the C from the current numeric parameter
terminal T.

The gradient of C is found as the vector of partial derivatives with respect
to the parameter values. This gradient vector points along the surface, in the
direction of maximum-slope at the point used in the derivation. Changing the
parameters proportionally to this vector (negatively, as it points to “uphill”) will
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move the system down the surface C. If we use to represent the value of the
    (numeric parameter) terminal T and   to represent the output of the genetic
program P, then the distance moved (the change of should therefore be:

where is a search factor. In the rest of this section, we will address the three
parts — and then give the online and offline algorithms.

3.1 Cost Function and Partial Derivative

We used half of the squared difference between the program actual output (y)
and the desired output (Y) as the cost function:

Accordingly, the partial derivative of the cost function with respect to the genetic
program would be:

The corresponding desired output Y is calculated as follows.

where class is the class label of the object and numclass is the total number
of classes. For example, for a five class problem as described in section 2.2,
the desired outputs are –2, –1,0,1 and 2 for object classes 1, 2, 3, 4 and 5,
respectively.

3.2 Partial Derivative

We use the program shown in figure 1 as an example to describe the chain rule
for the calculation of

In this program, nodes 1 and 3 are functions, node 4 is a feature terminal and
nodes 2 and 5 are numeric terminals. Accordingly, the gradient vector should
contain values from the partial derivatives from nodes 2 and 5. The partial
derivatives of the genetic program with respect to node 2 and node 5 are:

As      and can be obtained from evaluation of the program, these gra-
dients can be calculated accordingly. In other words, using the chain rule the
gradients can be broken down to evaluated values and derived operators.

The partial derivatives of the various functions/operators used in this ap-
proach are listed in table 2.
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Fig. 1. Sample partial derivatives of numeric terminals in a genetic program.

3.3 Search Factor

In the online scheme, the search factor in equation 3 was defined to be pro-
portional to the inversed sum of the square gradients on all numeric parameter
terminals along the cost surface, as shown in equation 6.

where N is the number of numeric parameter terminals in the program and is
a learning rate defined by the user. In the offline scheme, we directly used the
user defined learning rate as the search factor.

3.4 Online Gradient Descent Algorithm

The online gradient descent algorithm in GP is summarised as follows. For each
program on each object, do the following:

Evaluate the program, save the outputs of all nodes in the program.
Calculate the partial derivative of the cost function on the program using
equations 4 and 5.
Calculate the partial derivatives of the program on numeric parameter ter-
minals using the chain rule and table 2.
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Calculate the search factor using equation 6.
Calculate the change of each numeric parameter terminal using equation 2.
Update the numeric parameter terminals using

3.5 Offline Gradient Descent Algorithm

The offline learning algorithm is similar to the online learning algorithm except
that the search factor simply takes the value of the learning rate rather than
using equation 6 and that the change of each numeric terminal in a program
is based on the sum of all object examples in the training set rather than on
each single object. Accordingly, the numeric parameter terminals will be only
updated after a whole cycle of all examples in the training set.

It is important to note that the gradient descent algorithms do not replace
any of the normal genetic operators that produce populations from generation
to generation. Instead, the gradient descent algorithms augment the existing
GP system by locally applying gradient descent search to each program in the
current population in a particular generation.

4 Image Data Sets

We used three image data sets in the experiments. Example images are shown
in figure 2.

The first set of images (figure 2 (a)) was generated to give well defined objects
against a noisy background. The pixels of the objects were produced using a
Gaussian generator with different means and variances for each class. Four classes
of 713 small objects were cut out from these images to form the classification
data set shape. The four classes are: black circles, light grey squares, white circles,
and grey noisy background. This set was considered to include an easy object
classification problem.

The second data set (coin1, figure 2 (b)) was intended to be harder than
data set 1 and consisted of scanned 5 cent and 10 cent New Zealand coins. There
are five classes of 480 object cutouts: 5 cent heads, 5 cent tails, 10 cent heads

Fig. 2. Example images from Shape (a), Coin1 (b) and Coin2 (c)
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and 10 cent tails, and a relatively uniform background. The coins were located
in different locations with arbitrary orientations. These images were scanned
with a resolution of 75pt and some of them were not clear to human eyes. The
classification problem here is fairly hard.

The third data set (coin2, figure 2 (c)) also consisted of five classes of object
cutouts, but the background was highly clustered, which makes the classification
problems much harder. Human eyes also have difficulty to distinguish heads from
tails for either 5 cent or 10 cent coins. Thus, the three data sets provide object
classification problems of increasing difficulty.

The object cutout images in each of the these data sets were equally split into
three separate data sets: one third for the training set used directly for learning
the genetic program classifiers, one third for the validation set for controlling
overfitting, and one third for the test set for measuring the performance of the
learned program classifiers.

5 Results and Discussion

This section presents the results of our GP approach with both the online and the
offline gradient descent algorithms on the three data sets and compare them with
the results of the basic GP approach without the gradient descent search. For all
cases, 10 runs were carried out and the mean results on the test set are presented.

5.1 Shape Data Set

Table 3 shows the results on the Shape data set using different learning rates.
The first line shows that the basic GP approach without using the gradient
descent algorithm is 0.0) achieved an average accuracy of 99.48% over 10
runs on the test set and the average number of generations of the 10 runs spent
on the training process was 9.56.

For data set shape, the online gradient descent algorithm achieved the best
performance of all the three methods in terms of both classification accuracy and
training generations. In particular, using the online gradient descent algorithm
at learning rates of 0.2, 0.4, 0.7 and 1.0, ideal performances were achieved and
only one generation1 was required for the evolutionary learning process. This was
considerably faster than the basic GP approach. While the offline algorithm also
achieved better accuracy and a faster training than the basic GP approach for
these learning rates, it was not as good as the online algorithm for this data set.

1 One generation in GP with the two gradient descent algorithms usually requires a
slightly longer time than that in the basic GP approach. However, this could be
considerably improved by only applying the gradient descent algorithm to the top
5% of the programs in the population. In this case, the actual times for a single
generation in the three methods would be still very similar.
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5.2 Coin Data Sets

As shown in table 4, the results for the two coin data sets show a similar pattern
to the shape dataset. In both data sets, for all the learning rates investigated here,
the accuracy performances of the GP approach with the two gradient descent
algorithms were almost always superior to those without the gradient descent
search. Again, the online algorithm was better than the offline algorithm on
these data sets. These results suggests that a combination of the basic genetic
beam search with the gradient descent search could find better genetic program
classifiers than the genetic beam search only for these object classification tasks.

In terms of the number of generations used in the training process, the GP
approach with the two gradient descent algorithms required fewer generations
to achieve good results for dataset coin1. For example, the approach with
the online algorithm at a learning rate of 0.2 only used 20.4 generations and
achieved 98.94% accuracy, while the basic GP approach used 51 generations
but only obtained 82.12%. For dataset coin2, all the GP approaches used
almost all the 51 generations (one of the stopping criteria). However, after
examining the internal behaviour of the evolutionary process, we found that
the method with the online gradient descent algorithm could found the best
solution at generations 10-20 in all the cases while the basic method found the



Genetic Programming with Gradient Descent Search 407

best program at generations 45-51 in almost all the cases. The offline algorithm
was a bit slower than the online algorithm, but still much faster than the basic
GP method. These results suggest that the GP approach with the gradient
descent search is faster to find the best solution than without.

For dataset coin2, the accuracy performance could not be improved with
even more generations. This is probably because only four simple features were
used in the terminal set, which were not sufficient for this difficult task.

The results also show that different performances were obtained if different
learning rates were used. It did not appear to have a reliable way to determine
a good learning rate. As in neural networks, this learning parameter needs
an empirical search through tuning certain experiments. However, if this can
lead to considerably better results, this price is worth to pay. Our experiments
suggest that a learning rate between 0.2 to 1.0 is a good starting point for
object classification problems.

6 Conclusions

The goal of this paper is to develop an approach to integrating gradient de-
scent search to genetic programming (GP) and to investigate whether the hy-
brid approach is better than the basic GP approach for object classification
problems. This goal was achieved by introducing and embedding the gradient
descent search into the genetic beam search to form the online and offline gradi-
ent descent algorithms, allowing the evolutionary process to globally follow the
beam search and locally follow the gradient descent search to find good solutions.

On all the data sets investigated here, the two GP methods with the gradient
descent search achieved better results than the method without in both classi-
fication accuracy and training generations. In particular, the online gradient
descent algorithm suited the best to these classification problems. As expected,
the performances on the three image data sets deteriorated as the degree of
difficulty of the object classification problem was increased.

Although developed for object classification problems, this method is ex-
pected to be applied to general classification and prediction tasks.

For future work, we will investigate whether the performance on the difficult
coin data sets can be improved if more features are added to the terminal set. We
will also investigate the power and reliability of the gradient descent GP methods
on even more difficult image classification problems such as face recognition
problems and satellite image detection problems, and compare the performance
with other long-term established methods such as decision trees, neural networks,
and support vector machines.
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